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Abstract. This paper proposes an alternative approach to the
modeling of the interest rate term structure. It suggests that the total
market price for risk is an important factor that has to be modeled
carefully. The growth optimal portfolio, which is characterized by this
factor, is used as reference unit or benchmark for obtaining a consistent
price system. Benchmarked derivative prices are taken as conditional
expectations of future benchmarked prices under the real world prob-
ability measure. The inverse of the squared total market price for
risk is modeled as a square root process and shown to influence the
medium and long term forward rates. With constant parameters and
constant short rate the model already generates a hump shaped mean
of the forward rate curve and other empirical features typically observed.
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1 Introduction

A rich literature has now emerged on continuous time interest rate term struc-
ture (IRTS) modeling. For recent accounts one can refer to Rebonato (1998),
Miltersen, Sandmann & Sondermann (1997), Musiela & Rutkowski (1997), Pelsser
(2000) and Brigo & Mercurio (2001).

Despite such effort there is still no commonly accepted IRTS model. A key
question to be considered here is, how should forward rates be modeled? Over
the years a substantial body of empirical evidence has been accumulated on the
dynamics of the IRTS. Such empirical research is documented, for instance, in
Litterman & Scheinkman (1991), Rebonato (1998), Bouchaud et al. (1999), Mat-
acz & Bouchaud (2000) and Brigo & Mercurio (2001). It is evident from principal
component analysis, that a one-factor model should be able to cover 75 - 95 %
of the movements of the forward rate curve. However, one needs two factors to
capture about 90 - 99 % of the observed forward rate dynamics, see Litterman &
Scheinkman (1991) and Rebonato (1998).

The short rate and the total market price for risk determine the dynamics of the
growth optimal portfolio (GOP), which plays a central role in the proposed model.
If one chooses the short rate as one factor, then a natural choice for the second
factor is the total market price for risk. Market prices for risk are not always
specified in IRTS models. However, it will be demonstrated that they are likely
to be crucial for the understanding of the IRTS dynamics and must be carefully
modeled.

In the literature, one typically assumes the existence of an equivalent risk neutral
martingale measure for the pricing of derivatives. This assumption is not imposed
in this paper. Instead, a general and consistent pricing concept is provided by
using the GOP as numeraire or benchmark, see Long (1990) and Platen (2002).
It assumes that benchmarked derivative price processes are martingales under the
real world probability measure.

By using the drift of the discounted GOP as a parameter process we will show
that the dynamics of the discounted GOP is that of a time transformed squared
Bessel process of dimension four. In general, the time transformation is random.
It will be demonstrated that the resulting alternative IRTS model, when using
only constant parameters, captures important medium and long term empirical
features of the observed IRTS dynamics.

Section 2 describes the benchmark approach, whereas in Section 3 an alternative
IRTS model is proposed, which is related to the minimal market model described
in Platen (2001, 2002).



2 Benchmark Approach

2.1 Primary Security Accounts

Let us introduce a continuous, complete benchmark model, as proposed in Platen
(2002). In this framework uncertainty is modeled by d independent standard Wie-
ner processes Wk = {W¥(¢),t € [0,T]}, k € {1,2,...,d}. These are defined on
a filtered probability space (9, Ar, A, P) with finite time horizon T € (0, c0), ful-
filling the usual conditions, see Protter (1990). Here the filtration A = (A)sejo.1]
models the evolution of market information over time, where A; denotes the
information available at time ¢ € [0, T7.

We introduce the primary security account processes SO, SO ... S ¢ ¢
{1,2,...}. These are the value processes of securities, typically share accounts.
The price of the jth primary security account at time ¢, when measured in units of
the domestic currency, is denoted by SY)(¢) fort € [0,T] and j € {0,1,... ,d}. In
a primary security account the accrued income or loss from holding this security is
always reinvested. We assume that SU)(¢) is the unique solution of the stochastic
differential equation (SDE)

dSW (1) = SU)( { dt—i—Zb’ t) dW*(t) } (2.1)

fort € [0,7] and j € {0,1,...,d} with SU(0 )>0.

The jth appreciation rate o/ = {a’(t), t € [0,T]} and (4, k)th volatility /% =
{b7*(t), t € [0,T]} are considered to be predictable stochastic processes for j, k €
{1,2,...,d}, see Protter (1990). Here we set °%(t) = 0 for k € {1,2,...,d}
such that S© is the savings account with short rate r(t) = a°(t) at time ¢.
Furthermore, the wvolatility matriz b(t) = [0"*(t)]¢,_, is for Lebesgue-almost-
every t € (0,7 assumed to be invertible. This ensures a proper securitization of
the uncertainty generated by the Wiener processes W',... ,W¢ and makes the
resulting market complete, see Karatzas & Shreve (1998).

We denote by S = {S(t) = (S©(),...,S@®)7, t € [0,T]} the vector of
primary security accounts. Here AT denotes the transpose of a vector or matrix
A. By introducing the appreciation rate vector a(t) = (a'(t),a?(t),...,a(t))"

and the unit vector 1 = (1,1,... ,1)7, we obtain the market price for risk vector
o) = (6'(t),6%(1),...,0%)"
= b7'(t) [a(t) = r(t) 1] (2.2)

for t € [0,T], which is dependent on the A-adapted short rate process, r =
{r(t), t € [0, T]}. The notion (2.2) allows us to rewrite the SDE (2.1) in the form

dS9() = sV { dt—i—Zb’ dt—i-de()]} (2.3)



for t € [0,7] and j € {0,1,...,d}. Note that we have not imposed any major
restrictions on the dynamics of the primary security accounts.

2.2 Portfolios

Let us now consider portfolios of primary security accounts. We say that a pre-
dictable stochastic process 6 = {6(t) = (6©(¢), 0 (¢),..., D)7, t € [0,T]} is
a strategy if & is S-integrable, see Protter (1990). The jth component 6U)(¢) €
(—o0,00) of the strategy ¢ denotes the number of units of the jth primary se-
curity account, which are held at time ¢ € [0,7] in the corresponding portfolio,
j € {0,1,...,d}. For a strategy & we denote by S©®)(¢) the value of the corre-
sponding portfolio at time #, when measured in units of the domestic currency.
This means that

SO (1) = zd: 69 () SY(¢t) (2.4)

for t € [0, T]. A strategy 6 and the corresponding portfolio process S are called
self-financing if

dS9(t) = Xd: 69 (1) dSY(¢) (2.5)
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for all ¢ € [0, T]. For a self-financing strategy ¢ no outflow or inflow of funds occur
in the corresponding portfolio S(®. All changes in the value of this portfolio are
due to corresponding gains from trade using the primary security accounts. We
will consider in the following only self-financing strategies and corresponding self-
financing portfolios. Therefore, from now on we omit the word “self-financing”.

For a given strategy ¢ the corresponding portfolio value S (t) satisfies according
to (2.5) and (2.3) the SDE

dSO(t) = SO ) r(t) dt + Xd: Xd: 69 (2) SU (1) vk (1) (8%(t) dt + dW*(t)) (2.6)

k=1 §=0

for t € [0,T].

2.3 Growth Optimal Portfolio

We now introduce the growth optimal portfolio (GOP) with value S©)(t) at
time ¢ € [0,T], see Kelly (1956), Long (1990), Karatzas & Shreve (1998) or
Platen (2002). The GOP is the portfolio that maximizes the expected log-utility
E(log(S®(1))| A,) from terminal wealth for all t € [0,7] and 7 € [0,T]. Its
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strategy 6, = {6,(t) = (6,9(),0,9(),...,8. D), t € [0,T]} follows directly
from solving the first order conditions for the log-utility maximization problem.
The resulting GOP satisfies the SDE

dS©O)(t) = SCI(2) |r(t) dt + Xd: 0% (1) (6% (t) dt + dW*(2)) (2.7)

for ¢ € [0, T, see Karatzas & Shreve (1998). Here we set for simplicity
50 (0) = 1. (2.8)

It can be seen from (2.7) and (2.2) that the volatilities 6%(¢), k € {1,2,... ,d},
of the GOP are the corresponding market prices for risk. The risk premium at
time ¢t € [0, 7] of the GOP in (2.7) equals the expression

()" =07 (1) 0(2), (2.9)

which amounts to the square of the total market price for risk |6(t)|. Note that
the GOP dynamics is fully characterized by the market prices for risk 6(¢)¥,
ke {1,2,...,d}, and the short rate r(t) for t € [0,T].

2.4 Benchmarked Prices

In principle, one has the freedom to choose any strictly positive numeraire or
benchmark as reference unit. Throughout the following we use the GOP as nu-
meraire and call prices expressed in units of S)(¢) benchmarked prices. The
choice of the GOP as numeraire has important advantages over alternatives, be-
cause this is the only choice, where it is not necessary to perform a measure
transformation when pricing derivatives in a complete market that has an equiv-
alent risk neutral martingale measure, see Long (1990).

For a portfolio S© we introduce its benchmarked portfolio

(2.10)

at time ¢ € [0,T]. By application of the It6 formula together with (2.6) and (2.7),
the benchmarked portfolio S©)(t) satisfies the SDE

d

dSO@) =)

d
k=1 j=0

6D (2) SO (1) (b*(t) — 0%(t)) dW* (%) (2.11)

for ¢ € [0,T]. The right hand side of (2.11) is driftless. Therefore, under ap-
propriate conditions on r, &, b and 6, a benchmarked portfolio S© is an (A, P)-
martingale, see Karatzas & Shreve (1988), where P is the real world probability
measure.



2.5 Fair Pricing

In this paper we work in a more general framework than what is provided by the
standard risk neutral approach. In particular, we do not assume the existence
of an equivalent risk neutral martingale measure. This provides us with a wider
range of models that we can choose from. By using conditional expectations
with respect to the real world probability measure P we introduce the following
concept of fair pricin .

pric prc 1 —
fr i ca fair if crr pnin  nc ar  pric prec
—_— fr an _ P arina a 1

fr

onsequently, for a fair price process its last observed benchmarked value is the
best forecast of any of its future benchmarked values, see arat as hreve

a a a derivative price processes ar fair

Thus, all benchmarked derivative price processes are assumed to be _ P
martingales. This ensures that the resulting price system of derivative securities
does not permit arbitrage, see laten

2. n ing n ai a ain

In the given framework let us de nea cnin n ca that matures at a
stopping time as an measurable payo with ———

for all . In order to a  this contingent claim, a corresponding price
process must satisfy the condition

at the stopping time . This price process has by ssumption . to be fair and
therefore, when benchmarked, must be an _ P martingale, see e nition
Thus, its benchmarked value is at time uniquely given by the
conditional expectation







































L LK

5

% AL
CLLAF

<Z
AL
XA
8
Lz

30













