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ABSTRACT. This paper examines the pricing of interest rate derivatives when the in-
terest rate dynamics experience infrequent jump shocks modelled as a Poisson process
and within the Markovian HJM framework developed in Chiarella & Nikitopoulos
(2003). Closed form solutions for the price of a bond option under deterministic
volatility specifications are derived and a control variate numerical method is devel-
oped under a more general state dependent volatility structure, a case in which closed
form solutions are generally not possible. In doing so, we provide a novel perspective
on the control variate methods by going outside a given complex model to a simpler
more tractable setting to provide the control variates.

Keywords: HJM model, jump process, bond option prices, control variate, Monte
Carlo simulations.
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1. INTRODUCTION

Interest rate derivatives are securities, the payoffs of which depend in some way on the
level of interest rates. The value of an interest-rate option is substantially affected by the
presence of skewness and kurtosis in the interest rates. The kurtosis explains the smile
effect' and results in fat-tailed distributions. The skewness results in asymmetric interest
rate distributions that match with the empirically observed distributional profile of the
interest rates. Jump-diffusion and stochastic volatility models demonstrate an ability to
accommodate these features, providing a modelling setting which explicitly incorporates

Date: Current Version September 12, 2005.

!The shape of the implied volatilities (extracted from traded option prices by inverting the Black &
Scholes (1973) or Black (1976) option pricing formula, whichever is applicable) for a range of different
strikes is called the smile. The smile implies that at-the-money options trade at lower volatilities while
the options away from the money trade at higher volatilities.
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tail risk to more accurately reflect reality. However, these classes of models come at the
expense of an increasing complexity that makes it impossible in most cases to derive
closed form or computationally tractable solutions for derivative prices.

Most of the interest rate models under jump-diffusions do not readily admit closed form
solutions for derivative prices even when the jump sizes are constant or drawn from well
known distributions such as normal and log-normal. Therefore, most of the studies in
this area use numerical approximation methods to evaluate interest rate instruments, in-
cluding those of Ahn & Thompson (1988), Ahn (1988), Mercurio & Runggaldier (1993),
Naik & Lee (1995), Baz & Das (1996) and Das (1999). Bates (1996), Duffie & Kan
(1996) and Chacko & Das (2002) have considered more advanced models of stochastic
volatility with jumps. The work of Jamshidian (1989), Shirakawa (1991), Heston (1993)
(stochastic volatility setting), Das & Foresi (1996) and Glasserman & Kou (2003) pro-
vides closed form evaluation formulas for bonds and bond options in more specialised
cases.

This paper presents two classes of term structure models that incorporate jump behavior
of interest rates and more general volatility specifications but also maintain tractabil-
ity in the pricing of interest rate derivatives. More specifically, we derive closed form
solutions for bond options under deterministic volatility specifications and a numerical
solution under the more general stochastic volatility case, which is, however, numerically
tractable and efficient due to the fact that the term structure model developed admits fi-
nite dimensional Markovian representations. The Markovianisation of the jump-diffusion
version of the HJM model employed here, even under state dependent volatility speci-
fications, has been achieved by a suitable choice of volatility functions, as explained in
Chiarella & Nikitopoulos (2003).

For the deterministic volatility set-up, we consider a parameterisation of the Shirakawa
(1991) model of the term structure of interest rates under jump-diffusions. Under an
appropriate equivalent probability measure, we consider option pricing within this frame-
work. We use Fourier transform techniques to obtain a representation of the solution.
A tractable Black-Scholes type pricing formula is derived under the assumption of a
constant jump volatility function.

An extension of the Shirakawa (1991) framework is also considered, in which the volatil-
ity evolves stochastically, by means of a volatility function dependent on the state vari-
ables of the system. Again under an appropriate equivalent probability measure, we
study the pricing of bond options. In this case, however, closed form valuation formu-
las are not available. Taking the state dependent volatility specifications of the type
discussed in Chiarella & Nikitopoulos (2003), the interest rate dynamics become Mar-
kovian in a finite dimensional state variable and thus all the quantities involved such as
forward rates or bond prices can be expressed in terms of this state variable. Taking
advantage of these Markovian representations, we employ these particular Markovian
structures to obtain approximate bond option prices by use of the Monte Carlo method.
We further improve the efficiency of the Monte Carlo method by using a control variate
technique, that makes use of the closed form solutions obtained in the deterministic
volatility setting.

This paper is structured as follows. In Section 2 we develop the deterministic volatility
model. We solve the bond option pricing equation using Fourier Transform techniques
and we obtain closed form solutions for European bond options under constant jump
volatility specifications. In Section 3 the state dependent volatility model is considered
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and the volatility restrictions that lead to Markovian term structures are discussed.
Section 4 deals with the numerical implementation of the two models developed. We
test the accuracy of the Monte Carlo results in the deterministic volatility model, since
closed form solutions are available in this case. In addition, we numerically evaluate
bond options under the stochastic volatility model. Finally by combining both models
and closed form solutions, we develop a control variate method that significantly reduces
computational effort and improves accuracy. Section 5 concludes and provides future
directions for research.

2. THE DETERMINISTIC VOLATILITY MODEL

We denote as f(t,T) the instantaneous forward interest rate at time ¢ for instantaneous
borrowing at time 7'(> t). Then the price at time ¢ of a discount zero-coupon bond with
maturity 7', denoted by P(t,T), is defined as

P(t.T) = exp (- /tTf(t, s)ds> , (1)

so that P(T,T) = 1. On the filtered probability space (Q2, F, P),> we assume that the
dynamics of the instantaneous forward rate f(¢,T") are driven by both Gaussian and
Poisson risk terms and given by

Nw p
df (t,T) = a(t,T)dt + > oi(t, T)dW;(t) + > Bit, T)[dQi(t) — Nidt], (2)

i=1 i=1
where « : [0,7] — Ry is the drift function, W;(t) are standard Wiener processes (i =
1,2,...,ny), 0; : [0,T] — R4 are time deterministic volatility functions associated
with the Wiener noise processes, Q;(t) is a Poisson process with constant intensity
Ai (i =1,2,...,np), and f; : [0,7] — R, are time deterministic volatility functions

associated with the Poisson noise processes. The Poisson process @); is employed to
model the arrival time of the jump events. Thus, the jump feature is modelled by a
multivariate point process, allowing for a finite number of jumps.?

A number of empirical studies, including Chiarella & T6 (2003), suggest that different
types of shocks impact differently across the forward curve. The specification in equation
(2) generalises slightly the Shirakawa (1991) volatility structure by allowing the Gaussian
noise and Poisson noise to have separate volatility structures.

In stochastic integral equation form, equation (2) may be written as

N

f0.1) = 10.1)+ [ amyis+ Y [ ot nawis) + 3 [ D) - sl )
=1 =1

Thus the stochastic integral equation for the instantaneous spot rate r(t) is expressed
as

r(t) = f(t,t) = £(0,¢t) —I—/O a(s,t)ds + Ew:/o oi(s,t)dW;(s) + Z/o Bi(s,1)[dQi(s) — \ids],
i=1 i=1
(4)

2In more formal notation we assume that (Q, F, (F)o<i<r, P) is the probability space equipped with
the natural filtration of a vector of standard Brownian motions W;(t) (i = 1,2,...,n.) and the Poisson
processes @;(t) with intensity \; (i = 1,2,...,n,), indexed on the time interval [0, 7.

3Runggaldier (2002) provides a good survey of jump-diffusion models.
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and the corresponding stochastic differential equation is

dr(t) = 0(t dt+za,ttdw +Z@tt )[dQi () — \idt], (5)

i=1 i=1
where 9(t) is defined as

9(t) gf(()t—l—oztt /astds

+;/ﬂ atUi(S,t)dWi(S)‘f‘;/o gtﬁi(s,t)[in(s)_)\ids]_

The corresponding dynamics for the bond price are?*
dP(t,T)
T = [r(t) + H(t,T)]dt — ZQtTdW Z —GOT) —1dQi(t),  (7)
’ i=1
where

T
G(t,T) = / oilt, u)du, (8)
(6, T) /ﬂztu 9)
H(t,T)E—/ tudu—l—z ~Ct,T) +Z)\§ZtT (10)

Consider a European call option of maturity T written on a bond having maturity T’
(T > T¢) and denote by C' = C(r,t,T¢) the value of this bond option at time ¢.

Taking into account that the dynamics of the spot rate are given by (5) and using the
jump-diffusion version of Ito’s lemma we derive the stochastic differential equation for
the bond option price as

aC 0 1 92C
dc = <6t ( Zﬁltt ) — (tt)82>dt (11)

i=1
+ iai(t,t)a Z (r+ it 1),t,Tc) — C(r,t, Te)]dQi(t).
=1

In the next section, we develop the classmal hedging portfolio argument in the bond
option market, in the spirit of the original Black-Scholes hedging approach, to derive
the bond option pricing partial differential-difference equation.

2.1. Hedging Argument in the Bond Option Market. In this bond option market,
given n,, + n, sources of risk, n,, due to the Gaussian processes W;(t) and n, due to the
Poisson processes Q;, we consider a hedging portfolio containing a bond with maturity
T and n, = ny + n, bond options of maturities T3, Ts, ---, T, . All these options
are written on the same bond having maturity 7. By taking an appropriate position in
bonds and bond options, it is possible to eliminate both Gaussian and Poisson risks. The
condition that the riskless hedged portfolio earns the risk-free rate of interest r(t), implies

4See Bjork, Kabanov & Runggaldier (1997) for details of the manipulations.
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that there must exist® a vector ® = (¢1,...,¢n,)" and a vector ¥ = (¢1,...,¢p,)"
such that for bond options of any maturity T, it must be the case that®

Nw

80 80 1 0%C
Zﬂztt +Z¢Z Joi(t 1) 5+ 5 (tt)W—TC’

= (12)
+ sz(t) (C(r+ Bilt,1),8) — C(r, )] = 0.

Also as a result of the no-riskless arbitrage condition, the following drift restriction holds

ZJZtT (1) + G(t,T)) ZﬁZtT ST _\). (13)

Equation (12) is the partial differential-difference equation for the bond option price
that is solved over 0 < ¢t < T, and under boundary conditions appropriate to the type
of option being evaluated. The boundary conditions in the case of a call bond option
price with exercise price E are

C(r(Tc), Te, To) = (P(r(Tc), To, T) — E)7, (14)
and
C(o0,t,Tc) =0,
as a result of the condition on the bond price that P(co,t,T) = 0.

Note that the gist of the argument is establishing no-arbitrage consistency among a set
of instruments sufficient to complete the market. Thus we may derive the conditions
(12) and (13) by using alternative portfolios, for instance a portfolio consisting of a bond
option and n, bonds.

In deriving the martingale representation of the bond option price, the money market
account has been initially used as the numeraire. By changing the numeraire, the bond
option pricing equation can be formulated within a framework similar to that used by
Merton (1976) to evaluate stock options involving Gaussian-Poisson risk. Further the
price of the zero-coupon bond with maturity T will be employed as the numeraire for
bond option pricing.

For every fixed finite time horlzon T, we can obtain a unique equivalent probability
measure IP’ under which the W =— fo 0i(s)ds+W;(t) are standard Wiener processes
and the ); are Poisson processes Wlth 1nten81ty ¥;i(t). Thus imposing the drift restriction
(13) on equation (7), the dynamics for P(t,T¢), the zero coupon bond maturing at bond
option maturity, under IAET’, are given by

dP(t,To) N ~ S —G (TN 10, .
P Ty~ "0~ ;@(t, Te)dWi(t) — ;a — e ST Qi (t) — i(t)dt].  (15)

"Note that the underlying Gaussian and jump risks (dW;, dQ;) driving the option price dynamics are
the same as those driving the bond price dynamics and the instantaneous spot rate dynamics, thus the
market price of these risks will be the same as those in the bond hedging portfolio.

6See Appendix 1 for details on the development of the continuous hedging argument.
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Using equations (11) and (12), the dynamics for C(r,t, T¢) under P are given by

dC 1 a0 &
Yol =r( Zaz t,t) dW
. (16)
LNTI00 4+ Byt ), 1, Te) — Oyt To)[dQi(E) — (1) ]
+ C ;[ i\lyl), Ly LC s Uy LC 7 i .

Define the relative option and bond prices (with respect to the price of a zero-coupon
bond that has the same maturity T as the option) as

and
X0 = oy 1)

respectively. An application of the jump-diffusion version of the Ito’s lemma gives the
dynamics for Y7 as

T =3 (GteTo)+ B0 ) @) + G, Tehar

Y - C 9
- ) (19)
r+ Boist, T0) e1e) (Y — s ($) =6 (BTC)
+ Z < (r,t,T¢) € 1) [dQi(t) — ¥i(t)e dt],
and the dynamics for X as
dX & —
~ = 22 (Gt To) = G(t, 1) [dWi(t) + Gi(t, Te)dl]
=1 (20)

o G(L.T)

+Z ey — DIdQu(t) = u(t)e T de),

By an application of Girsanov’s theorem, a new measure P* may be found under which
the new processes (specified here in increment form)

AW (t) = dW;(t) + Gi(t, Te)dt, (21)
are standard Gaussian processes, and
dQ; (t) = dQ;(t) — yi(t)e 5Ty, (22)
are Poisson processes associated with the intensity vector W* = (¢ (t)e€1(T0) gy (t)e=€2(BTo)

Y (t)e En(BT)) T,

It follows from (19) and (20) that the relative option price Y and the relative bond
price X are martingales under P* and using the expectation operator [E* under this new
measure, we may write

Y(t) = E[Y(To) | Fil, (23)

See Appendix 2 for details.
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*

where the Wiener processes W;(t) and the Poisson process @;(t)* with intensity ¥*
generate the P-augmentation of the filtration ;. By using the definition of Y(¢),®
equation (23) expands to

C(r,t,Tc) L [C(r,Te, Tc)

P(r,t,Tc) -k P(r,Tc, Tc) | 7
— B [(P(r, T, T) - E)* | 7 (24)
=E*[(X(Te) - E)" | A].

Therefore, the relative option price Y can b

price X, i.e.,

expressed as a function of the relative bond

=]
@

Y(X, 1) =E" [(X(Tc) - E)" | 7] (25)

The value of the adjusted option® Y (X,t) is driven by the dynamics for X, which are
given by equation (20). Given the assumption on the volatility function, this process
reduces to a form that puts us essentially in the framework used by Merton to price
stock options under a geometric jump-diffusion process, the only difference being that
the coefficients of the stochastic differential equation are time dependent. Application
of the Feynman-Kac Theorem for processes with jumps to equation (25) leads to the
partial differential-difference equation
Y &

)4
el =&i(tTe) _ —&(tT) . el
o L (¢ D) h0X 5

1 0’Y
t3 > (Gt Te) = Gt T)) X2 5=
=1

%2 (26)

efgi (t7T)

+ Z pit)e s Te) <Y(X(t)€—£i(t,Tc)) - Y(X(t))> =0,
i=1

subject to the boundary condition

lim Y(X,t) = (X(Tp) — E)*. (27)
t—Tc
In the next section, a technique to solve the partial differential-difference equation (26) is
proposed, by employing Fourier Transform methods, that will lead to a pricing formula
for the bond option. The Fourier Transform provides a quite general framework for
solving partial differential equations of financial economics, since it handles a variety of
pricing frameworks such as the jump-diffusion setting or the American option problem.'’

2.2. Solution to the Option Pricing Equation by Fourier Transform Tech-
niques. By changing the variable X to the logarithmic variable Z = In X and defining
the new function

T(Z,t) =Y (2, 1)

8Recall that C(r,t,Tc) is the value of a European option written on a bond with maturity 7" thus
C(r,Te,Tc) = (P(r,Tc,T) — E')7L and P(r,Tc,Tc) = 1.
9The value of the option under the new T-forward measure is given by

C(t,Tc) = P(t,Tc)E* [(P(Tc,T) — E)" | 7] .

105¢e for example Carr & Madan (1999) and Chiarella, Kucera & Ziogas (1999).
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the partial differential-difference equation (26) becomes

sz (e8te) — =6 ;; (G To) - G TP | o
-G T) G T 29
"y e—G(T)
+ ;wi(t)e_&(t’%) (T (Z(t) +In | e ) - T(Z(t))) =0,
subject to the boundary condition
lim Y(Z,t) = (e?T¢) — E)*, (29)

t—Tc

Define the Fourier transform of the solution T = Y(Z,t) to the partial differential-
difference equation (28) by

oo

T(w,1) = / T(Z 1) w4z, (30)
— 00

where i = /—1 is the imaginary number. By employing Fourier transform techniques,

as Appendix 3 shows, the function Y (w, t) satisfies an ordinary differential equation with

complex coefficients having solution

o 2

YT(w,t) = T(w,Tc) exp {(TC —t) (—c(t,TC) +iw[o(t, Te) — %Ez(t,TC)] - u%E%t,TC) + &(w,t, Tc)

(31)
where
1 & [Te
et Te) = 7y Z; /t i(s)e ST ds, (32)
1 Z;” To
o(t,To) = To z;/t ®i(s) (e_gi(s’TC) — e_&'(s’T)> ds, (33)
P20.70) = [ 30 Gl Te) — s, 7). (34)
Te=t)e 3
P —&;(s 1w
ot To) = 7> [ peeiemo (:ffﬂ) ds. ()
By the Fourier inversion theorem, we have that
Y(Z,t) = ;ﬂ / " T(w, e, (36)

Thus, by substituting (31) into (36) we obtain

Y(Z,1)

—(Te—t)e(t,T, 00 _
— e(C)(C)/ T(w Tc)eiw([ﬁ(thc)*%EQ(t,TC)](TC )+Z)*w*5 tTe)(To—t)+E(wt,To)(To—t) 4.,
27_{_ ) )

— 00
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and by changing the variable Z back to the variable X ( recall that Z = In X'), we obtain
Y (X,t) = e ctTo)(Tot) / - Y (e, To)K(Z, X, t)dZ, (37)
where the kernel K is defined by -
K(Z, X, ) = — / 7 lB(Te) ~ A7 (1,T0)) (T 1) +in X~ 2)~ 4 52 (110 (To—1) +E(w . T0)(To—1) g,

o
(38)
Thus, the value of a call bond option can be expressed as
o0
C(r,t,Te) = e BT Te=D) p(p t T, / (e — E)K(Z,X,t)dZ. (39)
InE

Unlike the corresponding result in Merton’s jump-diffusion stock option model, it does
not seem possible to proceed further with (39) and obtain a closed form solution un-
der the more general volatility specifications. This is apparently due to the term

—&; (8, 1w . . = o . .
(%) in the expression for £(w,t,T¢) in equation (38) for the kernel K. Since

in Merton’s analysis the coefficients of his integro partial differential equation were not
time varying this term reduces to 1 allow him to obtain closed form solutions.

2.2.1. Constant Jump Volatility Case. We will show in this section that restricting the
model to constant jump volatilities will provide closed form solutions for the option
price.

Assumption 2.1. Fori=1,...,n,, the deterministic Wiener volatility structure is of
the form
Gi(5,t) = ogi(s)e e roilw)du, (40)
and fori=1,...,ny, the Poisson volatility functions are of the form
Bi(s,t) = Boi, (41)

where [Bo; are constant.

Under Assumption 2.1 the quantity E(w t,Tc) in (35) simplifies to

'lp 6_501 T TC)IW —Boi(To—t
w, t, Te (1—e 0i(To )), 42
Ew,t,To) = Tc_tz o (42)
which simplifies further the term E@tTo)(Te=t) and allows us to complete the inversion

of the Fourier Transform.

Proposition 2.1. Under the volatility specifications of Assumption 2.1, the value of the
bond option is given by

C(r,t, T, et To) o
rtte) = mZOmZO pz pilp! T pa,!
[p(nt’T)eﬁ(t,Tc)(TC*tH(zi:lp””)‘p(dl(p)) - EP(TataTC)‘I)(Ub(P))] ) (43)
where
41 (p) = In < + (p1pg + pop2 + - o« + Puyin,) + [0(Test) + 352 (T, H)|(Te — t) m

(T, t)VIo—t '
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da(p) = di(p) — 7(Te, t)\/To — t, (45)

and the standard normal cumulative distribution function

D(2) 2dt

vl

oo gP

Proof. By an application of the Taylor expansion of e* = szo T we write

_ " . —Boi(Te—t
eg(w,t,Tc)(Tc—t) — f[exp [wl (1 —° o ( ‘ )) e_ﬂO'L(T_TC)iw]

pnp

oo
_ Z Z Z - gnip €(p”“+p2“2+~~+PnPunp)iw (46)

o p1! pz Pny!

i(1—ePoi(Tc—1)
where ¢; = (e Boi ) and pi = —Boi(T — Tc).

Substituting the expression (46) into the kernel function (38) and simplifying, we obtain

K(Z,X,t) = %ZZ i

p1=0p2=0 Dnyp

1 P2
p p §np

pl P2 B np!

(47)
/OO elw([O(t,Tc)~57°(t,Tc)|(Te—t)+n X—Z-i-(mul-1-172112-i--~-+19npan))—%252 tTe)(Te=t) g,

By using the result

we are able to evaluate the integral expression in (47), to derive

n
p
Snyp

V2 (TC a(t, Tc) ZZ Zopl p2! T P,

p1=0p2=0 Pn

em{_ﬁﬂtﬂﬂ—éﬁ@ﬂwKﬂr¢%HnX—Z+an+pr#~+mwme}

pl p2

K(Z,X,t) =

252 (t, To)(Te — t)

(49)
Thus equation (37) reduces to
(TN (To—t) S P1 p2 gﬁ"*’
Y(X,t) = c)de- 2
>y 2 it
p1=0p2=0  pn,
00 Z_ | _ (B(T) = 72 (4 TO(To =) +ln X —Z+(py py +pakg+-+Pnp inp )
/ e 252 (t,Tc) (T —t) dz.
mEe \2m(To —t)o(t, Tc)
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Further by evaluating separately the integrals'! in the last expression and using the
standard normal cumulative distribution function

r/ <

we obtain
[ele} Pnp
Sn
Y(X,t) = e T §§ §: M
|
pr=0ps=0  pny p1 p2 Pn,,:
(X P Te)Te= Ot tpapattpnpting ) (dy (p)) — EQ(da(p))], (50)

where p = (p1,p2; ..., Pn,). By recalling the definitions (17) and (18) of Y and X, we
derive the result (43). O

The closed form bond option pricing formula derived is in the spirit of Shirakawa’s (1991)
closed form bond option evaluation results, in which the Poisson risk was assumed to be
binomial, however here we provide a pricing formula allowing for multi-factor Poisson
risk.

2.3. Markovian Spot Rate Dynamics under a Deterministic Volatility Struc-
ture. Within the jump-diffusion framework and under particular volatility specifica-
tions, the above term structure model admits a finite dimensional Markovian represen-
tation. These results are obtained and presented in Nikitopoulos (2005), however in this
section, we summarise the main results obtained under deterministic Wiener volatili-
ties and constant jump volatilities, which are the volatility specifications that lead to a
closed form solution for the bond option price as we have seen in the previous section.

Substitution of the condition (13) into (4), leads to the spot rate dynamics under the
risk neutral measure, which are of the form

r(t) = Nw ta‘s (s S np g ()G (s _ Gl
(t) f(O,t)—i‘;/O i(s,1)Gi(s, 1)d +;/0 Yi(s)Bi(s, 1)[1 1d
+; /0 oi(s, )dWi(s) +; /O Bi(s, 1)[dQi(s) — ti(s)ds]. (51)

Assume the case of deterministic volatility specifications with constant jump volatilities
described in Assumption 2.1. Using results from Nikitopoulos (2005) and Chiarella &
Nikitopoulos (2003) Markovian spot rate dynamics can be obtained under these volatility
specifications. For volatility specifications satisfying Assumption 2.1, the dynamics for
the spot rate (51) can be expressed in terms of a number of Markovian stochastic
quantities, (See Proposition 2.3.1. of Nikitopoulos (2005) for details) as

dr(t) = [D(t)—i +Zf<m (t)Dpi(t) — ko1 (t)r(t) | dt
' (52)

+ Zw ooi(t)dW; (t) + Z Boi [dQi(t) — i(t)dt],
i—1 i—1

lgee Appendix 4 for detailed evaluation of the integrals.
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where
D(t) = kor (1) £(0, ) + % £(0,0) + i Eqi(t) + i: Exit), (53)
Foi(t) = Foi(t) — o (1), - - (54)
and
£ty = [ o2(s.t)is (55)
Eslt) / i) BBy or = (56)
Dyi(t) = /0 oi(s,)Ci(s,t)ds + /0 tai(s,t)d/I/IZ(s), (57)

'Dﬁz / Yi(8)Poi[l — e Poilt—s dS—I—/ Boi(dQi(s) — ¥i(s)ds). (58)

As the stochastic quantities D,;(t) and Dpg;(t) display Markovian dynamics, the in-
stantaneous spot rate dynamics (52) are Markovian under the forward rate volatility
specifications of Assumption 2.1. The corresponding multi-factor bond price formula in
terms of 7(t) and the stochastic quantities Dy;(t) and Dpg;(t) assumes the multi-factor
exponential affine representation (See Proposition 2.3.3. of Nikitopoulos (2005) for de-
tails)

P(t,T) :1; ((%;) exp {M(t, T) — Nt (t, T)r(t) — i(/\@i(@ T) — N (£, T))Doi(t)
(59)
30 - KTy |
where -
M(t,T) = Noa (£, T) f(0 Z/\/{i t,T)Exi(t) (60)

Np n T .
_ ;/0 /t Vi(8)Boi[1 — e~ W= dyds + ;(T - t)/o V() B[l — e Poit=9)] s,

and
T Y
Ny (6T) = / o= JY R g (61)
t

These Markovian representations of the jump-diffusion version of the Hull & White
(1990) type model developed in this section, will be used in Section 4 where the simulated
bond option prices are compared to the closed form solution (43) for the bond option
price obtained in Section 2.2.1.
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3. THE STATE DEPENDENT VOLATILITY MODEL

The state dependent forward rate volatility structure is specified by allowing the Wiener
volatilities to depend on f(t) = (r(t), f(t,T1), f(t, To), ..., f(t,Tn.)) ", a vector of state
dependent variables including the instantaneous spot rate and instantaneous forward
rates of different fixed maturities. This specific volatility structure is determined by the
following assumption

Assumption 3.1. For i =1,...,n,, the state dependent Wiener volatility structure is
of the form
— — t
O-i(’S)ta f(S)) = JOi(Sa f(S))e_ fs HM(U)du’ (62)
and fori=1,...,n4, the time dependent Poisson volatility functions continue to be of
the form,

/Bi(sy t) = ﬁOi(S)C_ fst Rﬁi(u)du

where kqi(t), ki(t) and Boi(t) are deterministic functions of time and ooi(t, f(t)) are
time and state dependent functions.

It has been shown in Nikitopoulos (2005) that the above volatility specifications allow
for Markovian representations of the term structure model.

Consider a European call option of maturity T written on a bond having maturity T’
(T > T¢) and denote by C' = C(f(t),t,T¢) the value of this bond option at time ¢. Now
however the underlying variables include not only 7(¢) but also a number of forward
rates of fixed maturities.

For notational convenience set f; = f(t,1;), with i = 1,2,...,ns. Thus using the jump-
diffusion version of Ito’s lemma to derive the stochastic differential equation for the bond
option price, we have to take into account the dynamics of all the underlying factors,
namely (2) for the f(¢,7;),(i = 1,2,...,ns) and (5) for the r(¢). However the Wiener
volatilities now depend on the vector f(t). The multi-dimensional version of Ito’s lemma
is applied to derive

aC
dC = <6+KC> dt+ZD CAW;(t +ZJ CdQ;(t) (63)

i=1

where

aC m aC
< Zﬁztt ) + . Zﬁ,,tT 8f

120N 5 1 90 & .
+26r2i_10i(t’t’f(t))+2; ' (¢, 1

ns Ns 820 Ny i )
2 ZZ < 01,0 ; > ailt, T, f(0)ou(t, Ty, F (1)),
=1

N TR _aC
DiC = oyt t, f(t) 5~ + ai(t,Tj,f(tDa*fj, (65)

=1
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fori=1,2,...,n,, and,

JiC = C(’I" + ﬁi(t,t)vfl + Bi(t7T1)> o '7fﬁs + Bi(t7Tﬁs)?t7TC) - C(f(t)7taTC)’ (66)

fori=1,2,...,np.

Developing the continuous hedging argument in a bond option market and imposing
the condition that the riskless hedge portfolio earns the risk-free rate of interest r(t), it
follows that there exist a vector ® = (¢1,...,¢n,) and a vector ¥ = (¢1,...,¢p,)"
such that for bond options of any maturity T it must be the case that

oC

N KC+Z¢, DC+Z¢Z t)J;C —rC = 0. (67)

=1 =1

Furthermore in the current context, the no-arbitrage forward rate drift restriction be-
comes

Nw

a(t,T) = oi(t, T, f(t))(=i(t) + G(t, T, f(t) Zﬂz (t, T)(i(t)e ST — Ny).
=1
(68)

As in Section 2, the partial differential equation (67) would need to be solved over
0 <t < T, and under boundary conditions appropriate to the type of option being
evaluated.

3.1. Markovian Spot Rate Dynamics under a State Dependent Volatility
Structure. Similarly as in Section 2.3, the spot rate dynamics under the risk neutral
measure, are of the form

e 3 tais f(5))G(s f(s))ds [ i(s)0i(s S ACRIIP
(0 f(O,t)+;/0 (5., F()Gi(s, £, F(5))d +;/0¢()5(,t)[1 \d
+;/0 Ui(S,t,f(S))dWi(S)‘f’;/o Bi(s,1)[dQq(s) — vi(s)ds]. (69)

Given the volatility structure consisting of state dependent Wiener volatility functions
and deterministic Poisson volatility functions as expressed in Assumption 3.1, the spot
rate dynamics (69) can be expressed in Markovian form, as stated in the following
proposition.

Proposition 3.1. Let 0;(s,t, f(s)) and B;(s,t), satisfy Assumption 3.1. Then the dy-
namics for the spot rate (69) can be expressed as

dr(t) = D(t)—l—ié’ai(t)—ikoi(t) i ZH& )Dpi(t)) — ko1 (t)r(t)| dt

+ Z ooi(t, f(t) )+ Z Boi(t) [dQs(t) — vi(t)dt], (70)
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where
D) = ko1 (1)F(0,0) + = F(0.1) + 3 Eailt) (71)
=1
/%az(t) ﬁaz(t) — Kq1(2), (72)
i(t) = ki(t) — R (1), (73)
and
Enilt) = /0 02 (s.t, F(s))ds, (74)
Ealt) = [ ()32 e (75)
Dyi(t) = / 0.t F())Gi(s, 1, F(s))ds + /0 oi(s.t, F(s)dWi(s), (76)

t
Dpilt) / i(s)Bi(s, )[1 — e 66D ds /0 Bi(s,1)(dQi(s) — wi(s)ds).  (T7)
Proof. See Proposition 2.3.4 of Nikitopoulos (2005) for details. O

The corresponding multi-factor bond price formula in terms of r(¢) and the stochastic
quantities £q;(t), Dyi(t) and Dg;(t) is given by

P(t,T) :Z((Oo’ f)) exp {M(t,T) — N, (t,T)r Z:/\/2 t,T)E (78)
*Z az t T O'l(t T))D ( ) Z(N/@z(th) No'l(taT))Dﬁi(w}a
i=1
where,
B "p t T
MET) =Noy ()10 =3 / [ )l = ey
' (79)
+ZN51 (t,T) / Vi(5)Bi(s, 1) [1 — e~ S0 ds,
=1
and
T
Ny (t,T) = / e~ Jmelwdugy 0 Lo BiY. (80)

Using the exponential affine term structure of interest rates (78), we can express the
instantaneous forward rate in terms of r(¢) and the stochastic quantities Ey;(t), Dyi(t)
and Dg;(t), as

OMET)  ON, (ET) 2 ONGi(t,T)
Tt ot T

f(t,T) = f(0,T) — Noi(t, T) Eqi(t) (81)

a/\/m t,T) ONG (t,T) ONgi(t,T)  ONg, (1, T
3 w7 z( = S ) D)
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The relationship (81) can be used to express the benchmark forward rates f(t,7}), with
7 = 1,2,...,n, of the state dependent volatility functions in terms of the stochastic
state variables r(t), £i(t), Dyi(t) and Dg;(t). In addition, by taking the number n,
of the fixed forward rate maturities used in the state dependent volatility structure
ft) = (r(t), f(t,T1), f(t, To), ..., f(t,Tn,)) ", equal to the number of stochastic quanti-
ties (2n, + nyp), we have a fully specified system with the forward rates of any maturity
evaluated by (81). See Section 2.4 of Nikitopoulos (2005) for more discussion on how
finite dimensional affine realisations in terms of forward rates may be obtained. These
Markovian representations of the jump-diffusion version of the state dependent term
structure model developed here, will be used in Section 4 where the above Markovian
term structure of interest rates is simulated in order to obtain bond option prices. In
particular, we use the Markovian representation in terms of the stochastic quantities as
in Proposition 3.1, rather than in terms of a set of benchmark forward rates.

4. MONTE CARLO SIMULATIONS

Monte Carlo simulation for derivative pricing, when the underlying asset follows a mul-
tivariate state dependent volatility jump-diffusion process, is extremely intensive com-
putationally, as the variance of the sampled variable is usually large and for N sample
paths the standard errors of the Monte Carlo simulations decreases only as 1/v/N. To
improve the Monte Carlo efficiency, one should employ some sort of variance reduction
methodology, namely antithetic variable, control variates, stratified sampling and impor-
tance sampling and/or use low discrepancy sequences. A control variate technique was
developed by Chiarella, Clewlow & Musti (2003) for a state dependent volatility HJM
model when the forward rate dynamics are driven by diffusion processes. We extend
this to accommodate our jump-diffusion setting, also taking advantage of the Markovian
representations that have been obtained under the particular volatility specifications.

For the one Wiener/two Poisson case we examine two classes of models. The first one
is the deterministic volatility (DV) model with volatilities

o(t,T) = gge "I, (82)

and
Bi(t,T) = Poi, withi=1,2. (83)
This model yields closed form solutions of the form (43) for bond option prices.?

The second model is the state dependent volatility (SV) model,
o(t,T, f(1)) = oo(t, f(1))e T,

12For the volatility specifications (82) and (83), the quantities (32), (33) and (34) simplify

np

1 i )
o Te) = 7 3 ;”O (1 - om0 (84)
i=1 7"
1 &
o(t, Te) = T Z g)ol. (1 — g PoilTe—1) 4 =Boi(T—t) _ e*BOi(T*TC)) 7 (85)
i=1 7%
=2 T _ 1 - 0’8 ki Te w; T 2 —2k;T 2Krit—2Kr;T—2kK;T,
0'(t7 C)_ﬁzﬁ (& — € (& — € . (86)
i=1 "
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where

. 0.05 oo (t), L (t) < 0.005;
oolt, f(t)) = { ao(t)[?Lf(t) —0.005)7 + 0.05], Iff(t) > 0.005;

with L(t) = cor(t)—l—Ei:l cnf(s,T) and v = 5. Also we consider 3;(t,T) = BoieFai(T—1)
and constant ;. Recall that in the current setup f(¢) = (r(t), f(t,T1), f(t,T2), f(t,T3)) .
Also note that, since these Markovian structures may drive the forward rate to nega-
tive values, the state dependent volatility functions (87) have been selected so as to be
well-defined in such a case (see Appendix 5).

(87)

4.1. Simulation Scheme. Let ¢ be time, T' be maturity, and T be the time horizon
where 0 <t < T < T. The time horizon (0, T) is subdivided into N intervals of length
At = % so that ¢ = nAt and T = t + mAt. This scheme requires the knowledge of
the initial forward curve f(0,7"). The initial forward rate curve considered here has
the functional form f(0,t) = (ap + a1t + ast?) e~ ** with parameters being estimated as
ag = 0.033287, a1 = 0.014488, a, = —0.000117, and v = 0.0925, which gives a reasonable
fit to the US zero yields on July 20, 2001, with maturities up to 10 years and including
the overnight rate.

4.2. The initial bond price. We recall that the initial bond price P(0,T) is given by
relationship

P(0,T) = exp <— /0 ' f(o,s)ds) . (88)

The bond price P(t,T) can be also expressed in terms of a risk neutral expectation as

P(t,T) =E |exp <— /tTr(s)ds> |ft} , (89)

so that the initial bond price P(0,7) may also be expressed as

P(0,T) = E |exp <_ /0 Tr(s)ds) |f0] . (90)

The bond price estimated by performing simulations over II paths, should coincide
closely with the input initial bond price

11 N
1
P(0,T)~ D exp | =D ri(jAHAL | . (91)

=0 7=0
oo | 0.015
Ko | 0.18
Bo1 | 0.02
Boz2 | —0.03
Py 1
Us | 1.5

TABLE 1. Parameter Values.

Equation (91) can be used to provide a check on the accuracy of our simulation schemes,
in particular giving an indication of the size of the discretisation bias. Table 2 provides
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the simulated initial bond prices for the deterministic volatility models when the para-
meter values are set as in Table 1.

The discretised spot rate dynamics used in the simulation scheme are the Markovian
dynamics presented in Section 2.3, recall equation (52).

P(0,1) = exp (~ J; f(0,5)ds) = 0.9381583

N I P(0,1) | St. Dev. | St. Err.
200 | 5,000 |0.938044 | 0.000336 | 0.34033
50,000 | 0.938009 | 0.000108 | 1.37195
500,000 | 0.937833 | 0.000034 | 8.81883
400 | 5,000 | 0.938262 | 0.000341 | -0.30571
50,000 | 0.938035 | 0.000108 | 1.13973
500,000 | 0.937984 | 0.000034 | 5.10233
800 | 5,000 | 0.938087 | 0.000336 | 0.21052
50,000 | 0.938086 | 0.000108 | 0.66752
500,000 | 0.938094 | 0.000034 | 1.86966

TABLE 2. Initial Bond Prices - DV models.

Table 3 presents the simulated initial bond prices, of a bond maturing in 1 year, for the
state dependent volatility models, and when the parameter values are set as in Table 1.
In addition, we set gy = 0.31, kg = 0.17, cg = 1, c1 = 2, cg = 1, c3 = 2. The
discretised spot rate dynamics are the Markovian dynamics described in Section 3.1, see
in particular equation (70), with the benchmark forward rates expressed in terms of the
stochastic factors of the system, by using equation (81).

P(0,1) = exp (— fy J(0,5)ds) = 0.9381583

N I P(0,1) | St. Dev. | St. Err.
200 | 5,000 | 0.938080 | 0.000312 | 0.25150
50,000 | 0.937930 | 0.000098 | 2.32676
500,000 | 0.937856 | 0.000031 | 9.28062
400 | 5,000 | 0.938430 | 0.000310 | -0.87725
50,000 | 0.938091 | 0.000098 | 0.68753
500,000 | 0.937999 | 0.000033 | 4.86024
800 | 5,000 | 0.938161 | 0.000311 | -0.00876
50,000 | 0.938026 | 0.000098 | 1.34415
500,000 | 0.938108 | 0.000031 | 1.62363

TABLE 3. Initial Bond Prices - SV models.

We consider discretisation error'® to be evident when the distance between the true and
simulated bond prices exceeds two standard deviations, i.e. when the true price lies
outside the 95% confidence interval around the Monte Carlo estimate. In Table 2, this
is the case for 500,000 paths or more, with the error appearing to be somewhat reduced
when At is reduced as would be expected. In particular, discretisation error is no longer

13gtandard error is defined as the difference between exact price and simulated price divided by the
standard deviation of the simulated prices.
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evident at the current number of paths when the discretisation level is increased to
800. It is important to keep the magnitude of the error from this source in mind when
interpreting the results from the simulations in the subsequent sections.

The initial bond price results obtained by the simulations for both models (deterministic
volatility (DV) and stochastic volatility (SV) model) are consistent, to four decimal place
accuracy, (especially when we reduce the discerisation bias by setting the discretisation
level to N = 800) with the value obtained from the analytical bond price (88), providing
evidence of the effectiveness of this numerical scheme.

4.3. Bond Option Price Evaluation. Denote with C(t,7;, T) the time t-value of a
European call option maturing at 7. on the zero-coupon bond with maturity T, where
0 <t < T, <T. The current value of a European call option C(0, T¢, T) can be evaluated,
under the risk neutral measure as the expected discounted payoff of the option at the
option’s maturity

C(0,T,,T) =E [exp {— /OTC r(s)ds} (P(T.,T) — E)*|F| . (92)

or, alternatively, under the T.-forward measure, as
C(0, 7., T) = P(0, T)E* [(P(T..T) — E)"| 0] (93)

For simulation based approaches to bond option pricing, we have found that the use of
one or the other probability measure does not seem to provide any significant advantage.
Here we report the simulations under the risk neutral probability measure.

Given the Markovian spot rate dynamics under the risk neutral measure, which are
equation (52) for the deterministic volatility models and equation (70) for the state
dependent volatility models, the bond option price is evaluated using formula (92), by
using the Euler-Maruyama scheme for the integration, as

K N
C(0,T.,T) = % > exp {— > rk(iAt)At} (Py(T,,T) — E)*. (94)
k=1 =1

The bond price Py(T,, T) is computed by the exponential affine term structure (59) for
the deterministic volatility model and (78) for the state dependent volatility model.

Table 4 shows the simulated bond option prices for the deterministic volatility model
under the parameter values given in Table 1. The exercise price is set £ = 0.95 and the
exact value for the bond option price is evaluated from (43).

Exact Option Price | CPV_(0,0.5,1) = 0.018181443925
N ‘ II CPY.(0,0.5,1) ‘ St. Dev. ‘ St. Err.
200 5,000 0.018285 [ 0.000200 | -0.51624
50,000 0.018121 | 0.000063 | 0.96650
500,000 0.018157 | 0.000020 | 1.24335
400 5,000 0.018245 | 0.000200 | -0.31898
50,000 0.018179 | 0.000063 | 0.03544
500,000 0.018180 | 0.000020 | 0.05745

TABLE 4. Call Bond Option Prices - DV models.
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The bond option prices obtained by the Monte Carlo simulations for the deterministic
volatility model are consistent with the value obtained from the analytical bond option
price (43) with accuracy reaching three significant figures for the 50,000 simulated paths
and over. This provides evidence that the numerical scheme employed here is effective.

Table 5 shows the simulated bond option prices for the stochastic volatility type of
models under the parameter values shown in Table 1, and for xg; = 0.31 and kg = 0.17.
Recall that the Wiener state dependent volatilities have the functional form (87), with
co=1,c1 =2, co =1 and c3 = 2. The exercise price is set to be = 0.95.

N[ I |Cy/(0,05,1) ] St. Dev. |
200 | 5,000 0.022210 0.000182
50,000 0.022240 0.000058
500,000 0.022303 0.000018
400 | 5,000 0.022107 0.000181
50,000 0.022414 0.000058
500,000 0.022280 0.000018
TABLE 5. Call Bond Option Prices - SV models.

The bond option prices obtained by the Monte Carlo simulations for the stochastic
volatility model are consistent to at least two significant figures, however in the next
section we will attempt to improve convergence of the stochastic volatility numerical
scheme by an application of a control variate method.

4.4. Control Variate Method. The application of Monte Carlo simulations to eval-
uate bond option prices under the HJM framework comes at the expense of signifi-
cant computational effort. To improve convergence we propose to use a control variate
method.

The DV model under deterministic Wiener volatilities and constant jump sizes accom-
modates a closed form option pricing formula and thus we can compute the option
price CEV . The SV model (state dependent Wiener volatilities and deterministic jump
volatilities) can only be evaluated numerically. Running simulations of these two mod-
els, the option prices C’ﬁ‘é under the deterministic volatility model and the option prices
C}\S;IVC under the stochastic volatility model are estimated. The control variate adjust-
ment proposes that the approximated option value of the stochastic volatility model is

evaluated by
oV =i - cbY  obv (95)

exact*

The rationale of the control variate method is that the known error imposed by the
Monte Carlo simulations in the case of the deterministic volatility model

DV DV
CMC - Cexact?

is assumed to be close to the error of the Monte Carlo estimation for the case of stochastic
volatility model, namely
Cire — C°V.

Evaluating (95) can be time consuming since it requires the results of two simulations.
However, use of the Markovian representations of the models considered have consider-
ably simplified and sped up the calculation. As Table 6 shows the standard errors of the
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option values estimated by the control variate method are of the order of approximately
one seventh with respect to the values obtained by the standard Monte Carlo simulation
of the Markovian stochastic volatility term structure model.'* This reduction is uniform
across the order of discretisation and the number of simulated paths. The accuracy on
the bond option price has increased to three significant figures by the application of the
control variate scheme compared to the two significant figures accuracy obtained by the
application of the standard Monte Carlo simulation.

N | I [C°Y(0,0.5,1) [ St. Dev. [ C“V(0,0.5,1) [ St. Dev. |
200 [ 5,000 | 0.022484 [0.000186] 0.022340 | 0.000026
50,000 | 0.022220 | 0.000058 |  0.022347 | 0.000008
500,000 [ 0.022313 | 0.000019 |  0.022323 | 0.000003
400 | 5,000 | 0.022325 | 0.000186| 0.022315 | 0.000026
50,000 | 0.022299 | 0.000059 | 0.022325 | 0.000008
500,000 [ 0.022298 | 0.000019 | 0.022326 | 0.000003

TABLE 6. Call Bond Option Prices - SV models; Control Variate Method.

To justify the efficiency of the control variate method, we ensure firstly that
E[ChY. —CPV.]=o. (96)

exact

From Table 4, we conclude that condition (96) holds since insignificant discretisation
error exists in particular when we increase the order of the discretisation to 400.

The control variate method is employed here to price the same product - bond options
- under two different models. This is a somewhat unorthodox and - to our knowledge -
new perspective on control variate methods in pricing derivatives. Typically a control
variate method is applied to another (closely related) instrument priced in the same
model, whereas here the control variate is the same instrument priced in a closely related
model. Under these model specifications the state variables evolve differently. However,
the state variables can be seen as simply two different sets of functions of the driving
Wiener and Poisson processes, which are the same in both models. Therefore, the
control variate method will be correctly used if the state variables of the two models
considered are highly correlated. Table 7 presents the correlation coefficients of the
state variables, which are common in these two classes of models, and these are the r(t),
Dgi(t) and Dgy(t). The state variables are clearly highly positively correlated, thus one
can reasonably expect the control variate method to be effective in this context.

Thus, the combination of these Markovian structures with a control variate method
provides an efficient numerical scheme that may yield good results in Monte Carlo sim-
ulation even with a relatively small number of simulated paths. Given that the control
variate method improves the standard error by seven times relative to the standard error
obtained from the standard Monte Carlo simulation on the stochastic volatility model,
one may obtain the same order of accuracy with forty-nine times less the number of sim-
ulated paths. An important contribution to the efficiency of this numerical scheme must

MThus a back-of-an-envelope calculation indicates that computational efficiency can be gained by
using the method proposed here: Control variates at most double the computational effort compared to
the same number of simulations without control variates, whereas the number of simulations without
control variates would have to be increased by a factor of 72 = 49 in order to achieve the same accuracy
as a given number of simulations with control variates.
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I N[ I [ ) [ Du(t) | Dsp(t) |
200 | 5,000 | 0.995985 | 0.998992 | 0.999704
50,000 | 0.995856 | 0.999007 | 0.999700
500,000 | 0.995885 | 0.999002 | 0.999699
400 | 5,000 | 0.995788 | 0.09894% | 0.999712
50,000 | 0.995805 | 0.998994 | 0.999705
500,000 | 0.995902 | 0.998998 | 0.999699

TABLE 7. Correlation Coeflicients.

be attributed to the fact that the models developed here possess Markovian dynamics.
All the parameters used in the simulations such as bond prices, benchmark forward rates
used in the volatility structure could be expressed in terms of the state variables of the
Markovian system. Discretisation has only been applied to the dynamics of the state
variables of the system, therefore a lot of numerical evaluations have been avoided.

5. CONCLUSIONS

This paper develops two models to price bond options when interest rates are subject
to jumps. In the first model, both Wiener and Poisson volatilities are time dependent,
and working within the Shirakawa general HJM model, we have derived the partial
differential-difference equation for the pricing of bond options. In addition, by employ-
ing Fourier transform techniques, bond option prices have been evaluated and an easily
tractable Black-Scholes type bond option pricing formula under the assumption of con-
stant jump volatility has been derived. In the second model, the volatility structure is
more general, by allowing for state dependent Wiener volatilities and time dependent
Poisson volatilities. In this second model, it is difficult to explicitly solve the bond op-
tion pricing problem, therefore Monte Carlo simulation techniques are used to evaluate
bond options. However, under appropriate volatility functions, the term structures ob-
tained for both models display Markovian dynamics. These Markovian representations
contribute to increase the efficiency and accuracy of the application of the Monte Carlo
simulations. Additionally, taking advantage of the closed form solutions obtained under
the deterministic volatility setting, we employ a control variate method that significantly
improves the efficiency of the numerical procedure.

The important characteristic of the solutions for bond option prices proposed in this
paper is that they incorporate the complexity of a stochastic volatility and/or jump-
diffusion model although they enjoy computational tractability due to the Markovian
structures used.

A worthwhile extension of this work would be to fit to empirical information to calibrate
the model parameters as well as the volatility smile.

APPENDIX 1. THE NO-ARBITRAGE CONDITION IN THE BOND OPTION MARKET

Recall the stochastic differential equation for the spot rate

dr(t) = 9(t)dt + i oi(t, t)dW;(t) + Zp: Bi(t,1)[dQi(t) — \idt], (97)
i=1

i=1
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where ¥(t) is defined as

() :% £0,0) + alt. £) + /0 %a(s,t)ds

Tw t np t g
+Z;/O atm(s,t)dwi(swr;/o aﬂi(s,t)[in(s)_AidS],

Using the jump-diffusion version of Ito’s lemma we derive the stochastic differential
equation for the bond option price

ac . ac . 1 & 9%C
dC = ( ( Zﬂztt ) +3. (tt)82>dt

=1

(98)

(99)
+Zai(t,t) Z (r + Bi(t, ), 8, Te) — C(r,t, Te)|dQi(t),

We consider a hedging portfolio containing a bond with maturity 7" and n, = n, + n,
bond options of maturities 1T, 15, ---, Ty, in proportions wy, wa, ---, wy,, with w; +
wo + -+ + wp,+1 = 1, where w,, 41 is the proportion corresponding to the bond. All
these options are written on the bond having maturity 7. If we denote with C;(t) =
C(t,T;) (i=1,2,...,(n,)) the value of the i*" bond option, we may write the stochastic
differential equation for C;(t) in the general form

WD) 0+ 3 v, A1)+ 3 e, (0450),
j=1

Ci(t) st
where
1 BC 1 0?2 C;
:U’Ci(t) = 5 < Zﬁz t t ) or 2 87“2 ) )

1 0C;

Z/C'” _C or fo@]tt

j=1

1 &

XC; j (t) = 6 [CZ(T + ﬂij (tv t)v t) - Ci(’r? t)]
K3 le

Also recall the stochastic differential equation for the bond price P

a;fét)) = pp(t)dt + Zw: vp, (t)dWi(t) + Z X, (£)dQi(?)
i=1 =

where

IUP(t) = T(t) + H(t7 T), I/Pi(t) = _gi(t7T)7 a'ndXPj (t) = nj(t7T) - L
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Let V be the value of the hedging portfolio then the return on the portfolio is given by

WX 0,32, T g D
vV — w1 Cl 2 CQ No Cno no+1 P
= Z wi'ucidt + Wy, +14pdt + Z wW; Z 7o de (t) + Wy, 41 Z I/pdej (t)
i—1 i=1  j=1 J=1

No Np np
+) i xe,,dQ5(1) + wn,1 Y xpdQ; ().
=1 j=1 j=1

In order to eliminate both Gausian and Poisson risks we need to choose wi, wa, ---
Wp,+1 SO that

No

Zwiy(;i,]. + Wn,41vp; =0, when j=1,2,...,ny (100)
i=1

No
Zwchiyj + Wnyr1xp; = 0, when j=1,2,...,np. (101)
i=1

The hedging portfolio then becomes riskless, thus, it should earn the risk-free rate of
interest 7(t), of the Gaussian bond market, i.e.,

AV &
- = ; wipic, dt + w,, 1 ppdt = r(t)dt,
which can be simplified to
No
> wilpe, = r(t) + wn, 11 (up — r(t) =0, (102)
i=1
using also the fact that w; + we + -+ + wy,+1 = 1. Equations (100), (101) and (102)
form a system of (n, + 1) equations with (n, + 1) unknowns wy, wa, -+, wy,+1. This
system can only have a non-zero solution if the determinant
V01,1(t) VC2,1(t) T VCn0,1(t) Vp (t)
Vcl,nw (t) VCQ,nw (t) e Vcno,nw (t) Vin (t)
Xcm(t) Xcz,l(t) T XC'nO,1(t) XPy (t)
XCi,n, (1) XComy(t) 0 XCipon, () Xp,, (t)
pe, () = r(t)  poy(t) —r@) - pe,, () —r(t)  pp(t) —r(t)
is equal to zero. The above equation implies that for h = 1,2,...,n, there exist ¢;(t),

2(t),. ., Yn, (t) and 1 (L), ¥a(t), ..., ¥y, (t) such that
pe(t) —r(t) = =3 d50ven, () — 3w txe,, () (103)
P =1

and

pe(0) = 1) = = 3 60 (8) — DO 1) (104)



MONTE CARLO SIMULATIONS OF HJM MODELS WITH JUMPS 25

Thus using equations (103) for bond options of any maturity 7 we must have that

wolt) () = =3 diltve, () - 3 dilthxe, ()
=1 =1

and substituting the expressions for uc(t), v, (t) and x¢,(t), we have that

1 ac ac 1 92C
C( ( Zﬁltt ) +3 (tt)82>—r(t)

i=1

(105)
1 0C «
= _EEZ@ oi(t,t) sz C(r+ Bi(t, 1), t) — C(r,1)],
or after further manipulations
8C’ 8C 1 0%C
Zﬁzt £ +Z¢Z Joiltt) 5+ 5 10 2(¢, s —7C
= (106)

+Z¢Z (r + Bi(t,t),t) — C(r,t)] = 0.

By substituting the expressions for up(t), vp,(t) and xp,(t) in equation (104), we derive
the drift restriction

Nw Tp

at,T) =Y os(t, T)(=s(t) + G(t. T)) = Y _ Bilt, T)(@i(t)e 5T — ). (107)

i=1 i=1
APPENDIX 2. APPLICATION OF ITO’S LEMMA ON Y
The dynamics for P(t,T¢) are given by

AP(E,Te) = (O P(tTo)dt — Y Gt To) Pt Te) (o)
=1

np (108)
+ P(t,To) > (e 40T — 1)[dQi(t) — idt],
i=1
and the dynamics for C(r,¢,T) are
dC =r(t)Cdt + 9c¢ f: o0i (t)dWi(t)
- or e 07 7
o = (109)
+ ) [C(r + Bois t, T) — C(r,t, T)][dQi(t) — ydt).
i=1
Define the new quantity
Y(C, P) = CrtT) (110)

P(r,t,Tc)
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then
oy 1 oy  C
9c P P P?
111
aQY_O *Y 20 Yy 1 (111)
oc? op?  p3’ oPOC —  P*
Application of the multi-dimensional jump-diffusion version of Ito’s Lemma leads to
oY - oY
&(tTc) _ Al
dY = |+ (rP - ;(e &) 1) P)m= + (rC — Z (r+ foi) = Cr)i) 5
oC 62Y o2 (80) 5 0%Y gt
or’ ac?

28
3 Z(Q (4 Te) P gps = 2l Te) Povig - 5556

8Y oC oY
+Z( CZtTC 8 +U()Za 8C>dW(>

+ Z {Y(C(r) + Clr+ foi) = C(r), P+ P(e” 54T — 1) = Y (C(r), P)}dQi (1),
(112)

and after substitution of the partial derivatives it is simplified to

20 0Cy +0> dt

1 &
Y +7Y + = 2024, TR)Y + 2¢;(t, Te) —
VS (eTeY 26 T B

dY =

C(T-i—ﬂol‘)) Y dt

+Z( o) UL

+ 2 aCY) dW;(t)

+Z <C’£(taTC) C or

n ZY <e—C£:7;>%() | 1> dQ;(t),

and further to

(113)

< 0z oC
¥ =2 (6 BF) @i+ ie T

=

n Z ( r+ /801 GLitTe) _ 1> [dQi(t) — wie‘fi(t’TC)dt].
=1

(114)

APPENDIX 3. FOURIER TRANSFORM TECHNIQUE

Define the Fourier transform of the solution Y = Y(Z,t) to the partial differential

equation (28) by
T(w,t) :/ Y(Z, t)e W2dz,

— 00

(115)
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where i = y/—1 is the imaginary unit. Then

[ G = T, (16
while!®
/_Z %e_wdz = Te W72, +iw /_ O; Te w24z
= iwY(w,1), (117)
and
_Z gQZEe_i“’ZdZ = g—;e_i‘”zﬁooo +iw /_Z g%e—indZ
= Te W2 2 /00 Te wXdz
S T a18)

Also note that

> e 80T iz

—00

. e— & (6,T) 00 —&;(t,T) . e— & (8,T)
= T / T(2() + I gy)e T RO dz
— 0 e 1 b
efgi(t»T) iwi
= e*éi(tyTC) T(wvt)a (119)

Using the results (115)-(119), the partial differential equation (28) for T(Z,t) becomes
an ordinary differential equation with complex coefficients for Y (w, ), i.e.,

OY(w,t) _ <_iw [i u(t) (-60T0) (6 0D)) _ ;i (Gt Te) = Gt T))?
=1

ot ,
i=1
u)2 el 2
T > (Gt To) = Gt, T))
i=1
N i (t,T, - i (t,T, e &T) ) -
+ Z wi(t)ei&( Te) — Z wi(t)ei&( Te) e—&i(t,Tc) T(w, t)'
i=1 i=1

(120)

5 Note that we assume Te 4> =0 and g—jzre*i“’zriooo = 0. It is necessary later to verify that

the solution obtained based on these assumptions satisfies the partial differential equation (28). The
assumption is then justified on the basis of uniqueness of the solution.
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Equation (120) may be expressed as

wtexp{ Z/w &ilsTe) g
t Nw
Z/ Wi(s) (e ieTe) — _gi(S’T)) ds — ;/0 > (Gls, Te) = Gi(s, 7)) ds

=1
- /tnzw Cz S, TC Ci(saT))Q ds

N e I
+Z/O bils)e§i:To) <6_§i(87TC) dsy| =0. (121)
i=1

Integrating from ¢ to T¢

ot

+iw

_ _ o To
T(w,t) =Y (w,Tc) exp {— Z Yi(s)e™ (,7¢) gg
i=1"7t
Np TC 1 TC N
i Z ¥ils) (e_fi(&TC) B e_gi(s’T)) ds = 2/ Z (G(s,Tc) = Ci(s,T))* ds
=1t ti=1

w2 Te "w
_2/t Z(C’i<87TC)_<Z’(S,T))2dS

—f (s, T¢c) 76_&(87T) N
+Z/ ' e—&i(s,Tc) ds » . (122)

Let
a(t, To) = T _tZ/ e~GisTe)gg, (123)
e o—6i(sT0) _ o=&i(sT)
ot Te) = 7 tZ/ Wi(s) (e SiTe) — e=6ils, )ds, (124)
Te Pw ,
7 (t,Tc) = TC_ ; Z (Gils,Te) = Gils, 1)) ds, (125)
t
B 1 np Te e_fi(sz) iw
— . _éi(s’TC) _
f(w, t,Tc) To—t Z;/t 1/%(5)6’ (efi(S,TC) ds, (126)
then equation (122) is simplified to
T(w,t) =

T(w Tc)e(Tc—t) (—E(t,Tc)—&—iw[i(t,Tc)—éEz (t,TC)}—%QEz(t,TC)+E(w,t,TC)) ' (127)

By the Fourier inversion theorem, we have that

1

T(Z,) = 5

/OO T (w, t)e“? dw. (128)
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Thus, by substituting (31) into (128) we obtain

Y(Z,t) = % /OO T(w, Te)

exp {(TC — 1) (—c(t, Te) +iw[o(t, To) — %52(15, Tco)] — °‘;a2(t, Te) + &(w, t, Tc)> + in} dw

e To—t)e(t,Te o o 1 _
— / T(ijC)eW([U(thC)*i (t.Te)|(Te— )+Z)**<7 tTo)(To—t)+E(w:t,To)(To—1) 4.,

Note that by changing the variable Z back to the variable X ( recall that Z = In X),
we obtain

Y(w,Tc) = / Y(Z,To)e w2dz

[o¢]
= / Y (eZ,To)e w2dz, (129)
—00
and so
Y(X,t)
e—ct.Tc)(Te—t)
/ ( / ¥(e iwde> ([B(t.T0)~ 502 (4Te)) (To—1)+n X)— 45 52(8T) (To—1) +E(w.Te 1) (Te—1) g,
c(t,Tc)(Te—t)
- 2
0 [e’s) 2 _
/ Y (2, ) < / Gil[D(tT)~ 122 (t,Tcn(Tct)HnXZ)g2<t,Tc>(Tct>+s<w,t,Tc)<Tct)dw> iz
—0o0 —00
_ oo
— AT Tt [y (2 To\K(Z, X, 1)dZ, (130)
— 00
where the kernel I is defined by
K(Z,X,t) = 1 /OO eiw([ﬁ(t,TC)—%Ez(t,TC)](TC—t)—i—lnX—Z)—“’7262(t,TC)(TC—t)-&—E(w,t,TC)(TC—t)dw'
m — 00
(131)
APPENDIX 4. DERIVATION OF BLACK-SCHOLES TYPE INTEGRAL
We set as I the integral
00 (5 Te) = 372 (TN (Te =t +In X = Z+ 31 P) pipg)?
I= / (e? —E)e 272 (1) (To =) dz, (132)
In E
then by performing further manipulations
0 ([0(t,T0)~ 372 (4, T (To—t)+In X~ 2+ 1P piuy)?
I= / e 22 (tT0) (T =) dZ (133)
In E
oo (B(tTo) =372 (T To—t)+1n X =2+ 517 pip;)?
- B e 252 (t,Tc) (T —t) dz.

In E
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The change of the variable

o(t,Tc) — 352t To))(Te —t) + In X — Z + 37 1p,,uz
a(t, Te)VTIc —

u =

and the setting of

[O(t, Tc) — 302 (t, To)) (T — 75) +In %+ 37 pis

d2 == — )
U(ta TC) \% TC’ -
leads to
. / Z 5 (—Ft T To—Ddu—E | e~ 5 (—5(t, Te)y/To — 1)du
dg d2

— 00

§
a %
\

(e[v(tT )= 152(t,Te)|(To—t)+n X+307, pipi+162(t,Tc)(Te—t)

/ LAt Te)VTo—D? gy, — B / du>. (134)

By changing the variable to U = u + & (t,Tc)v1Ic — t, defining d; as

— [U(tvjc) %OQ(t)CZC)](,-ZC t) In E E :‘—plpi/’éi
di=do+0(t,1 T —t= ) ,
1 2 ( C) C (t, TC) ,7:]10 7

and using the standard normal cumulative distribution function

we obtain

d d
I = E(t, TC) /TC ¢ (ev(t,Tc)(TCt)+lnX+Z:'lp1 Pilbi / ' dU E/ ? “;du>
=V2r5(t, Te)\/To —t (eﬁ(th@(TC—t)“nX@?i’l Pili®(dy) — E<I>(d2)> . (135)

APPENDIX 5. MODEL LIMITATIONS

The Markovian term structure model developed here does not guarantee positivity of
the interest rates, a feature that we must handle with caution given the state dependent
nature of the model’s volatility functions. In fact, there is a positive probability that
this type of dynamics may drive interest rates to negative values. This is due to the
functional properties of the jump adjusted drift coefficient. To understand this effect, the
functional behavior of the drift coefficient of the forward rate is examined in detail. The
risk neutral forward rate dynamics under the volatility specifications of Assumption 3.1

n da
_L+ o(t,Tc)— 02(t,TC)](TC—t)+1n X+Z-;£1 pilti—UE(t,TC)\/TC—tdu _ E/

d d
<e[vtTc)—02(t Tc)|[(Te— t)-HnX-ﬁ-Zl lpbuz/ ’ e—"é—u?(t,T(;)mdU_E/ :
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are expressed as

- fﬁ w2, F(#))e T (1 0 gy

( —kgi(T—t) ~1)

Tip
- Z ifoie T Deks — 1]dt — Z Wifoie "ot

+oo(t, f(t))e " T=D aw (¢ +Zﬂo e ks T=0 4Q,(t). (136)

=1

The drift function of the forward rate dynamics is bounded by the function D(7) (set
T=T-—1)

n. .
“ 002 L(e7MBiT 1)

D(7) = - cope i (1 — e i) ZW”OZ —kpiTe ’“m , (137)
i=1 o1 _

=Dg(1) +Dy(7)

where Dg(7) is the Gaussian drift contribution and Dj;(7) is the contribution of the
jump component to the drift. The derivative of D(7) is

Naw
T) = Z (702‘260 e HoiT (26_’6‘”'7— — 1)

Boi (=kpiT 1

"'p
+ ) iBoie Foie o
i=1

) (kgi + ,301‘67]65”) .

First by assuming only positive jump sizes, the drift function is originally negative for
some time close to the maturity as the following arguments shows. The Djy(7) is an
increasing function in 7 with negative minimum — Z?’i 1Viboi at T = 0. As T — o0,
Dy(7) converges to 0. The Dg(7) has a minimum of 0 at 7 = 0. As 7 — oo, Dg(7)
converges to 0. Thus D has always a negative minimum of — Z:ﬁ 1 ViBo; at T = 0.

By assuming only negative jump sizes, then the drift function is always positive. How-
ever, the negative jump noise terms may drive interest rates to negative values. Con-
sequently, we cannot avoid the situation of interest rates becoming negative. Thus the
volatility functions must be well defined for negative values. As an illustrative exam-
ple, let us assume that the state dependence is modelled as a linear combination of
benchmark forward rates and the instantaneous spot rate of the state vector f(t), as

Lf(t) = cor(t) + Zd cnf(t, Th).

When L¢(s) becomes very small or negative then the model may behave as a determin-
istic volatility Hull-White type of model. Thus essentially extending the Cox, Ingersoll
& Ross (1985) model to jump diffusions, a suggested volatility function may be

= { Ccfoo, Lf(t) < 0.005;

0t F0) =\ Gol(Ly(t) — 0.005)7 + ¢],  Ly() > 0.005; (138)

Wlth’)/_*andCf>0



32 CARL CHIARELLA, CHRISTINA NIKITOPOULOS SKLIBOSIOS AND ERIK SCHLOGL

REFERENCES

Ahn, C. M. (1988), ‘Option Pricing when Jump Risk is Systematic’, Journal of Finance 43, 155-174.

Ahn, C. M. & Thompson, H. E. (1988), ‘Jump-Diffusion Processes and the Term Structure of Interest
Rates’, Journal of Finance 43, 155-174.

Bates, D. (1996), ‘Jumps and Stochastic Volatility: Exchange Rate Processes Implicit in Deutschemark
Options’, Review of Financial Studies 9(1), 96-107.

Baz, J. & Das, S. R. (1996), ‘Analytical Approximations of the Term Structure for Jump-Diffussion
Processes: A Numerical Analysis’, The Journal of Fized Income pp. 78-86.

Bjork, T., Kabanov, Y. & Runggaldier, W. (1997), ‘Bond Market Structure in the Presence of Marked
Point Processes’, Mathematical Finance 7(2), 211-239.

Black, F. (1976), ‘The Pricing of Commodity Contracts’, Journal of Financial Economics 3, 167-179.

Black, F. & Scholes, M. (1973), ‘The Pricing of Options and Corporate Liabilities’, Journal of Political
Economy 81, 637-54.

Carr, P. & Madan, D. (1999), ‘Option Pricing and the Fast Fourier Transform’, Journal of Computational
Finance 2(4), 61-73.

Chacko, G. & Das, S. (2002), ‘Pricing Interest Rate Derivatives: A General Approach’, The Review of
Financial Studies 15(1), 195-241.

Chiarella, C., Clewlow, L. & Musti, S. (2003), ‘A Volatility Decomposition Control Variate Technique for
Monte Carlo Simulations of HJM Models’, Furopean Journal of Operational Research . Forthcoming.

Chiarella, C., Kucera, A. & Ziogas, A. (1999), ‘A Survey of the Integral Representa-
tion of American Option Prices’, Quantitative Finance Research Centre Paper 118. URL
http://www.business.uts.edu.au/qfrc/research/researchpapers/rp118.pdf.

Chiarella, C. & Nikitopoulos, C. S. (2003), ‘A Class of Jump-Diffusion Bond Pricing Models Within the
HJM Framework with State Dependent Volatilities’, Asia-Pacific Financial Markets 10, 87-127.
Springer 2005.

Chiarella, C. & To, T. (2003), ‘The Jump Component of the Volatility Structure of Interest Rate Futures
Markets: An International Comparison’, Journal of Futures Markets 23, 1125-1158.

Cox, J., Ingersoll, J. E. & Ross, S. A. (1985), ‘A Theory of the Term Structure of Interest Rates’,
FEconometrica 53, 385—-407.

Das, S. (1999), ‘A Direct Discrete-Time Approach to Poisson-Gaussian Bond Option Pricing in the
Heath-Jarrow-Morton Model’, Journal of Economic Dynamics and Control 23, 333-369.

Das, S. R. & Foresi, S. (1996), ‘Exact Solutions for Bond and Option Prices with Systematic Jump
Risk’, Review of Derivatives Research 1, 7-24.

Duffie, D. & Kan, R. (1996), ‘A Yield-Factor Model of Interest Rates’, Mathematical Finance 6(4), 379—
406.

Glasserman, P. & Kou, S. G. (2003), ‘The Term Structure of Simple Forward Rates with Jump Risk’,
Mathematical Finance 13(3), 383-411.

Heston, S. (1993), ‘A Closed-Form Solution for Options with Stochastic Volatility with Applications to
Bond and Currency Options’, Review of Financial Studies 6, 327-343.

Hull, J. & White, A. (1990), ‘Pricing Interest Rate Derivative Securities’, The Review of Financial
Studies 3(4), 573-592.

Jamshidian, F. (1989), ‘An Exact Bond Option Formula’, Journal of Finance 44, 205-209.

Mercurio, F. & Runggaldier, W. J. (1993), ‘Option Pricing for Jump-Diffusions: Approximations and
Their Interpretation’, Mathematical Finance 3, 191-200.

Merton, C. (1976), ‘Option Pricing when Underlying Stock Returns are Discontinuous’, Journal of
Financial Economics 3, 125-144.

Naik, V. & Lee, M. H. (1995), ‘Yield Curve Dynamics with Discrete Shifts in Economic Regimes: Theory
and Estimation’, University of British Columbia . Working Paper.

Nikitopoulos, C. S. (2005), ‘A Class of Markovian Models for the Term Structure of Interest Rates Under
Jump-Diffusions’, School of Finance and Economics . Doctoral Thesis.

Runggaldier, W. J. (2002), ‘Jump-Diffusion Models’, Handbook of Heavy Tailed Distributions in Finance
pp. 169-209. Elesevier/North Hollad 2003.

Shirakawa, H. (1991), ‘Interest Rate Option Pricing with Poisson-Gaussian Forward Rate Curve
Processes’, Mathematical Finance 1(4), 77-94.





