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Abstract.

This paper introduces a new estimation technique for discretely
observed diffusion processes. Transform functions are applied to
transform the data to obtain good and easily calculated estima-
tors of both the drift and diffusion coefficients. Consistency and
asymptotic normality of the resulting estimators is investigated.
Power transforms are used to estimate the parameters of affine
diffusions, for which explicit estimators are obtained.
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1 Introduction

There exists a rich literature on the parameter estimation for diffusion processes.
Estimation of continuously observed diffusions is well studied, see, for instance,
Kutoyants (1984), Prakasa Rao (1999) or Liptser & Shiryaev (2001). When the
diffusion process is observed continuously, mazimum likelihood estimation results
in estimators that are consistent, asymptotically normal and efficient.

However, in practice it is usually only possible to observe the diffusion process
at discrete time points. Inference for discretely observed diffusions can be based,
for instance, on an approximation to the likelihood function. If the transition
densities of the diffusion are known explicitly, then the likelihood function can be
used to estimate the parameters. For the resulting maximum likelihood estima-
tors the properties of consistency and asymptotic normality have been studied
in Dacunha-Castelle & Florens-Zmirou (1986). When the transition densities are
unknown, a possible approach is to approximate the log-likelihood function based
on continuous observations. This technique has the problem that the estimators
that result are inconsistent if the time between observations is fixed, see Florens-
Zmirou (1989). This problem can be solved by suitable modifications, see Bibby
& Sgrensen (1995) and H. Sgrensen (2001). If the time between observations
is sufficiently small, this method works for drift parameters, see Kloeden et al.
(1996).

In lieu of this, there has been a great deal of research into alternative methods
for the estimation of discretely observed diffusions, many of which are reviewed
in Prakasa Rao (1999). One main strand of research has been to develop approx-
imations to the transition density and hence to the likelihood function. Peder-
sen (1995) and Brandt & Santa-Clara (2001) independently derived a simulation
based method for approximating the likelihood function. A sequence of approx-
imating transition densities is constructed that converges to the true transition
density. Based on these transition densities a sequence of likelihood functions is
used to approximate the true likelihood. Elerain, Chib & Shepard (2001) and Er-
aker (2001) also developed a simulation based estimation method using a Bayesian
Markov Chain Monte Carlo (MCMC) technique. Poulsen (1999) discussed an ap-
proximate maximum likelihood technique, which involves solving the Kolmogorov
forward equation, see Karatzas & Shreve (1991), to obtain approximations to the
transition densities and hence the likelihood function. Ait-Sahalia (2002) used an
approximation to the likelihood function based on Hermitian expansions to esti-
mate the transition density. Jensen & Poulsen (1999) compared a large number
of techniques used to approximate transition densities. The techniques they con-
sidered included simulation-based methods, binomial approximations, numerical
solutions of the Kolmogorov forward equation and Hermitian expansions. Their
results indicate that the Hermitian expansion technique of Ait-Sahalia (2002)
performs best when speed and efficiency considerations are included.

An alternative approach is to use estimating functions, which are functions of both



the parameter and the observed data, to derive the estimators. Bibby & Sgrensen
(1995) studied martingale estimating functions obtained from the derivative of
the continuous time log-likelihood function by correcting for the discretization
bias by subtracting its compensator. The resulting estimating function, known
as a linear martingale estimating function, depends on the conditional moments
of the diffusion process. Quadratic martingale estimating functions involving
also second order conditional moments were obtained from a Gaussian approx-
imation to the likelihood function by Bibby & Sgrensen (1996), while Kessler
& Sgrensen (1999) considered estimating functions based on eigenfunctions, for
which the conditional moments are explicit. Sgrensen (2000) considered more
general estimating functions, known as prediction-based estimating functions,
where conditional moments are approximated by expressions involving only un-
conditional moments. This type of estimating function is a useful alternative to
martingale estimating functions when the observed process is non-Markovian, as
in stochastic volatility models, for example. Christensen, Poulsen & Sgrensen
(2001) compared optimal martingale estimating functions and the approximate
maximum likelihood method mentioned earlier for the estimation of the parame-
ters in a model of the short rate to techniques such as the generalized method of
moments, see Hansen (1982), and indirect inference, see Gouriéroux, Monfort &
Renault (1993) and Gallant & Tauchen (1996). It was found that optimal mar-
tingale estimating functions and the approximate maximum likelihood method
reduce bias, true standard errors and bias in estimated standard errors when
compared to the aforementioned techniques. As discussed in Heyde (1997), it
can be more advantageous to work with estimating functions than the estimators
themselves. Reasons for this include that estimating functions are invariant un-
der one-to-one transforms of the data and these functions can be combined more
simply than the estimators themselves. For example, in Bibby (1994) martingale
estimating functions are combined to estimate parameters in both the drift and
the diffusion coeflicient. Surveys of recent results on estimating function the-
ory are given in Heyde (1997), Sgrensen (1997) and Bibby, Jacobsen & Sgrensen
(2003).

In a number of papers, for example Dorogovcev (1976), Prakasa Rao (1988),
Florens-Zmirou (1989) and Kessler (1997), contrast functions based on approxi-
mations to the conditional moments have been proposed to estimate parameters
in diffusion models. The approach in the present paper is somewhere between
this method and that of martingale estimating functions, but firmly based on the
foundations of estimating function theory.

Our objective is to obtain a simple yet general estimation method, which pro-
vides more flexibility in the estimation of discretely observed diffusion processes
via the use of transform functions. Unlike some of the aforementioned techniques,
particular information about the conditional and unconditional moments of the
diffusion process are not needed. Section 2 introduces the transform function
method. Section 3 discusses the asymptotics of the resulting estimators. Sec-



tion 4 reviews results about affine diffusions and Section 5 applies the technique
using a power transform function. An illustration of the methodology is given in
Section 6.

2 Transform Function for a Diffusion Process

Consider a class of one-dimensional diffusion processes defined by the following
stochastic differential equation (SDE)

for t > 0. The initial value X, = xz; is assumed to be Ajy-measurable. Here
W denotes a standard Wiener process given on the filtered probability space
(2, A, A, Py), where the filtration A = (A;):>o satisfies appropriate conditions,
see Karatzas & Shreve (1991) or Jacod & Shiryaev (2003). We assume that the
SDE (2.1) has a unique solution for all parameter values # in a given open subset
© CRr,pe {1,2,...}, see Kloeden & Platen (1999). The drift and diffusion
coefficient functions b(-,-;6) : [0,00) X R — R and o(:,+;6) : [0,00) x R = R,
respectively, are assumed to be known with the exception of the parameter vector
0= (',...,0°)" € ©. Throughout A" denotes transposition of A.

It is our aim to estimate the unknown parameter vector 6 from observations
of the diffusion process X = {X;,¢ > 0}. For simplicity, an equidistant time
discretization with observation times 7, where 0 =19 < 7y < ... < 7, < Tyq1 <

.., is assumed to be such that the time step size A = 7,, — 7,,—1 € (0,1). For
t > 0 we introduce the integer n; as the largest integer n for which 7,, does not
exceed t, that is

ne = max{n € {0,1,...} : 7 < £} = [ﬂ (2.2)

where [z] denotes the integer part of the real number z.

To provide sufficient flexibility for our estimation approach we consider, at the
observation times 7y, 71, 7, . . ., the original data

Kooy Xyy Xrgy e - - (2.3)
and the transformed data
U(Toy Xro; Xi), U1, X Ai), U2, Xy Ai),y - - - (2.4)

fori € {1,2,...,p}. Here U(-,;+) : [0,00) X R X A = R is a smooth real valued
function with respect to ¢ € [0,00) and z € R, where A C R

The function U(-,-; ;) for i € {1,2,...,p}, is called the ith transform function,
and is used to transform the data in a manner that allows us to obtain good
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estimates of the unknown parameters. In principle, for each i € {1,2,... ,p}, a
different function could be used to estimate the parameters. For fixed \; € A we
obtain, by the It6 formula, the following SDE for the transformed data

dU(t, Xg; M) = LYU(t, Xg; i) dt + LU (t, X3 A;)dW; (2.5)

for ¢ € [0,00). Here we have used the operators

2

9] 9] 1 9]
Lju(t,z) = (au(t, z) + b(t, z; 0)£u(t, z)+ 502(15, z; 0)@u(t, x)) (2.6)

and

Lyu(t,z) = o(t, x; G)aa—xu(t, ). (2.7)

For n € {1,2,...}, 4 € {1,2,...,p} and \; € A we introduce the normalized
difference

1
Dy = ————(U(Tn, Xr5 Mi) = U(Tno1, Xr 5 M) (2.8)

Tn — Tn—1
and the normalized squared increment

1
Q)\i,n,A = 7([](7—”7 XTn; )‘Z) - U(Tn—h 'XTn—l; )‘Z))2 (29)

Tn — Tn-1

By a truncated Wagner-Platen expansion, see Kloeden & Platen (1999), the in-
crement of U in (2.8) and (2.9) can be expressed in terms of multiple stochastic
integrals. Thus, we obtain

U(TTH XTn7 )\Z) - U(Tn—h XTn_l; )\Z)
= LéU(Tn—ly X'Tn_l; )\Z)(WTn - WTn_l) + LgU(Tn—ly X'Tn_l; )\z)(Tn - Tn—l)

1
+ LéLéU(Tn—lv D, G AZ)E((WTn - WTn—1)2 - (Tn - Tn—l))

_ 2
+ LngU(Tn—lv X'Tn—l; )\z) w

+L5L2U(Tn_1,XTn_l;)\i)/ / dzdW;

Tn—1 Y Tn—1

+ LYLyU (To1, X3 Ni) / / dW,ds
Tn—1 ¥ Tn—1

+ RAi,n,e(TnaTn—laXTn)a (2.10)

where R, 5.0(Tn, Tn—1, Xr,) is the corresponding remainder term, as follows from
Kloeden & Platen (1999). The expansion (2.10) can also be obtained by applica-
tion of the Itd formula to U and then repeated to L)U and LyU. The first term
in (2.10) has mean zero and is the leading term of the expansion. Note that the
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third, fifth and sixth terms also have mean zero but are of a higher order than
the first term. In (2.10) the order of the first term is v/A, that of the second and
third term is A and that of the fourth term is A%, The order of the fifth and
sixth term is A2. The remainder term has mean and variance of order A3

Using (2.8) and (2.9) we can construct estimating functions exploiting the struc-
ture of the first and second term of the above increment (2.10). To do this define

Fa(6) = (RO, B2O))! with BT = (R0), ..., Fin(@)), § € .2}
where F{})(0) = Dx,na — L3U(Tae1, Xru_i3 M), 0 € {1,2,... ,q} and F2(0) =

Qaina — (LU (Tn-1, X3 M) % 1€ {1,2,... ,q} for 6 € © and sultably chosen
values of \; € A, i € {1,2,...,¢}. It is not necessary that the number of A;’s is
the same for F,Sl)(ﬁ) and F,?)(G) and they need not have the same value for the

two functions. This assumption simplifies the exposition.

A class of estimating functions is then given by

K(0,t,A) ZM (2.11)

where the p x 2¢ matrix valued function M(0) = M (0, 7n—1,X+,_,,A) is free to
be chosen appropriately. Throughout the paper the dependence of a weighting
matrix and its elements on 7,,_1, X, _, and A will be suppressed. The estimating
function K(fp,t,A), where 6y is ta en to be the true parameter value, has ex-
pectation of order A. Thus, when the observation interval A is su ciently small,
the expectation of K(6y,t,A) is approximately zero. ssentially, the approach
adopted here is to approximate the conditional moments of the transformed dif-
fusion process using the expansion in (2.10). This is similar to the approach in

essler (199 ), where closed form approximations for the first two conditional
moments are derived and used to construct a contrast estimator for parameters

in the drift and di usion functions.

The estimating function (2.11) is slightly biased. To determine the optimal
weighting matrix M (), we consider the unbiased estimating function K (6, ¢, A)
obtained by compensating K (6, t, A) such that

(6,t,A) ZM — F,(6)). (2.12)

ere F,,(0) = ¢(Fn(0) X,,_,) is the compensator for F,,(f) and is of order A.
The optimal choice for the weighting matrix M () in the unbiased estimating
e uation (2.12), in the sense of odambe eyde (198 ), can be derived using
the method outlined in eyde (199 ). or details regarding the case of di usion
processes, see  rensen (199 ), where the optimal weighting matrix is given by

M@= (6 (O (2.1)
where  (#) is the 2¢ x 2¢ conditional covariance matrix

(0) = (07Tn—17XTn_1) = ¢ (Fn(e) - Fn(e))(Fn(e) - Fn(e))—r X’Tn 1
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