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Abstract

This paper presents a small-noise version of the Arbitrage Pricing Theory (APT)
which allows us to interpret the approximate linearity of the risk premia in terms of
factor exposures for a fixed number of assets.  The approximation becomes more
accurate as the noise of the system decreases, even though the number of assets stays
fixed.
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Section 1 Introduction

Arbitrage Pricing Theory (APT) stresses the approximate linearity of the risk premia of assets in terms
of the factor loadings. The basic assumption is that returns are generated by a linear factor model and
that the above linear approximation becomes increasingly accurate as N, the number of assets,
increases to infinity.

The original paper by Ross (1976) has been generalised in many directions. The linear factor model has
been dispensed with by Bansal and Viswanathan (1993). The problem has been put in an equilibrium
setting by Connor (1984) and has been given a very general factor structure by Chamberlain and
Rothschild (1983) and Reisman (1992). Many other important papers have been put forward, but they
all stress the approximate linearity of the risk premia for large N. It should be said that there is an
interesting subquestion as to when the linear APT restriction holds exactly, see Connor (1993) and
Huberman and Kandel (1987) among many others.

The contribution of this paper is to demonstrate that it is not just large economies that matter for the
approximation; it is also the magnitude of idiosyncratic noise. Econometricians of a certain age will not
be surprised by this assertion. In the simultaneous equation literature, asymptotic properties were
analysed both as large sample calculations or, alternatively, as small sigma (noise) calculations, see
Kadane (1971) for example. Our goal is to construct small noise bounds for the APT.

The consequences of this exercise have some empirical meaning. In particular, a market with a small
number of assets may still be subject to the APT restrictions if most of the risk to assets in that market
is factor risk. Likewise, large markets that have substantial idiosyncratic risk may have large deviations
from the APT restrictions, a point that is already understood.

A discussion of relevant literature is presented in Section 2, together with definitions of a system noise
parameter. A small noise APT theorem is presented in Section 3, together with discussion and
conclusions.

Section 2

 Assume the following linear model:

εδ ~~~~~ ++= BEx (2.1)

where x~ is a (N x 1) vector of asset returns, E( x~ ) = E
~

, δεδ
~

 and 0)~()
~

( == EE is a (k x 1) vector

of factors, B
~

 is an (N x k) matrix of loadings of rank k and ε~ has a diagonal (N x N) covariance

matrix, Σ~  = (σii). It is further assumed that δ
~

and ε~  are uncorrelated.

Before proceeding to discuss how to quantify system-wide idiosyncratic risk, we discuss some results
in the literature that point to links between the exact APT restriction holding and the absence of
idiosyncratic risk.

For this model, the exact APT restriction is defined as λλ
~~~

0 BiE +=  where i
~

 is a (N x 1) vector of

ones and 0λ  and λ
~

 are (k+1) constants.

Firstly, it is well-known, see Ingersoll (1987), that if 0~ =ε , then the exact APT restriction holds.
Secondly, Connor (1984) presents an economy, called an insurable factor economy, where each
investor’s equilibrium portfolio consists of a linear combination of (k+1) mutual funds, see Corollory
2.1 (pg 22, op cit). These mutual funds are simply portfolios that fully replicate the factors and have
zero idiosyncratic variance. He shows that in such an economy, see theorems 2 and 3, the exact APT
restrictions holds for finite N. In this economy, although idiosyncratic risk exists, it is not present in
equilibrium. Likewise Huberman and Kandel (1987) present results which show that the exact APT
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restriction holds if the vector of mutual funds corresponding to the factors intersect the mean-variance
frontier of the assets, see Proposition 1. The rationale is the same. Again, the existence of the portfolio
of factors/mutual funds on the frontier allows investors to hold an “optimal” portfolio that contains no
idiosyncratic risk. Lastly, the infinite economy and limiting economy arguments all have the
implication that the idiosyncratic risk should be reduced by diversification, ie, by holding a large
enough number of assets. Taken together, these results suggest strongly that the arguments for the APT
should be restructured in terms of noise/idiosyncratic risk, and that an alternative way to think about
when the APT restriction holds can be rephrased in terms of idiosyncratic noise.

We now turn to issues concerned with the definition of a scalar measure of system noise. In equation
(2.1), Σ has been defined to be diagonal with ith element σii. A useful system measure of noise should
have the property that as it tends to zero, the σii should all tend to zero. Accordingly, define

iiii dγσ = ,  i = 1, N (2.2)

and set djj = 1, where j = arg max (σii).

It follows immediately that

0lim
0

=
→ iiσ

γ
i∀ .

Since we are taking continuous limits here, rather than limiting on a sequence as is usual in the APT
literature, consideration needs to be given to what a continuum of different γ economies might be.

 Define a γ continuum of economies as

γγγγ εδ ~~~~~ ++= BEr , for +∈ Rγ

where +R  is the set of non-negative real numbers.

Now consider the concept of small γ arbitrage. Consider a continuum of portfolios  { xγ }, xγ +∈ R .
Each portfolio xγ has typical ith element xi

γ and is of length N, where N is fixed.  Assume the following:

Assumption 2.1

(a) 0
1

=∑
=

N

i
ixγ

(b) 0)( >≥∑ δγγ
ii rEx

(c) 0),cov( →∑∑ γγγγ
jiji

rrxx as γ→0.

The above assumptions tell us that; (a), xγ is a hedge fund, (b) the expected return on the portfolio is
bounded above zero, and (c) the variance of the portfolio tends to zero as γ tends to zero.

It is appropriate to give some rationale as to what a continuum of γ economies might mean. The usual
assumptions in APT studies are that the return distributions discussed in (1) are exogenous. In the case
of γ economies, these different distributions could be thought of as arising from various actions by
regulators which inhibit idiosyncratic noise, or perhaps from the introduction of mutual funds that
effectively mimic some of the risk factors, and whose introduction leads to new exogenous
distributions through some external equilibrating process that leaves the noise component less noisy.
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It is straightforward to demonstrate that an individual with an increasing concave expected utility
function U will, ceterus paribus, prefer less system-wide noise to more.
Let the individual's optimized return be rp where

pppj

k

j
jppp dfBer εγ ′++= ∑

=1
, (2.3)

In the above, ε'p is standardized idiosyncratic noise; the standard deviation of the noise being ppdγ .

Equation (2.3) is a consequence of equation (2.1), the term dpp is defined by (2.2).        

Let the value of the expected utility be denoted by V = V(�) where we have written V in terms of the
value of the system-wide noise.  Initial wealth is denoted by W0 which is set to 1. Thus,

V(γ) = E(U(1+rp))

If  ∂V/∂γ is computed, we see that
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It follows from the concavity of U and the positive dependence of rp on ε'p that ∂V/∂γ must be negative.
Thus, a decrease in γ leads to all investors being better off if their optimal portfolio remains factor
equivalent to the previous optimum. That such a shift in γ is actually Pareto improving, however, does
not follow from the above result without further argument.

Section 3

We now prove the following proposition about small γ arbitrage:

Proposition 3.1
In a γ continuum of economies with fixed N and no small γ arbitrage,
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Proof: The proof is standard and follows Ingersoll (page 173, op cit.).

Consider a best linear prediction of γ
ie , the ith element of E γ , on a constant and the k exposures γ

ijB , j

= 1, k. Define the residual vi  (with the γ superscripts suppressed) as
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We construct our portfolio as ω i = vi/ v  where v  is the Euclidean distance of v = (v1, v2, …, vn)'.

The portfolio ( )′= nωωω ...,1  has the following properties:

(i) ∑ = .0iω

(ii) v
v

v

v

ev
e iii

ii === ∑∑∑
2

ω

(iii) )var()var( iiiiii ex εωωω ∑∑∑ +=

iii d∑= 2ωγ

∑∑= 22 / iiii vdvγ

.1 since ii ≤≤ dγ

It follows that 0)var(lim
0

=∑→ ii xω
γ

; this implies that vxE ii 0
lim)(lim

→
=∑ γ

ω  = 0 to avoid

small γ arbitrage Q.E.D.

In conclusion, we have shown that smaller γ economies with no small γ arbitrage lead to broadly the
same results as when we increase the number of assets with no asymptotic arbitrage. However, the
interpretation here is quite different and, we would argue, more natural. It further raises questions as to
the Pareto improving nature of a reduction in system noise which it is hoped to address in further
research.  More practically, a market with a small number of stocks could be deemed to have risk
premia computed by the APT in the in the above framework.  Trying to assess this empirically for
emerging markets should be an interesting exercise.
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