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ABSTRACT. In this paper, a class of forward rate dependent Markovian trans-
formations of the Heath-Jarrow-Morton [HJM92] term structure model are
obtained by considering volatility processes that are solutions of linear ordi-
nary differential equations. These transformations generalise the Markovian
systems obtained by Carverhill [Car94], Ritchken and Sankarasubramanian
[RS95], Bhar and Chiarella [BC97], and Inui and Kijima [IK98], and also gen-
eralise the bond price formulae obtained therein.

INTRODUCTION

In the risk neutral Heath-Jarrow-Morton [HIJM92] term structure model, evo-
lution of the forward rate process is completely determined by the forward rate
volatilities. The HJM framework is very general and contains many of the ear-
lier interest rate models as special cases, including [Vas77], [CIR85], [HW90], and
[BK91], among others. One drawback of the generality, from a practical perspective,
is that the model is non-Markovian in general and consequently does not readily
lend itself to efficient solution techniques.

Suitable restrictions on volatility processes led Carverhill [Car94], Ritchken and
Sankarasubramanian [RS95], Bhar and Chiarella [BC97], and Inui and Kijima
[IK98] to transform the HIM model to finite dimensional Markovian systems. In
[RS95] and [BCI7] only the one-factor HIM models are considered, while, under a
more transparent framework, [IK98] generalise the [RS95] models to the multifac-
tor case. In [BG99] and [BS99], a theoretical framework is introduced for obtaining
necessary and sufficient conditions under which HJM models are Markovian, and
for constructing minimal realisation in such cases.

The [BC97] model has the feature that spot rate volatility may be an arbitrary
function of the spot rate, and although the Markovian systems of [RS95] and [TK98]
have the same feature, the bond price formulae obtained therein applies to a more
general class of volatility processes, such as those which depend on a finite number
of fized tenor forward rates.! In each case, the forward rate volatility processes are
expressible as a product of the spot rate volatility and a path-independent function.
It should be noted that although [RS95] and [BC97] both consider the one-factor
HJM model, they overlap only for a small set of volatility processes.

Date: First version January 6, 1998. Current revision March 30, 1999. Printed April 23, 1999.
IThis fact does not appear to have been noted by the authors however.
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In this paper, a common generalisation of the above models is obtained, in which
the multifactor HJM model is transformed to a finite dimensional Markovian sys-
tem, and in particular, a multifactor generalisation of the [BC97] model is obtained.
Further, the volatility processes in the generalised models are allowed to be arbi-
trary functions of a finite number of fixed tenor forward rates. Consequently, they
include finite dimensional forward rate dependent Markovian transformations of
the multifactor HJM model.

The key observation in [IK98] was that when volatility processes® o;(t, T,w),
1 <4 < n, satisfy the condition

aTO'Z' (t, T, w)

oT

and k;(T) are path independent functions of T, then the n-factor HIM model can
be transformed to a 2n-dimensional Markovian system, and the bond price can be
obtained in terms of the 2n state variables. The condition (1) arises naturally from
the desire to replace path dependent terms in the differential of the spot rate by
an expression involving the spot rate itself, and is in fact sufficient to reduce the
HJIM model to a finite dimensional Markovian system, as described in [RS95] and
[IK98].

Let £; = 0/0T — k;(T). Then (1) can be rewritten £;0(¢t,T,w) = 0. That
is, the [IK98] condition requires that, for each ¢, the volatility processes o;(t, T, w)
satisfy a first order, linear, homogeneous, ordinary differential equation in 7. The
essentially arbitrary initial condition for the differential equation then allows the
spot volatility o;(t, t,w) to be unrestricted. However, in order for the corresponding
model to transform to a Markovian system with respect to state variables introduced
in [RS95] and [IK98], the initial condition must be of the form

oi(t, t,w) = o;(t, t,r(t,w)). (2)

That is, the spot volatility must be a function of the time variable ¢, and the
spot rate r(t,w). As mentioned earlier, although (2) is required to transform to a
Markovian system,® the bond price formula obtained in [IK98] applies to a larger
class of volatility processes.

In this paper, the approach of [IK98] is generalised by requiring that each
0;(t,T,w) is a function of ¢, T, and m forward rates f(¢,t+<1,w), ..., f(t, t+sm,w),
so that

=ki(T)o;(t, T, w), (1)

Jl(t,T,W):O'Z(t,T,f(t,t+§1,W), ,f(t7t+§m,CU)), (3)
and satisfies a differential equation of the form £;0;(¢,T,w) = 0, where
m;—1 .
omi i I
Li = o ~ ;0 w14(T) 5 (4)

is an m,;-th order linear differential operator and the coefficients «; ;(T') are path
independent functions of 7. The corresponding n-factor HJM model can then
be transformed to a finite dimensional Markovian system of dimension at most
m Yy, mZ(m; + 3)/2. Further, for each i, the m; arbitrary boundary conditions
for the differential equation, £;0;(t,T,w) = 0, allow o;(¢,t + T,w) to be arbitrary
functions of the forward rates f(t,t+¢1,w), ..., f(t,t + ¢m,w).

As in [RS95] and [IK98], although the bond price formulae given in §4 remains
valid for a more general class of volatility processes, the restriction (3) is required
to obtain a Markovian system.

2The w in 0;(t, T,w) represents the dependence of the volatility process on the path followed
by the underlying Wiener process. See §1.
3With respect to the state variables introduced in [IK98].



FORWARD RATE DEPENDENT MARKOVIAN HJM MODELS 3

The outline of the paper is as follows. It begins with a brief review of the HJM
term structure model and the parametrisation, T' = t+¢, due to Brace and Musiela
[BM94] in §1. The main results of this paper are then presented in §2, in which
the transformation of the multifactor HJM model to finite dimensional Markovian
systems is outlined. Natural extensions of the [IK98] model are considered in §4,
and explicit expressions for the bond price as a function of the state variables are
obtained for these models. Finally, the paper concludes in §5.

1. RisKk NEUTRAL HEATH-JARROW-MORTON MODEL AND THE
BRACE-MUSIELA PARAMETRISATION

This section reviews in brief the HJM model and the parametrisation, T' = ¢+,
introduced by Brace and Musiela [BM94]. For details, refer to [HIJM92], [BM94],
[MR97], or [Bj696].

1.1. Risk Neutral Heath-Jarrow-Morton Model. Fix a trading interval [0, 7],
7> 0, and let (2, F,P) be a probability space, where Q is the set of states of the
economy, F is the o-algebra of measurable events, and P is a probability measure
on (2, F).

It is assumed that there are n independent standard P-Brownian motions W},
1 < i < n, that generate a complete right continuous filtration {F; }o<i<- on (Q, F).

For each maturity T € [0, 7], the time ¢ instantaneous forward rate f(¢,T,w) in
the risk-neutral n-factor HJM model is a stochastic process determined by suitably
well-behaved* volatility processes o;(t, T,w), 1 < i < n, and evolves according to
the stochastic integral equation

ft.1w) = F0.10) + > [ (s T ds £ Y / (s T AT, (1)
i=170 i=170

where 0 <t < T, 07(s,T,w) = 0;(s, T, w) fST oi(s,u,w) du, and WZ are independent
standard P-Brownian motions, where Pisa P-equivalent martingale measure in the
sense of [HK79] and [HPS81].

Evolution of the spot rate process r(t,w), where r(t,w) = f(t,t,w), is determined
by setting 7=t in (1.1), which yields

r(t,w) = w ol w)d o; ,,desi. .
(t,w) = £(0,t, )+;/0 (s, t,w) s+;/0 (s,t,w) dW, (1.2)

The price of a T-maturity pure discount bond, P(¢,T,w), is given by

P(t’ T7 W) =e ftT f(t,u,w) du =K |:67 ftT T(“) du

Fi] @), (L3)

where E is the expectation with respect to P.

4The main technical conditions are that for each 1 < i < n,

(a) oi(t,u,w): [0,T)% x Q — R is [B([0, T)?) ® F]/B(R)-measurable, and
(b) o4(t, u,w) is {F¢}-adapted for all u, and fOT oi(t, T,w)dt < oo a.s. P,

where B(X) denotes the Borel o-algebra on X.
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The corresponding stochastic differential equations are given by

df(t.T.w) =Y of(t,Tw)dt + Y oi(t, T,w) dW}, (1.4)
i=1 =1
T - —
dr(t,w) = o1t T w) dt + Z oi(t,t,w) dWy, (1.5)
or |, -

n T .
dP(t,T,w) = P(t,T,w) r(t,w)dt + P(t,T,w) > [ / oi(t, u,w) du] dw}, (1.6
i=1 L/t
where 0 <t <T <7, and
of(t,T,w)
T

L 0f(0,tw) | < /taof(s,t,w)
T ot +; o v

" 0oy(s,tw)
— T dW?}.
+Z;/O o AW

It can be seen from (1.4) that the forward rate process f(¢,7T,w) is non-Markovian
in general, since the volatility processes o;(t,T,w) depend on the path w, and
hence on the past. Even if ¢;(¢,T,w) did not depend on the past, (1.5) and (1.7)
show that the spot rate process remains non-Markovian in general, due to the path
dependent terms in (1.7) that involve integration over the past. Consequently, the
general HJM model does not readily lend itself to practical implementations. If
the HIM model can be transformed to a Markovian system, then the resulting
system can be tackled more efficiently to obtain the bond price P(t,T,w), either
via the Monte Carlo simulation techniques, or by solving directly, or numerically,
the resulting partial differential equation. The latter method, in a special case, is
considered in [CK98b].

In the remainder of this paper, the risk-neutral n-factor HJM term structure
model is used.

= (1.7)

1.2. Brace-Musiela Parametrisation. The volatility processes we wish to con-
sider have the form

Ui(t,T,W) = Ul(taTaf(t7t+ gl?"d)a RR af(t7t+g’maw))'

That is, the dependence of o; (¢, T,w) on the path w is absorbed into the dependence
on m forward rates f(t,t + ¢j,w), where 0 < ¢; < -+ < g, are fixed tenors. In
order to obtain a Markovian system, we are forced to introduce the forward rate
processes f(t,t+¢;,w) as state variables, and determine the stochastic differential
equations governing their evolution over time. This in turn forces us to consider,
for each ¢ € [0, 00), the process f(t,t+¢,w). The parametrisation, T' =t +, of the
maturity variable was introduced by Brace and Musiela in [BM94]. They make the
comment that the HJM parametrisation is suited to bonds while theirs is suited
to swaps. In this vein, our method may be considered as one in which bonds are
priced using a finite number of swap rates.

The parametrisation T = t + ¢ does not introduce anything new to the gen-
eral HIM framework outlined in §1.1. However, it does lead to certain desirable
properties. In particular, the parametrisation provides a symmetric treatment® of
the forward rate process f(¢,t+ ¢,w) and the spot rate process r(t,w), and, under
the parametrisation, the forward rate process f(t,t + ¢,w) is valid for all ¢t rather
than only for ¢ < T, which is the case in the HJM parametrisation. It is the

5As seen from (1.4) and (1.5), the differential of the spot rate process r(¢,w) and the differential
of the forward rate process f(t,T,w) are not treated ‘symmetrically’, in the sense that dr(t,w)
cannot be obtained from df (¢, T,w) by simply setting T' = t, even though r(t,w) = f(t,t,w).
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latter property that is of greater importance for our purposes, since if o;(¢, T, w)
were functions of f(t,¢;,w) rather than being functions of f(¢,¢ + ¢;,w), then the
processes f(t,T,w), r(t,w), and P(t,T,w) would be valid only for ¢ < min;(g;).

The next step is to determine the stochastic differential equations governing the
evolution of the forward rate process f(t,t+¢,w). For notational convenience, w is
omitted from f(¢,t 4 ¢,w), o;(¢, T,w), etc.

Fix ¢ > 0, and consider the forward rate process f(t,t+¢). Then setting T' = t+¢
n (1.1) and (1.2), f(¢t,t+<) and r(t) are governed by equations

n t n t .
fta+9 = S0+ 9+ Y [oitst+9ds+ Y [alsarait (s
i=170 i=10

n t n + .
r(t) = £(0,t) + Z/ ol (s,t)ds + Z/ oi(s,t) dW. (1.9)
i=170 i=170
The stochastic differential equations for f(¢,t 4 <) and r(¢) are then given by

8ftt+§ !
df (t,t4¢) = [ +Z (tLt+) | dt+ > oit,t+¢)dWy,  (1.10)

i=1
dr(t) = %i“) e ;ai(m AW, (1.11)
where o7 (t,t +¢) = 0i(t, t +<) [, " o (t, u) du, and
af(tét§+<) _ [8]‘ (0,t+) Z/ (5,6 +¢)ds + (1, g)] (1.12)
where
ff(t,g):/Ot%?i_g)/:ﬂai(s,u)duds—i—/ot%dﬁ;. (1.13)

As seen from (1.8)-(1.11), r(t) is obtained from f(¢,t+<), and dr(¢) from df (¢, t+¢),
by setting ¢ = 0. In particular, it is not necessary to compute both df (¢,t + ¢) and
dr(t). This was not the case in the standard HIJM parametrisation, where dr(t)
required a separate, and more involved, computation than df (¢, T).

2. TRANSFORMATION TO A MARKOVIAN SYSTEM

This section outlines a method for transforming the n-factor HJM model de-
scribed in §1 to a finite dimensional Markovian system. The variable w continues
to be omitted from f(t,t+ ¢, w), o;(¢, T,w), ete.

Let m,n € N, and assume given n non-negative integers mi, ma, ..., m, and
m real numbers 0 < ¢ < ¢ < -+ < ¢p. In addition to the standard HJM
assumptions, it is furthermore assumed that:

[A1l] For each 1 < ¢ < n, 0;(t,T) is a function of ¢, T, and the m forward rates
flt,t+¢61)y..., f(t,t + Gn), so that

Ui(t7Taw) = Uz(taTaf(t7t+ gl7w)a e ,f(t,t+§m,u))), (21)

[A2] For each 1 < i <mn, 0;(t,T) is m; times differentiable with respect to 7' and
satisfies the m;-th order homogeneous linear differential equation

omi m;—1 o7
KiUi(t,T) = O7 where ‘Cz = W — Jgo K}i’j(T) ﬁ’ (22)

and k; ;(T) are path independent functions of T
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Under the assumptions [A1]-[A2], the volatility processes o;(t,T) are arbitrary
functions of f(t,t+¢1),..., f(t,t+sm), and result in forward rate dependent HJM
models. Note that the [RS95] and [IK98] models are obtained by taking m; = 1 for
all 4, and the [BC97] model is obtained by taking® £ = (9/9t — A\)™. Clearly, these
models do not allow the degree of flexibility permitted by [A1l]-[A2] on o;(¢,T).
The [RS95] and [IK98] models are restricted because m; = 1 for all ¢ in their
model”, while the [BC97] model is restricted because they begin by assuming that
o(t,T) = G[r(t)] pm(T — t)e=MT=Y where p,,(z) is a polynomial of degree m.

Lemma 2.1. For1 <i<n,1<j<m, andp, q, v € N, define the state variables

ds,

P L ora(s,t + ) OPto(s,t+g))
i ( )= otp ' otp+a

. Loroi(s,t+j) [
i,j(t)—/o T/s oi(s,u) duds

t(r“)TO'i(S t-‘r§j) —~ .
LA SR VA A v, VA
+ [ s i,

and let

6#,7;1(2&) _ [8Pai(s,t +;) . P, (s,t + gj)} .
b otp otr+a -

Then the following stochastic differential equations are satisfied:

mm+@ﬁ“@*®+i@%@+ﬁﬂﬂw

+3 ot t+ o) AW,

i=1
[3600(t) + 2077 (1], if 4=0
[potifw + ol )+ ot 0]t if 4> 0

arai(s, t + Cj)
otr

deyj (t) =

a1 = (907 (0) +vi T (0)] de + [ } ~ dw;.

(2.3)

(2.4)

(2.6)

2.7)

Proof. The proofs are straight forward and the details are only provided for the

first identity in (2.6).

L roro(s,t +¢5) 2
p,0 _ i\ J
g (t)—d/o (7&1’ ) ds

B _8pai(s,t—|—§j) 2 to OPo;i(s,t+;) 2

=T e . +/o a\ T o ds| dt
[ boOPoi(s,t+5) OPFloy(s,t+))

_ ,0 7 ) ¥l 7 9 ¥

= _5¢zj (t) +/0 2 5 . S ds} dt

[ . p,0 1
= 0007 (t) + 247 (t)} dt.

The remaining identities are proved similarly.

O

If 0;(t,T) are infinitely differentiable with respect to T, and satisfy [Al], then
Lemma 2.1 implies that the resulting model is in general an infinite dimensional

6Recall that the model studied in [BC97] is a one factor HJM model.

"If m; = 1, then (8/0T — k;(T))oi(t,T) = 0 has the solution o;(t,T) = o;(t, t)eftT wi(u) du

and as a result o;(¢,T") can only depend on the spot volatility o;(¢,t).
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Markovian system with respect to the state variables f(t,t+¢;), ¢}’ (t), and 97 ;(t).
The purpose of (2.2) in assumption [A2] is to restrict the system to be finite di-
mensional.

Before proceeding with the proof that the HIM model under [A1]-[A2] can be
transformed to a finite dimensional Markovian system, the central idea is illustrated
with a diagram. A directed edge, v(t) — w(t), in Figure 2.1 indicates that w(t)
occurs in the expression for dv(t). The edges are obtained from Lemma 2.1.

Fltt+))
?90(t) ’
3 PO (1)
l l
L) = eI — el
1 1 |
®70(t) Pl (1) P2(t)  —  YF(t)
1 | 1 l
! | ! !
BT = @) = TR () = BTN = TN ()
l l l l l
G0() = ¢TI e 97T = T ) = @] ()~ ()

FIGURE 2.1. Interdependence of State Variables.

If [A2] is assumed, then the variables in the lowest level can be expressed as linear
combinations of the variables in higher levels, and the diagram can be terminated
at depth m; — 1. This observation essentially establishes that the HIM model can
be transformed to a finite dimensional Markovian system, and is formalised in the
following.

Proposition 2.2. Let 0;(t,T) satisfy the assumptions [A1] and [A2].

(i) The variables ¢} (t) and ;" 77 (t), for 0 <~ <m;, can be written as linear
combinations of {7;(t) and ¢} (t), with X\ < m; and p+v < my, in the form

mi—l

() = Y Rialt ) v (t),

A=0

oty = Y P ) eny ()

0<p<v<m;—1

Y R G) e,
0<v<pus<m;—1
m;—1
%m1 Z"izut"‘gj uv H(t)+ Z li“L(t-l-Cj) vu 7(07
p=v+1

where /7Y (t+65) = Kipu(t 4 5) ki (t +65).

(it) Foreach1 < j < m, the variable 1)) ;(t) can be written as a linear combination
of f(t,t+¢;), f(0,t+¢;), and 1/)9\7j(t), with 1 < X < my, in the form

2,3‘(75) = f(t,it+¢) — f(0,t +¢;) — Z%\,j (2.8)
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Proof. (i) The result for ;" (t) is first established.

t omi 5 t . t+g;
1/%”;(15):/ W/ oi(s,u) duds
’ 0 675 4 s

Lomioi(s,t+<;)
———— AW,
+/0 o .

t [mi—1 A
0%oi(s,t+g;
0

t+¢;
/ oi(s,u) duds

tm,—l
7 t 1171
/ Z Ria(t+ ;) ) Palsts) U(; ) g, by [A2)
0 _

o . ,t+ . t+¢;
= Z Kia(t+<5) [/0 %/ oi(s,u) duds

A=0
+/t Nai(s,t + ) d/Wsl:|
0

ot

ot
m;—1

= mialt+g) ().

A=0

Similar arguments establish the results for gb”’ml Y(t).
(ii) For ¢ ;(t), recall from (1.8) that f(t,t + ;) =
whence

f(oat + gj) + Zt\Lzl 1[1(,2,](75)’

o) = flt.t+¢) = f0,t+g5) — Z%

This establishes the required identities. ]

The main result is now stated.

Theorem 2.3. Let 0,(t,T) satisfy the assumptions [A1] and [A2]. Then the HIM
model transforms to a Markovian system with state variables f(t,t+g;), d)l)‘J“ (t),
and ;";(t), where the indices i, j, \i, j1;, and v; satisfy the restrictions
(i))1<i<n, 1<j<m,0< N, 0< p;, and 0 < vy <my,
(i) for each i, \; + p; < my, and (i,v;) # (n,0).

In particular, the system has dimension at most mz,y '3 m2(msy + 3).

Proof. The finite dimensionality and the form of the state variables follow immedi-
ately from Proposition 2.2. For the dimension

#UI G+ ) =m, #{,0) < m[(Shoyma) -1,
o O} <m0, dmy(m, +1)].
Hence the dimension is at most m »>7_, sm2(m. + 3). O

The dependence of o;(t,T) on the term structure can be increased by requiring
that they satisfy a higher order differential equation, since this allows o;(t,T) to
be dependent on forward rates for a larger number of tenors. For smooth volatility
functions, the general case in which volatilities depend on the entire term structure
can be regarded as a limit of the model introduced in this paper in some sense.

The following result is useful in generating finite dimensional Markovian systems
from other finite dimensional Markovian systems.
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Proposition 2.4. For each 1 <1i < n, fix a positive integer n;, and for 1 < j <mn;
define differential operators

) ()
am(.J) m; k

G _ o™ )y O R = )
Eij = 8Tm§:j) — kzzo ffifk (T) 9Tk and L; = Hﬁij .

Jj=1

If o (t,T) satisfies £ (t,T) = 0, then o3(t,T) = X1 2P (#) 0l (t,T) sat-
isfies L;04(t,T) = 0, where xgj)(t) are arbitrary functions of t.
Loosely speaking, Proposition 2.4 implies that finite ‘¢-linear’ combinations of

0;(t, T) satisfying [A1]-[A2] again satisfy [A1]-[A2].

3. EXAMPLES

This short section lists some volatility functions to which Theorem 2.3 applies.

ok+1

(i) Polynomial Functions. If L; = TR then o;(¢t,T) = Z?:o ci () TF.
0

(ii) Ewponential Functions. If £; = T Ai(T), then

oi(t,T) = c;(t) efo Ai(@)dz,

In particular, exponential, trigonometric, and hyperbolic functions are spe-

cial cases.
02 10 2
(iii) Bessel Functions. If L; = 972 + ToT

oi(t,T) = ci(t) Jm(T),

+ [1 — %} then

where J,,,(T) is the Bessel function of order m.
(iv) Hypergeometric Functions. If
872+ c—(a+b+1)T] 0 ab
oT? T(T—1) |oT T(T—1)
then o;(¢t,T) = ¢;(t) F(a,b,c;T), where F(a,b,c;T) is the hypergeometric
function.

L=

Additional o;(t,T) satisfying the hypotheses of Theorem 2.3 may be obtained by
using Proposition 2.4.

4. GENERALISATION OF THE INUI-KIJIMA MODEL

This section considers a subclass of Markovian systems introduced in §2 that are
natural extensions of the [IK98] model. These are the higher order analogues of
[IK98] in which the o;(t,T) satisfy the differential equation £;0;(¢,T) = 0, where
L= Hjm=1 [0/0T — A; ;(T)]. For certain special cases, explicit expressions for the
bond price are obtained in terms of the state variables, and in particular, the [TK98]
formula is obtained in Theorem 4.5.

As in the previous section, let m; be positive integers for 1 < i < n, and let g;
be given for 1 < j < m. Throughout this section, assume [A1]-[A2] with

e fi [ v, w

j=1

and note that the [TK98] model is a special case with m; = 1.
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Lemma 4.1. Let £; be defined as in (4.1), and let ¢; j: RxQ — R for1 < j <m,.
If 0;(t,T) are defined by

Zage%wwﬁ (4.2)

then L;o:(t,T) = 0.

Proof. Let L] = [15z; [0/0T — Xi j(T)], where 1 < k < m;. Then
L; UZ t T Zcz‘] )\7,7](T)] efOT Xij(z) de — O7

since [3/8T — /\i,j (T)] efo i (@) de — 0. i

Proposition 4.2. Leto; ;(t,T) = E;";l cij(t) t)elo 2@ dr g5 in Lemma 4.1. Then
the corresponding HJIM model transforms to a finite dimensional Markovian system
with state variables as listed in Theorem 2.3.

Proof. This follows from Theorem 2.3 and Lemma 4.1. O

Hence the HIJM models considered in this section are Markovian. Considered now
are two special cases of the present model for which a bond price formula is available
either in terms of the state variables in Theorem 2.3, or a slightly larger set.

4.1. Inui-Kijima-Ritchken-Sankarasubramanian Bond Price Formula. In
this subsection, assume m = 1, ¢; = 0, and m; = 1, for all 1 < i < n, so that

9
oT
This is the general [IK98] model, and when n = 1 this is the [RS95] model. For

this class of models, a formula for P(¢,T) can be obtained in terms of the state
variables, and the following identity plays a crucial role.

Li=— —X(T) and o;(t,T) = c;(t,r(t)) efo Xi(@ e, (4.3)

Lemma 4.3. The o;(t,T) given by (4.3) satisfy the identities
UZ(S,t+U) :O'i(s,t) eftH'”)\i(m)dx’ (44)
oi(s,t) = oy(s, s) efs M@ dr, (4.5)

Proof. Since the second identity is a consequence of the first, it is sufficient to prove
only the latter. Note, firstly, that

oi(s,t) = ¢i(s,7(s)) edo Xi(@) dz {ci(sn"(s)) elo Ailx) d”] efs Xi(@) da
= ¢(s,7(s)) els i) de
where (s, 7(s)) = ¢;(s,r(s)) efo 2(*) 4 Hence
(s, 4+ 1) = &5, r(s)) €MD (5o, p(s) el Mo 8] ol o) 80
= 0y(s,t) eft”r“ i (z) da
The second identity follows from setting t = s and u = 0 in the above identity. [

The following lemma is contained in [IK98, p37].
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Lemma 4.4. Let 3;(t,T) = ftT e S M@ Az gy Then the following identities hold:

T u
/ e~ i Ail@) da / e I Xi@) de gy, gy = %ﬁ?(t, T), (4.6)
t ¢
T * * 1 2 2
[ ot du= 56 1) 07 (s,0) + 5 T) o s.) (47)
tT
/ oi(s,u)du = G;(t,T) oi(s,1), (4.8)
t

where o7 (s,u) = oi(s,u) [ oi(s,v) dv.

Proof. Denoting by x;(t,T) the term on the left hand side of (4.6)

T u
Xi (t, T) = / e S di(z) da / e~ S i) dId,U du
t

t
a1 _ v
— el — 7 Ni(z) dz — 7 Ni(z) da
/t Tu [/t e dv}/t e dv du
r d T,
[ st gaena= [ alisen)
1

1
= §ﬂz2(t7 T)a since ﬂi(ta t) =0.

Next (4.7) is proved. From (4.4)

T T w
/ o7 (s,u) du:/ Oi(s,u)/ oi(s,v) dvdu
t + s
T " t u
:ai(s,t)/ o~ St Ni(z) de [/ oi(s,v) dv+/ oi(s,v) dv} du
t s f

T t
:Uz’(sat)/ 6’ff”i(w)dsz/ ai(s,v) dv + 07 (s,t) xi(t, T),
t

S

which is (4.7). Similar arguments establish (4.8). O

Finally, the [IK98] formula for the bond price can now be obtained in terms of
the state variables. Recall from (2.3) and (2.4) the definition of the state variables
d)f, ’]‘1 (t) and 1y ;(t). In the present case, j = 1 is the only relevant second subscript,
and so the simpler notation ¢;"/(t) = ¢}/ (t) and ¥7 (t) = ¢} (t) is adopted. Note
that i1 = 0.

In view of (1.1) and (1.3), the price of a pure discount bond is given by

n T
P(t,T) = F;((()O’i;)exp [Z /t V2 (u) du] . (4.9)

The following bond price formula is contained in [RS95, p60] for the one factor case,
and [IK98, p431] for the multifactor case.

Theorem 4.5. If 0;(t,T) = ¢;(t) elo M@ de yhen the bond price is given by the
formula

P(t,T) = I;( exp [~ 0L, T) — U(t, T) — Bu(t,T) (r(t) — £(0.£)],  (4.10)
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where B;(t,T) = ftT e~ JiN@dr gy for 1 < i <n,

a(1,T) = 3 36000 FT),  and

i=1
Z UL [Bi(t, T) = Ba(t, T)].

Proof. Equation (4.9) required computation of ft 19 (u) du, which can be expressed

/tTw?w)du/Tw?(u)du/T [/Ota;@,u)ds+/Otgi<s,u>dw4 du
// sududs+// oi(s,u) du dW?
= [[[penr0i60+ Js2e 1060 as
n /0 B(LT)ox(s,0) T by (47) and (4.8)

1
= Bi(t. T) () + 557 (1. T) 67" (1),
where Fubini Theorem was used in the third equality. It follows that

n T n
;/t P9 (u) du = ;ﬂi(t,T) PO(t) + %@%ZT) 620 (¢)

=®(t,T)+ > _[(B:t,T) = Bu(t,T)) + Bu(t, T)] ¥ (t)

=1

M=

O, T) +V(t,T) + Bn(t,T) O(t)

BT + B T) 4 Bt T) (0 — FO)] by (28).
This completes the proof. O

—~ =

The following corollary shows that the bond price (4.10) extends to the forward
rate dependent volatility case.

Corollary 4.6. Let 0;(t,T) be given by (2.1), and satisfy (2.2) with m; = 1 for
all i, so that

Ui(t7 T) = Ci<ta f(tv t+ gl)» ERR) f(tv i+ Cm)) e ftT Aulw) du. (411)
Then the bond price is again given by (4.10).
Proof. The proof of Theorem 4.5 depends only on Lemma 4.3, which is satisfied by
os(t,T) in (4.11). 0

4.2. Constant Coefficient Case. In this subsection, assume A, ;(T) = \; ; are
constants, and \; ; = A; ; if and only if j = k. Then

my 8
ci=1] {M - )\m} , and o;(t,T) Zc” (4.12)
j=1
When m; = 1, (4.12) is a special case of the [IK98] model, but this assumption
is not made here. For notational convenience, it is assumed that ¢; = 0 for all
1 <7 < m, but the results extend trivially to the setting in which ¢; are arbitrary.
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In order to obtain a bond price formula analogous to Theorem 4.5 for this model,
additional state variables need to be introduced.

Lemma 4.7. For each 1 <1i < n, define additional state variables Ef’l(t), by

L okoy(s,t) ' 0los(s,u)
k,l _ i\9, i\
&7 (1) —/0 5tk /S B duds. (4.13)

Then the variables r(t), {¢/(t) | 1 < i < n, 0 < m < my, (i,m) # (n,0)},
{o0it) |1 <i<n k>0,1>0 k+1<m}, and {&'(t) | 0 < k, 1 < my},
where Y[’y (t) and qﬁfll (t) are as defined in (2.83) and (2.4), form a finite dimensional
Markovian system.

Proof. In view of Theorem 2.3, it suffices to show that the differentials dff ’l(t) can
be expressed in terms of the state variables. But this follows from

L rokoi(s,t) dloi(s,t) O Flai(s,t) [F Oloi(s,u)
k,l _ i\ i\ i\ i\
dg; () = [ /O ( Ry e / . du) ds] dt

_ |:¢ﬁ/1\l,kvl—kAl( )+§k+1 l( )] dt,

where k Al = min(k,l) and k VI = max(k,l). If £ > m,; or | > m,;, then as in
Theorem 2.3 £¥!(t) can be written as linear combinations of €% (t) with p, v < m;,
since A; ; are constants. O

The additional state variables introduced in Lemma 4.7 will enable us to obtain a
bond price formula, analogous to (4.10).
Let A; j(t,T) = ¢; ;(t) e*#iT. Then for each integer k > 0

m;

0Foi(t,T)
i Z)\ i (), (4.14)

and the state variables in (2.3) and (2.4) can be rewritten as follows, where the
second and third subscripts have been omitted as in the previous subsection.

ort(t) = A’ipAf;l/ Nip(s,t) N g(s,t) ds, (4.15)

1<p, g<m;

t
=Y / Aip(s,1) / Aug(s,u) duds
0 s

1<p,q<m;

+ YA /A,pst)dwp

1<p<m,;

(4.16)

Note that by arguments similar to those used in Lemma 4.3, it is possible to obtain
A (s, t+u) = A (s, t) et (=) and A (s, t) = A (s, 8) erealt=9) (4.17)

For each 1 <1 < n, define the m; x m; van der Monde matrix M, by

1 1 1 1
) )\z,l )\172 )\1'73 )\,L’mt
M; = [Mf’k] e . T P PR R I (4.18)
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Since \; ; = A; 1 if and only if j = &, by assumption, M; are invertible. Denoting
the inverse of M; by N; = [ka], and writing

, 0i(t,T) d'oy(t, T omiloy(t, )]
Opoi(t, T) = [ 8](“ , 5‘7(jl ), , TaTmrl , and (4.19)
Ai,'(ta T) = [Ai,l(tv T)> Ai,Z(ta T)a cee aAi,mi (ta T)]T ) (420)

where the superscript 7 represents matrix transposition, the following identities are
immediately obtained from definitions and (4.14):

Mi X M = Im,yxmi = M X Mi7 (421)
B0i(t,T) = My x Ai.(t,T), (4.22)
Ai’.(t,T) = M X (Z)Taz(t,T) (423)

Using (4.23) A; ;(t,T) can be expressed as the linear combination

e OF Loy, T)
,k T\
k=1

where Nij * are constants. The following lemma plays a role similar to Lemma 4.4
in the m; = 1 case.

Lemma 4.8. Let A; j(t,T) be as defined above, and let

T
; 1
Bl (t,T) = / i (Wt gy = 3 [eAi’f(Tft) - 1} , and (4.25)
t i,
) T u
~E(,T) = / eAivj(“*t)/ in (=t dy du (4.26)
t t
1 1 1
— = | [eiitxim)(T—t) _ 1) _ ( Xi i (T—t) _ 1) )
)\i,k |:)\i,j +)‘i,k (6 /\i,j ‘
Then the following identities hold:
/ AF(s,u) du = ~PF (8, T) Ai j(s,t) Nig(s,t) + T7F (s, 1), (4.27)
t
T
/ Ai,j(&u) du = ﬁi)j(t,T)AiJ(S,t), (428)
t

where Ag’k(s,u) =A; ;i(s,u) fsu A; i (s,v) dv, and Fg’k(s,t) =6, (tT) Af’k(s,t).

Proof. The arguments used in Lemma 4.4 apply here in view of (4.17). O

The bond price formula for the constant coefficient case can now be stated.

Theorem 4.9. Let o;(t,T) = > 72, ¢ 5(t) e*iiT where \; ; are distinct constants,
and let N; = [ka} be the inverse of M; = [Mfk} = [Af;l] Then the bond price

is given by the formula

P, 1) = 2

P(0,1) P [, T) - ¥(t,T) - 6(t,T)], (4.29)
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where

"
M:

Z leNkmﬁlj(t T)fl 1,m— 1(t),

,

.
Il

1 j,k,l,m

)

"
M:

k
Z N km ]k(t T)¢lAm 1,lvm— l/\m(t)
k

m

.
Il

17,

SN B, ) [0h ) - €70

7.k

'MS

Il
-

and 1 < j, k, I, m <m;. Here, | Am =min(l,m) and I V m = max (I, m).

Proof. As in Theorem 4.5, (4.9) dictates that Y ., f . Y (u) du must be computed.
Now for each 1 <i<mn

/tT ¢ (u) du = /tT [/Otgi(s,u) /Stai(s,v)dvds-i-/otgi(s,u) de} du

Applying Fubini Theorem, the above integral can be written

/Ot [/tT oi(s, u) /St oi(s,v) dvdu| ds + /Ot /tT oi(s,u) du] AW,

Let Z} (t,T) and Z2(t,T) denote the two integrals above. Then

t T u
I}(LT):Z/ / Ai,j(s,u)/ Am(s,u)dvdu] ds by (4.14)
ik 0 t s
t . .
-3 / [ T) A g5, )M k(5. 0) + T2 (5,0)] ds by (127)
gk 70
. t
:Z’yi7k(t,T)/ Ai,j(&t)Ai,k(S,t)dS
gk 0
t t
+3B0T) [ Agtsit) [ Aty dods
jﬁk s

. i t ol—1 . m—1 .
> N Nf’mvi’k(t,T)/ 0" oilnt) I_oilsb) 4
0

-1 m—1
i ot ot
t al—1 t am—1
; 0" loi(s,t) 0" toi(s,v)
N k,m [AGE] [AGE]
+ > NN ﬂi,j(t,T)/O e / o1 dvds
gklm s
= > NNET BT ETTHE)
7.k, lm

+ Z Nij,l Nik’mvf’k(t,T) ¢é/\m71,l\/mfl/\m(t)’
gk, lm
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where the second last equality follows from (4.24). Summing over ¢, Y, Z} (t,T) =
®(t,T)+ U(t,T). Next Z2(t,T) is considered in a similar fashion.

t T .
I?(t,T):Z// Aij(s,u)dudW? by (4.14)
i 0 Jt
t —~ .
=SB (tT) [ Ayl )i by (129
J

; LR 1loi(s,t) ~
= > N/ B, T) /0 %dwg by (4.24)
J.k

= SN BT W - €0
Jik
Summing over i, > . Z2(t,T) = O(¢,T), and (4.29) follows. O

Remark 4.10. Note that all the arguments in this subsection remain valid even
when A ; = 2, + 1 yr,; are complex. So taking my = 2mj,, and {\g;} consisting
of conjugate pairs, Theorem 4.9 applies to volatility functions

oi(t,T) = Z cij(t) e T cos (yi ;T) + d; ; () €71 sin (y; ; T),
j=1

which corresponds to taking the operator

L[ o2 %) 2 | s
Li= H o2 21,5 ar + (27, +vij)
j=1

In particular, taking z; ; = 0, the results of this subsection apply to o;(t,T") that
are Fourier series like in the variable T'.

5. CONCLUSION

This paper has established very general conditions on the forward rate volatil-
ity processes under which the Heath-Jarrow-Morton model transforms to a finite
dimensional Markovian system. The characterisations described will allow the con-
struction of term structure models with volatility processes that depend on a set
of fixed tenor forward rates. Given that only a certain number of fixed tenors
are actively traded in most markets, such characterisations should suffice for most
practical implementations.

It is evident from Theorem 2.3 that the size of finite dimensional Markovian rep-
resentations can grow very rapidly, and consequently the m; would need to be fairly
low. With regard to actual implementations, it has already been explained how the
implementations of [BC97], [Car94], [RS95], and [IK98] can be represented in this
framework. Once a finite dimensional Markovian representation is established, de-
rivative prices can be obtained either by solving the PDE, obtained through the
application of the Feynman-Kac Theorem, or by Monte Carlo simulation. As a gen-
eral rule, it is convenient to apply the PDE approach for low dimensional systems,
and to use the Monte Carlo methods for higher dimensional characterisations.

The fact that a formula for the bond price can be obtained is of great utility,
since one need only solve the PDE or perform Monte Carlo simulations over the life
of the derivative security of interest, which generally is of much shorter maturity
than the underlying bond or swap.

Finally some numerical implementations of the models presented in this paper are
mentioned. Firstly, Chiarella and El-Hassan [CEH99] have considered the [RS95]
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type volatility function and solved the PDE for the American bond option problem
using the method of lines. In [BCEHZ99], Bhar, Chiarella, El-Hassan and Zheng
consider a volatility process dependent on spot rate and one fixed tenor forward rate.
They use the alternating direction implicit method to solve the three spatial variable
PDE for the European bond option prices, and compare the results with those
obtained using Monte Carlo simulation. This is probably the highest dimension
that can be handled conveniently by the PDE methods. In [CEHZ99], Chiarella,
El-Hassan and Zheng apply the Monte Carlo methods on forward rate volatilities
that depend on the spot rate and a small number of fixed tenor forward rates to
evaluate American bond options. Finally, in [CK98a] Chiarella and Kwon develop
further the framework of this paper to obtain Markovian transformations of Heath-
Jarrow-Morton models with stochastic volatility.
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