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1 Introduction

In this paper we consider the following “invertibility” problem: in a continuous time setting, we
observe the optimal intertemporal contingent consumption plan of a single agent who also invests
in a financial market. This agent that has recursive utility of the type modeled in Duffie and Ep-
stein (1992) (that they call Stochastic Differential Utility or SDU) and that offers some modeling
flexibility in the separation between the concepts of risk aversion, intertemporal substitution and
preference for early or late resolution of uncertainty.! However, we do not know neither the prefer-
ences of the agent nor the “beliefs” of the agent (by beliefs we mean, out of all probability spaces
that can explain the dynamics of securities prices, which one the agent uses). Our problem is then
to: 1) check if an observed consumption is consistent with preference maximization for some un-
known beliefs (testability) and, 2) when it is possible, recover the set of fundamentals (preferences
and beliefs) that are consistent with the observed consumption (identifiability).

At the multiple agents and general equilibrium level, this invertibility problem has historically
attracted the interest of many economists (see Chiappori et al. (1999) for some recent advances in
this field and for references). Our approach may be seen as a single agent version of the invertibility
literature in a partial equilibrium environment where the agent’s intertemporal consumption is
the outcome of trading risky financial assets in continuous time. However, instead of assuming
knowledge of the equilibrium price manifold, (Chiappori et al. (1999)), we suppose that we know
the individual intertemporal contingent consumption as a function of intertemporal contingent
Arrow Debreu prices.? Therefore, our approach is similar to Mas-Colell (1977) who identifies the
preferences of an individual from demand behavior as commodities prices and income vary in an
atemporal and riskless environment. We attempt to address the Mas-Colell (1977) question for
a consumer who is trading in an intertemporal and uncertain financial market. Initial wealth is
known and given.> We observe intertemporal consumption and the parameters of its stochastic
dynamics (the trend and the volatility) for both realized and unrealized states.

Furthermore, since we are in a risky environment, we introduce a new component in the in-
vertibility problem by incorporating non-observability of the consumer’s beliefs about future asset
returns. We take the cue from Kraus and Sick (1980). We ask, for instance, whether low consump-
tion rate is the result of pessimism about the general business conditions or it reflects increases

in risk aversion, changes in intertemporal substitution possibilities or even increases in the rate of

!We recall that expected utility implies that the investor is indifferent to the timing of resolution of uncertainty
(see Duffie and Epstein (1992) and their references). In the SDU case, the model offers the flexibility to model both
preference for early resolution of uncertainty (a form of anziety) and preference for late resolution of uncertainty (a
form of optimism). For instance in the homothetic subclass of SDU (a continuous time version of the Kreps-Porteus
recursive utility), we have a scalar parameter whose value determines if the decision maker exhibits preference for

late or early resolution of uncertainty.
2Note that the relationship between demand and prices is expressed in term of a system of stochastic differential

equations where the uncertainty is driven the Brownian shocks.
#Mas-Colell (1977) uses the responses to changes in wealth as a source of information to infer the utility of the

agent.



preference for early resolution of uncertainty.

Finally we point out that, for a representative agent holding the market portfolio of a complete
markets, pure exchange economy, our results extend to the stochastic differential utility case the
strand of the finance literature that seeks to verify if a stochastic process for the market portfolio
is consistent with equilibrium (See Bick (1987,1990) and He and Leland (1993)).

Our first result (Theorem 2) concerns a class of non parametric utilities and is methodological.
In order to obtain it, we use some recent results in the theory of Backward Stochastic Differen-
tial Equations (or BSDE) in El Karoui, Peng and Quenez (1997, 1999) and Schroder and Skiadas
(1999). We characterize the set of preferences (within the class of recursive preferences) and beliefs
that would be consistent with the observed consumption. This characterization consists of a mar-
tingale condition (a restriction on the stochastic process that represents consumption) jointly with
an existence requirement on a quadratic BSDE.* When the utility is time additive, this quadratic
BSDE becomes a standard linear BSDE whose existence is automatically guaranteed in our frame-
work. Consequently, we extend Cuoco and Zapatero (2000) to the SDU case and find that a given
consumption process is not compatible with any parameterization of preferences, even if we do not
know the beliefs and we allow them to adjust so as to make that consumption optimal for the given
parameterization of preferences.

In the parametric case, we obtain a more constructive result. For a class of homothetic SDU
considered by Schroder and Skiadas (1999), that we call the logarithm SDU class, and that reduces
to the standard logarithm expected utility in the time additive case, testability obtains. We provide
a preference-free necessary and sufficient condition for a given consumption process® to be optimal
and, consequently, we characterize the set of efficient consumption plans (those consumption plans
that are optimal for some hypothetical consumer who maximizes a SDU in the logarithm SDU
class and whose beliefs about future returns are unknown). However, identifiability does not obtain
because the fundamentals (preferences and beliefs) that are consistent with the given consumption
processes are never unique, when they exist. We interpret this result as an observational equivalence
between logarithm SDU and logarithm time additive utility when beliefs are unknown. In fact, our
result shows that, given any consumption process which is optimal for logarithm time additive
utility under some beliefs, there are always beliefs that will make it optimal for any logarithm
SDU. In other terms, our result states that without information on consumer beliefs about future
asset returns, the set of efficient consumption plans is identical for logarithm SDU and logarithm
time additive utility. In particular, we prove that observing contingent consumption alone does not

allow to assert that the consumer exhibits preference for early resolution of uncertainty, preference

*Quadratic BSDE’s existence is not covered by the standard theory on BSDE’s (Pardoux and Peng (1990)) because
the intertemporal aggregator (defined in Section 2) is not a Lipschitz function of its arguments. Kobylanski (2000)
has a systematic study of the quadratic BSDE’s. In the specific parametric case under consideration, we use some
mathematical results from Schroder and Skiadas (1999) to prove that, in fact, the quadratic BSDE exists and hence

our martingale condition requirement is sufficient for testability to hold.
>Those restrictions may be seen as a stochastic equivalent to the Slutsky equations in our continuous time envi-

ronment.



for late resolution of uncertainty or indifference for the timing of resolution of uncertainty.

We conduct a similar analysis for another class of homothetic SDU considered by Schroder and
Skiadas (1999), the power SDU that reduces to constant relative risk aversion expected utility in the
time additive case. Although a preference dependant characterization of efficiency is obtained, we
discuss how this condition can provide some efficiency verification tools. Moreover, when the effi-
ciency condition is satisfied, the associated beliefs are directly obtained from preference parameters
and consumption dynamics parameters.

Finally, we also extend the result of Cuoco and Zapatero (2000) related to the recoverability
of preferences and beliefs in a Markovian setting. We state a verification result that allows to
determine if a consumption process is optimal for a given parameterization of preferences and, if
that is the case, what would be the beliefs of the individual. This result extends the recoverability
literature in finance (See Décamps and Lazrak (2000) for some recent results and references) to the
SDU case.

The paper is organized as follows. In section 2 we describe in detail the setting. In section 3
we formally characterize the problem. In section 4 we derive the main result and we apply it to
two particular cases, logarithmic utilities and power utilities. In section 5 we consider the problem

of recoverability in a Markovian setting. We close the paper with some conclusions.

2 The model

We start with a complete probability space (€2, F, P) equipped with the augmented filtration F(y =
{F:,0 <t < T} of a standard R™-valued Brownian motion (W; = (W1, Way, ..., Wy 1),0 <t <T).
The terminal time T' < oo is fixed constant and we assume that F = Fp. All stochastic processes
introduced in the paper are assumed progressively measurable with respect to the filtration 7).
The conditional expectation E(. | F;) will be abbreviated to E; throughout.

We shall denote by P the set of predictahle o—field and for each integer d, we define H?(R?%) =
{p:Qx[0,T] — RpePand |g|2=E | |pf2dt < oo}

Consumption Set. The set C of consumption processes is formed by any strictly positive process
c: Qx [0,T] — R* such that ¢ € H?(R), with ¢; representing a time-t consumption rate in terms
of a single numéraire good. To simplify the exposition, we avoid terminal consumption although
our analysis extends easily to that case.

Density generators of beliefs. We define T, the set of possible “beliefs” as the set of progressively

measurable processes v : 2 x [0,7] — R™ the integrability condition
v 7, z, Y,

1
E ep —3 ) Iv5l2ds — i v dWs =1, Vtel0,T).

where * represents “transpose." In fact, each v € T characterizes a possible belief represented by a
probability measure P” on (2, F) equivalent to P, with a Radon Nikodym derivative of the form
dpP7 _g
dp T
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where (£/,0 <t <T) is the martingale,
vz, z, %
;] =exp "3, Iyl ?ds — O'Ys*'dWs , 0<t<T.

Note that, by Girsanov Theorem, the process W, = W, + Rg v¢ds is a Brownian motion under the
measure P7. Finally, note that since the beliefs of consumers shall be unknown in our context, the
measure P is part of the description of the environment only because it defines the null sets. In
the inverse problem of section 3 we will state the optimality conditions under the probability P,
but any other equivalent probability could be used.

Preferences. An intertemporal aggregator is a deterministic function f mapping R™ x R onto
R that satisfies that there exists some constants ki, k2 such that, Ve € R*, | f(c,0) |< k1 + kacP,
for some constant 0 < p < 1.%) We now introduce some assumptions that we will use in different
parts of the paper.

(A1) Lipschitz. There exists a constant K > 0 such that

| fle,y) = fley) IS K |y—9y'|, VYeeR"V(y,y') eRxR.

(A2) Concavity and monotonicity. f is concave with respect to (c,y) and increasing with
respect to c.

(A3) Differentiability. f is three times continuously differentiable with respect to (¢, y), and f.
and f, are bounded.

(A4) Inada condition. For each y, lim.g fe(c,y) = +oo.

(A5) Logarithmic. The intertemporal aggregator takes the following form

5

Fley) = (1-+ ay) log(e) — = log(1 +ay) |

with parameter restrictions: 8 > Maxz(0, ).
(A6) Power. The intertemporal aggregator takes the following form

- » R

fley)=(1+a) = |yl —py .

with parameter restrictions: 8 > 0, a € (—1,1), v < Min(1,1/(1 +a)) and v # 0.

We denote by Z the set of intertemporal aggregators defined as 7 = ZyUZ,UZ;. Here 7y is the
set of intertemporal aggregators that satisfies the non parametric Assumptions Al — A4, and Z;
(resp. Zp) is the set of logarithmic (resp. power) intertemporal aggregators that satisfy Assumption
A5 (resp. A6).

Assumptions Al, A5 and A6 are mutually exclusive. Assumption Al is required to define the
non parametric SDU of Duffie and Epstein (1992). The concavity part of assumption A2 is required

%Since ¢ € H?(R), The Condition | f(c,0) |< ki + kz2c? implies that (f(ct,0),0 <t < T) € H2/P(R) € H?(R). The
fact that (f(ct,0),0 < ¢t < T) € H3(R) is required to prove the existence of the SDU defined further (e.g. Pardoux
and Peng (1992) and El Karoui, Peng and Quenez (1997)).



for the existence of an optimal utility and allows us to define (under assumption A3) the inverse of
fe, that is the function I(.,.) defined by, I(c, f(c,y)) = y; whereas the increasing part of assumption
A2 implies that the utility function is an increasing functional of consumption. Assumption A3 is
a technical regularity that allows us to expand Itd’s rules and to formulate optimality conditions
with the help of the partial derivatives of the intertemporal aggregator. The purpose of assumption
A4 is to simplify the optimality conditions.

The specifications of the intertemporal aggregators given in Assumptions A5 and A6 are pro-
posed by Schroder and Skiadas (1999) to define a parametric homothetic class of SDU. Assumption
A5 defines the logarithm SDU. For this specification, the parameter o has no impact on the ordinal
ranking of deterministic consumption plans. However, a negative « indicates preference for early
resolution of uncertainty, and a positive « indicates preference for late resolution of uncertainty
(See Schroder and Skiadas (1999)). Assumption A6 defines the power SDU and, again the para-
meter a has no impact on the ordinal ranking of deterministic consumption plans. When v > 0
(resp. v < 0), a negative a indicates preference for early (resp. late) resolution of uncertainty, and
a positive a indicates preference for late (resp. early) resolution of uncertainty (See Schroder and
Skiadas (1999)).

Given an intertemporal consumption process ¢ € C, consumer preferences are represented by
a SDU (Duffie and Epstein (1992) under Assumptions A1 — A4 and Schroder and Skiadas (1999)

under Assumption A5 or Assumption A6) Y defined by
Z 7 .

Y = Eg . f(C&‘v Y;C)ds ) (1)

where F; represents J;—conditional expectation under the subjective beliefs P7 associated to the
density generator v € Y. Alternatively, the utility represented by (1) may as well be characterized
by the BSDE (see Pardoux and Peng (1992) and El Karoui, Peng and Quenez (1997)),

—dYy = f(e, Y)dt — Z7 -dW,  YE =0, (2)

where the intensity process Z¢ € H2(R") is part of the solution of the BSDE.

Existence and uniqueness of recursive utility is studied by Duffie and Epstein (1992) when the
intertemporal aggregator satisfies assumption A1l. Schroder and Skiadas (1999) proves the existence
of the associated homothetic SDU when the intertemporal aggregator satisfies either assumption
A4 or assumption A5.

Financial markets We assume that financial markets are complete and the parameters that
define the dynamics of the securities are summarized in the following state price density that we

take as a primitive
. Z, Ya Yo Z zZ, Ya

1 17t
Hy=ep —5 rds exp =5 I1[2ds — miedWe , 0<t<T,

R
where 0T(|rt| + |n4|?)dt < 0o a.s.. The process r is the short-rate process and the process 7 is the
market price of risk process. The process (H;,0 <t < T) represents the intertemporal contingent

Arrow Debreu prices.



We are now ready to formalize the consumption optimization problem of the consumer when
the intertemporal aggregator is given by f € Z3UZ,UZ; and when beliefs are given by the density

generator v € T, as

C
hgWPeec Y’y

Pf77
st. K OTHtCtdt S wo,

where wp is a nonnegative scalar representing initial wealth? and Yy is the initial value of the
solution Y of the BSDE (2).

3 An inverse problem

3.1 Characterization of optimality

By Girsanov Theorem, it is clear that, given any v* € T the solution (Y, Z¢) of the BSDE (1)
solves also the following BSDE

—dYy = (f(er, ) =i Zp)dt — 2" - dWy, Y7 =0,

and admits the representation
.7 - .

Yi=E  (flesYs) =75 Zo)ds . 3)
t

Therefore, we can ignore the measure P and consider (Y¢, Z¢) as a generalized SDU (see Lazrak
and Quenez (1999) and see also a related model in Chen and Epstein (1999)) under the benchmark

measure P with a stochastic intertemporal aggregator of the form
g(t,c,y,2) = fe,2) =5 -2, V(t,c,y,2) € [0,T] x R" x R x R™.

This remark allows us to apply directly the optimality characterization result of El Karoui, Peng
and Quenez (1999) (see also Duffie and Skiadas (1994) and Schroder and Skiadas (1999)).

Theorem 1 Suppose that assumptions A2, A3 and A4 are satisfied and that either of assumptions
Al, A5 or A6 holds. Then, for each v € T, the consumption process (¢;,0 <t <T') € C is optimal
under the beliefs given by ~v if and only if

e =1(e",Y;), dP®dt a.s., (4)
where the pair (A; (Y, Z)) solves a Forward-backward system that has a forward component,

dAy = —(re + fy(I(e, Y1), ) + 3(Ins|? = [74[2))dt — (m; — ) *dW,
AO — IOg(A)a

"Notice that the initial wealth wo > 0 is fixed for the rest of the paper.



and a backward component

—dY; = (f(L(e™,Y),Yy) = ;- Zi)dt — Z;;]dwt, Yr=0, (6)
R 1
for some constant A > 0 which is fived in a such way that E OT HtI(eAt, Yi)dt = wyp.

Proof: In the context of assumption Al, this Theorem is a specialization of Theorem 6.1 of
El Karoui, Peng and Quenez (1999) to the case of linear wealth and an intertemporal aggregator
which is linear with respect to z. For the optimality first order conditions of the homothetic SDU

implied by either assumption A5 or assumption A6, we refer to Schroder and Skiadas (1999). ¢

3.2 The problem

The main problem considered in this paper is that of an observer (a “financial economist”) who
tries to verify whether a given consumption process is optimal for some combination of tastes and
beliefs. Formally, this question translates into the problem of characterizing for each consumption

process (¢;,0 <t <T) e C, the set
n o
I¢= (f,y) €IxY / c solves P/

The optimality first order conditions (4)-(6) imply that each optimal consumption process

should be indistinguishable from an It6 process of the form
de
— = wdt+ pldWi, o >0, (7)
t
for some processes (11,0 <t < T) € H?(R) and (p;,0 < t < T) € H?(R"). Therefore, we shall
restrict our attention to the set of consumption processes of the form (7) and for each consumption
process, we shall express the characterization of the set Z¢ in terms of p and p. Finally, we point
out that as a byproduct of this characterization, we shall be able to identify the beliefs that support

each optimal consumption given an intertemporal aggregator.

4 Viable consumption plans, quadratic BSDE and martingale re-

strictions

4.1 Characterization of viable consumption plans

Theorem 2 A consumption process ¢ € C that satisfies the dynamics (7) is optimal for a fixed

intertemporal aggregator f € I if and only if the process & defined below is a martingale,

Hie 4 fulesYodds
fele, i)

where Y is the first element of a pair (Y, Z) that solves the quadratic BSDE,

fCC(Cta}/t) fcy(ctyya
Folen ) "t T fen )

(& =

0<t<T), (8)

—dYy = (f(et,Ys) — (s +

Z)* - Zy)dt — ZFdW,,  Yp=0. (9)
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Moreover, if the above conditions are satisfied then ¢ solves Pf7 for the beliefs density generator

v given by

fcc(CtaY;t) fcy(ctai/t)
e +C +
T ) T e )

and the optimal level of wutility is given by the solution to (9).

Ly, (10)

Proof: Necessity. If c is optimal for f € 7 and v € T, from Theorem 1 the first order conditions
(4)-(6) have to be satisfied. Integrating (5), taking exponential and using (4) yields

Hie™ RS fy(cs,Ys)ds 1 Yo 7, Z, Yy

1 *
Fleo¥y AP g el T d )

Then, applying It6’s Lemma to the right and left hand side of this last equality results (10) that we

substitute into the BSDE (6) to obtain that in fact, (Y, Z) solves the quadratic BSDE (9). Finally,

since v € T, the process (&, 0 <t < T') defined in (8) and identified in (11) is a martingale.
Sufficiency. Applying 1t6’s Lemma to (8) we get

gy = =&z - AW,

where « is given by (10). Now letting A; := log(Hye™ Rff FylesYs)ds j¢ ) we obtain, by construction,
(4) and (5). Additionally, (6) is easily obtained after substituting (10) into (9). ¢

Theorem 2 extends Cuoco and Zapatero (2000) (that only consider additively separable ex-
pected utility) to the SDU case. As in Cuoco and Zapatero (2000), Theorem 2 shows that a given
consumption plan is not necessarily optimal for some intertemporal aggregator, even if we allow
beliefs to adjust. Beliefs are part of the optimality condition, but even if we use them as an addi-
tional degree of freedom, a given consumption plan might not be consistent with that optimality
condition in general (we will see at least one case in which this degree of freedom guarantees that
any consumption process of a very large set will be compatible with the optimality condition). The
problem we consider here is that of “testability” rather than “identifiability” or “recoverability,”
as defined in the introduction. Therefore, the result in Cuoco and Zapatero (2000) is robust to the
generalization to the SDU case. Furthermore, an analysis of the optimality conditions of Theorem
2 shows that for a given consumption process to be optimal for a pair of preferences and beliefs in
a SDU setting, two conditions have to be satisfied.

The first condition is the existence of a solution to the quadratic BSDE (9) that has no equivalent
in the additively separable case. In fact, when the utility is additive, the intertemporal aggregator
takes the form f(c,y) = u(c) — By, for some constant S and some increasing and concave u, and
the quadratic BSDE (9) becomes the linear BSDE

e . .
dY; = (ule)) - BYs — (ny + o oy Z)de - zraws, Y =0,

u/(cr)

which has the following explicit and unique solution
zZ, " Ya,
u”(cs

-Z r Y2 Z, "(e) )
th - Et ’LL(CS)E (s )eXp 5 0 |775+Cs U/(CS) ps| ds — 0 (773 +Cs ’LL/(CS) ps)*dus

. "2
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Also, when beliefs are objective, the Brownian motion W, coincides with the Brownian motion
W and therefore, the BSDE (9) takes the standard form (2) and existence and uniqueness are
guaranteed under our assumptions on Z. Informally, this additional restriction would seem to make
the separation between beliefs and tastes more likely in the SDU case. Note also, that only the
volatility (p) of the consumption process is involved in this restriction.

The second condition is a result of requiring the process defined by (8) to be a martingale (in
fact this process may be seen as a component of the quadratic BSDE (9)) and amounts to a joint
restriction on the drift (1) and the volatility (p) of the consumption process (in the additive case

this joint restriction is the optimality restriction given in Cuoco and Zapatero (2000)).

Corollary 1 Let ¢ € C be a consumption process of the form (7) and let f € T be a fized in-
tertemporal aggregator. Suppose that the quadratic BSDE (9) has a solution (Y, Z) that satisfies

the integrability condition

) Z
¢ fcc(ctai/t) fcy(ctyy;f)

, z, %
B _Z
exp 2 o 1 + ¢t ACRD) P+

230 fee(et, Yz) fcy(ct,}/t) . -
Teleo v 4 e e Tt v Zt<)13>w S

for allt € [0,T]. Then, there exists some beliefs generator v € Y, such that ¢ is optimal for P if

and only if the following equality,

M '"2!
. 7thcc(ctvyz) € 2 lcgfccc(ctvy;‘/) N thcc(cta}/t)
0 = Tt fc(Ct,Yt) (ptnt Mt)+fy(cta}/t)+pt ) fc(ctay;f) fc(ctai/t)
H
1fcyy(ctaYt) 712 fcy(CtaYt) Y, ctfeclcr, Vi) * 7 thccy(ctayt) x7 (1
_Jeyy ity 7t _ Jey\h 7t tJee\t 7 1) tJeey\ =ty 7 t) 3
2 L) T ey T TRy i vy, A0S

holds dP @ dt a.s.
Moreover, if (13) holds, the beliefs density generator is given by (10)

Proof: Necessity is immediate by [t6’s Lemma. Conversely, if (13) is satisfied, the integrability
condition (12) says that the process defined in (8) is a martingale and the result follows from
Theorem 2. ¢

Therefore, equation (13) combined with (10) characterize the set Z¢, under the assumption that
the BSDE (9) admits a solution that satisfies (12). This restriction on the drift (1) and volatility (p)
of the consumption process depends on the intertemporal aggregator. This relationship between
wu and p is difficult to interpret since (13) involves the variables (Y, Z) which depend on (¢, p)
in an abstract way via the quadratic BSDE (9). Therefore, it is useful to analyze our inverse
problem in the context of some parametric intertemporal aggregator and that is the objective of
the next two subsections. The existence of these parametric utilities as well as the existence of an
optimal consumption plan is shown in Schroder and Skiadas (1999) for the case of objective beliefs
under some appropriate technical conditions. We also have to adapt these technical conditions

to our context and, more specifically, we need to restrict our attention to the set of consumption

10



processes: i 7 T Y,

D= ceC : FE cldt <00, VleR
0

Finally, we need to make the following relatively weak assumption on consumption processes c of
the form given by (7):
(A7) There exists some scalar k£ < 1 such that the processes §6k and & ﬂsk, defined as the unique

local martingales that satisfy
k k * k
dej” = €0 07w, & =1, (14)

and
_&k L k
A0 =& oprdwy, & =1,

with 5f =, — kp,, are square integrable martingales.
The processes £ are the Radon-Nikodym derivative of the reference probability measure with
respect to an alternative probability measure (or beliefs). More about it in the Appendix. Assump-

tion A7 will hold for example if both 1 and p are bounded.

4.2 The logarithm SDU and an observational equivalence result

The following lemma shows that, under some technical requirements, the quadratic BSDE (9) has
a unique solution (in a sense made more precise in the Appendix) for a logarithmic intertemporal

aggregator.

Lemma 1 Suppose that the intertemporal aggregator satisfies assumption A5 and the consumption
process ¢ € D is of the form (7) and satisfies AT with k = 1. Then, the quadratic BSDE (9), which

takes the specialized form

a * *
Y, = ( (1 ;) (log(e) ~ 2 log(1+ 0¥0) — (1, — py + o ) 20Vt~ Z{dWs, Vi =0,
« 14+ aY;

(15)

has a unique solution that satisfies 1 + Yy > 0, dP ® dt a.s., and the integrability condition

Yo 7, Z, Y,
E ex ! Ing — ps + a Zg|?ds —  (n, — = Zs)-dWs =1 (16)
p ) 0 Ns Ps 1—|—O(Y:g S 0 Ns Ps 1—|—O(Y:g S S ’

for allt € 10,T7.

Proof: See Appendix. ¢

Lemma 1 shows that under proper technical restrictions (that are preference free) on ¢, the first
optimality condition of Theorem 2 (existence of a solution to a quadratic BSDE) is always satisfied
in the logarithmic case. Optimality is then characterized by (13) alone, as the following proposition

shows.
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Proposition 1 Suppose that ¢ € D is a consumption process of the form (7) that satisfies assump-
tion AT with k = 1 and f € Z; is a logarithmic intertemporal aggregator that satisfies assumption

A5. There exists a beliefs generator v € T, such that c is optimal for PV if and only if
wy — piny =1 — B, dP ®dt a.s. (17)

Moreover, if (17) is satisfied, the beliefs density generator is given by
Q@
= — —Z
VST et Ty
where (Y, Z) is the solution of (15).

Proof: This is an immediate consequence of Corollary 1, Lemma 1 and (17). ¢

The characterization (17) provides an easy way to check if a consumption plan may be optimal
for some logarithm SDU and some unknown beliefs: one should just check if the process (ry — u, +
ping, 0 <t <T)is deterministic, time invariant and non negative.

For instance, if we assume lognormal dynamics for asset prices and a constant interest rate, n
and 7 will be deterministic and time invariant, and therefore, any lognormal consumption process
(1 and p are constants) should satisfy (17) as long as p is not too large.

In summary, testability, as defined in the introduction, obtains in this model. However, identifi-
ability does not obtain in the sense that, if the above test is positive, we can find a supporting beliefs
generator for each intertemporal aggregator in the class Z; with a discount factor g that satisfies
the Equality (17). We conclude that, in the context of the logarithmic intertemporal aggregator, it
is not possible to disentangle beliefs from tastes (represented by the parameter o that determines
both risk aversion and information seeking/aversion) by only observing the optimal consumption
process. In particular, we have shown that observing contingent consumption alone does not allow
to assert that the consumer exhibits preference for early resolution of uncertainty, preference for
late resolution of uncertainty or indifference for the timing of resolution of uncertainty. We interpret

this as an observational equivalence result.

4.3 The power intertemporal aggregator

We now turn to the case of a power intertemporal aggregator that satisfies assumption A6. As
in the logarithmic case, the following lemma shows that in the quadratic BSDE (9) has a unique
solution (in a sense made more precise in the Appendix) when the consumption process satisfies

some technical requirements.

Lemma 2 Suppose that the intertemporal aggregator satisfies assumption A6 and the consumption

process ¢ € D is of the form (7) and satisfies assumption AT with k = «. Then, the quadratic BSDE

(9), which takes the specialized form

—d% = ( (+a) (LY ) — (o, — (1= oy + Y ) 2 Y- ZraW, Ve =0,
(18)
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has a unique solution that satisfies Y; > 0, dP ® dt a.s.

Proof: See the Appendix. o
Lemma 2 shows that, as in the logarithmic case, under proper technical restrictions on ¢, (9)
always has a solution and we can characterize optimality via (13). The following proposition
specializes (13) to the power case when the integrability condition
Yo 7, Z, Ya,
E exp ! ns — (1 —v)ps + LY71Z8|2ds - (me— (1A —=v)ps+ LY%ZS)* dWs =1
2 o s sT1ras o e s T 11 a's )
(19)
holds.

Proposition 2 Suppose that ¢ € D is a consumption process of the form (7) that satisfies assump-
tion AT with k = o and f € I, is a power intertemporal aggregator that satisfies assumption A6.
Suppose also that (Y,Z), the solution of the BSDE (18) satisfies the integrability condition (19).
Then there exists a beliefs generator v € Y, such that c is optimal for P if and only if

. 1 1 a _
A=) = piny) =me =B+ 5vL—v) [ p ? —§WY} 2Zf, dP®dta.s.  (20)

Moreover, the beliefs density generator is given by
r.

P 1
=1 = A =v)pe+sgn(a)” 2lal (r—P) =@ =v)(u—pim —5v e l?),

where sgn(x) =z/ |z | if x € R* and sgn(0) = 0.

Proof: This is an immediate consequence of Corollary 1, Lemma 2 and (13). ¢

Note that, unlike in the logarithmic case, the optimality condition (20) for power utilities
depends on the utility parameters a and v. Therefore, we need to know the preference parameters a
and v in order to check efficiency. Nevertheless, (20) maybe useful even if we do not know the utility
parameters in order to exclude some consumption policies. For instance one necessary condition of
efficiency that is derived from is (20) is that the process ((1 — v)(p; — pin,) — ¢ + 8 — %y(l —v) |

pe |, 0 <t<T)should be either nonnegative or nonpositive.

Example 1 Assume lognormal dynamics for asset prices and constant interest rate -n and r will be
deterministic and time invariant- and let us consider a consumption process of the form c; = exp|et]
where €; is a mean reverting Ornstein Uhlenbeck process of the form de; = (er — 6)dt + dW1 4 with
0 a given constant. Then, by It6’s Lemma, it is clear that pf = (1,0, ...,0) and, on the other hand,
py = (et — 0+ 1/2) is a Gaussian process and, as such, cannot have an invariant sign. Therefore,

the consumption process ¢, = exples] will never be optimal for a power SDU.

13



5 Optimal PDE in a Markovian environment

In this section we intend to elucidate the implication of the former results in a Markovian context.
With this purpose, consider an intertemporal aggregator f € 7 and suppose that the consumption

process follows a Markovian diffusion of the form

d
% = ,U,(t, Ct)dt + p(t7 Ct)*tha co > 07 (21)
t

where the functions y : [0,7] x (0,00)—R, and p : [0,7] x (0,00)—R" are such that a unique
(strong) positive solution of (21) exists (e.g. Karatzas and Shreve (1997)). Let us also assume
that 7 = r(t,¢), and 1, = n(t,¢) for some measurable functions r : [0,7] x (0,00)—R and
n:10,T] % (0,00)—R"™.

Now, observe that in this Markovian context the quadratic BSDE (9) amounts to the partial
differential equation (PDE)

Pe(t ) + Lo(E,¢) = plt, ¢, (t,¢), cp(t,)o.(t,c) ), V(t,c) €[0,T) x (0,00),

o(T,c) =0, (22)
where the operator £ is defined for v € C([0,T] x (0,00)) N CY2([0,T) x (0,00)) as
Lult, ) = en(t, uelt, ) + 5 | 6, 6) 2 Putelt, ),
and where the function p is given by
bt 2) = —Jlen)+ e+ T=EW i ¢ o) T, (23)

for all (t,¢,y,2) € [0,T] x (0,00) X R x R™.
To be more explicit, one can verify easily by It6’s Lemma that if a function ¢ € C([0,T] x
(0,00)) NCH2([0,T) x (0,00)) satisfies the PDE (22), then,

Yi = o(t,ct), andZy :=c¢ p(t,ct) o.(t,ct),

solves the quadratic BSDE (9).

The following proposition characterizes the set of tastes and beliefs (f,v) € Zx Y that guarantee
optimality of the consumption process defined in (21), under the assumption that the PDE (22)
has a solution.

Proposition 3 Consider a consumption process c¢ that satisfies (21), and f € T and suppose that
the function ¢ solves the PDE (22). There exist beliefs v € Y such that ¢ is optimal for PV if and
only if the function k : [0,T] x (0,00) — R defined as

k(t, c) :=log (fe(c, o(t, ))) (24)

satisfies,
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i) the PDE

ki (t, c) + Mk(t,c) —% | p(t,c) |2 czkg(t, c) = —r(t,c) — fy(c,o(t,c)), V(t,c)€[0,T) x (0,00),
k(Tv C) = log (fC(Cv 0)) )

(25)
where the operator M is defined for u € C([0,T] x (0,00)) N CT?([0,T) x (0,00)) by
. 1
Mu(tv C) = C(M(tv C) -1 (ta C)p(ta C))Uc(t, C) + 5 | p(ta C) |2 Czucc(ta C)v
i1) and the integrability condition
e 7, Z, Y,
E exp -3 In(t, ) + cike(t, co)p(t,co)|?ds —  (n(t, ) + cike(t, co)p(t, ce))*dW, =1, (26)
0 0

for all t € [0,T.
Moreover, if the above conditions hold, the beliefs generator is given by v, = (t, c;) where the

measurable function 7y : [0,T] x (0,00)—R"™ is defined as
V(t, ) =n(t, c) + cke(t,c)p(t, c), Y(t c) €10,T) % (0,00).

Proof: Suppose that the function k defined in (24) satisfies (25) and (26). Making Y; := ¢(¢, ¢;),
and Z; := ¢; p(t, 1) ¢,(t, ct), it is easy to see by applying It6’s Lemma that (Y, Z) solve the quadratic
BSDE (9). Now, again by It6’s Lemma, the process

R
Hie~ o fulcs,Y)ds

Rt
= = H,e™ Ofy(C&Ys)dS*k(t,ct)’
ft fC(Cta }/t) t
satisfies the stochastic differential equation,
dgt 1 2 212
= = —(ke(t ce) + Mh(t o) — 5 [ p(t,cr) |7 cike(t o) + (2, c) + fy(er, Y2))dt
t

_(n(ta Ct) + Ctkc(t7 Ct)p(t, Ct))* - dWs
= - [n(tv Ct) + Ctkc(ta Ct)p(t, Ct)]* . th,

where the second equality follows from (25). Therefore, by the integrability condition (26), the
process (§,,0 <t <T) is a martingale and the result follows from Theorem 2.

The proof of necessity is similar. ¢

When the utility is time-additive, the intertemporal aggregator takes the form f(c,y) = u(c) —
By, for some constant § and some increasing and concave u. In that case the function k defined in
(24) takes the form k(t,c) = log(u/(c¢)) which is time independent and independent of the function
¢. Therefore, the PDE (22) is not restrictive for the inverse problem.

More importantly, in the additive utility case the optimality restriction (25) becomes

c(pults €) =" (t, )p(t, c) Jke(c) + % | p(t,c) [? Phee(c) — % | p(t.c) [? Pkilc) = —r(t,c) = B (27)
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This is “preference free” since it may be seen as a differential equation with &k as an unknown
function, that has to be satisfied for each ¢ € [0,7]. For instance, when the functions u,n, p and
r are time independent, Cuoco and Zapatero (2000) show that this equation reduces to a Ricatti
ordinary differential equation that, under mild conditions exhibits existence and uniqueness of
the solutions. Cuoco and Zapatero (2000) use this approach to solve the recoverability problem
(see Bick (1987,1990) He and Leland (1996) and Decamps and Lazrak (2000)) in a continuous
time, complete market, representative agent and Markovian aggregate consumption pure exchange
economy.

Now, it appears that the restrictions that we obtain in the SDU (when the intertemporal
aggregator is nonlinear with respect to y) are not preference free since (25) involves the knowledge
of the function f, as well as the function ¢ (which depends on the intertemporal aggregator f
via (23)). Note also that this result holds when the beliefs are objective. The restriction in (25)
becomes a tool for verification of the compatibility of a given intertemporal aggregator f and a
given consumption process of the form (21), rather than a way to recover preferences and beliefs
from a given consumption process. Of course, we cannot rule out the existence of a transformation
that would allow recoverability of preferences and beliefs (maybe with additional restrictions to our

Markovian setting). The existence of such a rule is not obvious, however.

6 Conclusions

We consider an inverse problem with unknown beliefs for an agent that has recursive utilities. We
use some recent results in the theory of BSDE (in El Karoui, Peng and Quenez (1997, 1999) and
Schroder and Skiadas (1999)) and show that a given consumption process might not be optimal for
any parameterization of preferences, even if we allow beliefs to adjust. For logarithmic SDU, we
show that a consumption process that satisfies some technical requirements might can be optimal
for an infinite number of pairs of a specific parameterization of the logarithmic SDU and beliefs. We
also derive a recoverability result in a Markovian setting. Some technical questions remain open.
Namely, the main result of the paper involves the existence of a solution to a quadratic BSDE.
The existence (and uniqueness) of a solution of this quadratic BSDE is established in the case of
logarithmic or power SDU. However, in the case of non parametric intertemporal aggregator, it is
not clear whether such a solution is guaranteed by some technical conditions or if it is an additional
restriction (that does not seem to have a counterpart in the additive separable case).

7 Appendix

We now prove Lemma 1 and Lemma 2. The proofs rely heavily on ideas of Appendix A of Schroder
and Skiadas (1999). First, we denote by £2(R") the set of n—dimensional progressively measurable
processes X such that OT | X;|2dt < oo, a.s. Furthermore, the following subsets of H?(R) (defined
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in Section 2) will be used:

Y Y4
Do = XeH?)(R) : FEesssup|Xy|' <oo, VIER ,
1 Z ., Ya
D1 = XeH)R) : E |Xifldt<oco, VI>0 ,
Y 0 7
Dg® = X ecH?*(R) : E(exp(esssupl|Xy|') <oo, VIER
Y z . %
DYP = X ecH?)R) : Elexp(l  |Xydt) <oo, VIER
0

For each set S C H?(R), we defige S** = SNH2**(R), where H***(R)_js the strictly positive
cone of H?(R), that is H***(R)= X ¢ H*(R) : X; >0, dP®dt a.s.

Proposition 4 (Schroder and Skiadas (1999)) Suppose that U € DYP and 3 > 0. Then, there
evists a unique pair (Y, Z) € Dy® x H2(R™) that solves the quadratic BSDE

K 1 1
—dY; = Ut—ﬁYt+§|Zt|2 dt — ZFdw,, Yr = 0.

Proposition 5 (Schroder and Skiadas (1999)) Suppose that U € Df™" and m > —1. Then, there
exists a unique pair (Y, Z) € Dy~ x L2(R") that solves the quadratic BSDE

" T
B m| Zy | . B
—dY, = U+ 22 g zraw, e =o
2 Y

It will be convenient, for each consumption process ¢ € D of the form (7) that satisfies as-
sumption A7, to express the BSDE in terms of the probability measures Py, defined by the Radon

Nikodym derivative
dPy

LI
dP fT?

where the process f‘Sk is ﬁleﬁned in (14) and 6% := 7, — kp,. Note that by the Girsanov Theorem,
the process Wfk =W+ g 6%ds is a Brownian motion under the probability Pj.

Proof of Lemma 1: Given any ¢ € D that satisfies assumption A7, we define the process
U = —alog(c). Now, for each | € R, we have

H M Z 12 o Z 1912
Ep, exp(l U, |dt) E & exp(l U, |dt)
0 3 7, M Ou Zqp 11

1
< E & "E exp = | log(c22!T)|dt
3 7, SV 0 |
st 21 20IT
E & 7B exp |log(ci™")|dt
21 HZ'; s o
< E & ZE T 4 2 dt < oo,
0

IN
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where we have used the Cauchy Schwarz inequality, the Jensen inequality, the inequality exp(| z |
) < exp(x) + exp(—=z) and the fact that ¢ € D. It follows that U € DiXp’l and therefore, it follows
from Proposition 4 that the BSDE®

)

1 :
~dY1e = (Us = BY0e+ 5 24, Zae )it - ZEdWP,  Yir =0, (28)

has a unique solution (Y1, Z1) € DSXp’l x HZ1(R™). Now, by Ité’s Lemma it is easy to show that
the process Y; := %ﬁ?'t)*l solves the BSDE (15) with the intensity Z; := —%ZU.
Now, in order to establish the integrability condition (16), we define the process Mi; = 1+
g Ml,SZiSdel. The process M; is a local martingale under the probability P;, and therefore
there exists an increasing sequence of stopping times {7(n)} that converges to T, such that the
stopped process {Mj ipr(ny, 0 <t < T} is a martingale, for every n. Following Schroder and
Skiadas (1999, Lemma A1), we integrate (28) between any 0 < ¢t < u < T and take the exponential
to obtain M, V1 zZ, 19

exp(Y1s) =exp Y1, + (Us — BY16)ds . (29)
1t ¢

Now, by the optional sampling theorem, M7 ; = Ef Y (M1 ¢ar(n)), and therefore, when v = 7(n), the
identity (29) leads to

i A A 7 o
exp(yvl,t) = Et ! exp Yl,’r(n) + (US - Byl,s)ds ) (30)
t

on the event {r(n) > t}. Letting n — oo in (30), the dominated convergence theorem (made
possible by the fact that Y1 € DSXp’l and U € DEXp’l) yields
M HZ ., hlAll
exp(Yi) = E* exp | Ue=PNigds
which, in conjunction with (29) when u = T, implies that M;; = EtP *(Myr) and, hence, M, is after
all a true martingale under the probability P;. Therefore, from Bayes rule (Karatzas and Shreve
(1988), Lemma 5.3, page 193), the process M; := ffl My ; is a martingale under the probability P

and, since by It6’s Lemma,

dM; = — My (87 — Z14)*dWy = —My(n, — py + Z)*dWy,

.
1+ aY;
the integrability condition (16) holds. ©

Proof of Lemma 2: Letting U; = %Ze_ﬁt, it follows from Proposition 5, that if a < 1 (this is
satisfied under A6) the BSDE

6171/

1
—dY, 1= (U — §aY*1 Zawit" Zaws VAt — Zi , WP, Ya,1 =0,

a,v,t

$Here, the sets DiXp’l and DSXp’las well as the set H>*(R™) are defined with respect to the probability P; instead
of the probability P.
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has a unique solution in (Yo, Zs,) € Dy x L2(R").Y Now, by Ito’s Lemma, it is easy to
show that the process Y; := Ya%:‘;e(k“a)ﬁt solves the BSDE (18) with the intensity Z; := (1 +

a)€(1+a)6tya

a,l/,tZavat Y
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