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ABSTRACT. This paper considers a class of term structure models that is a parame-
terisation of the Shirakawa (1991) extension of the Heath, Jarrow & Morton (1992)
model to the case of jump-diffusions. We consider specific forward rate volatility struc-
tures that incorporate state dependent Wiener volatility functions and time dependent
Poisson volatility functions. Within this framework, we discuss the Markovianisation
issue, and obtain the corresponding affine term structure of interest rates. As a result
we are able to obtain a broad tractable class of jump-diffusion term structure models.
We relate our approach to the existing class of jump-diffusion term structure models
whose starting point is a jump-diffusion process for the spot rate. In particular we
obtain natural jump-diffusion versions of the Hull & White (1990, 1994) one-factor
and two-factor models and the Ritchken & Sankarasubramanian (1995) model within
the HJM framework. We also give some numerical simulations to gauge the effect of
the jump-component on yield curves and the implications of various volatility specifi-
cations for the spot rate distribution.

Keywords: Markovian HJM model, jump-diffusions, state dependent volatility.

1. INTRODUCTION

This paper considers a multi-factor jump-diffusion model of the term structure of inter-
est rates under a specific volatility structure. The forward rate dynamics are driven by
multi-dimensional Wiener and Poisson processes and the volatility structure is such that
the Wiener volatility functions are state dependent whilst the Poisson volatility func-
tions are time dependent. Working within the Heath, Jarrow & Morton (1992)(hereafter
HJM) framework we obtain bond prices in an arbitrage free environment, even though
the spot rate dynamics are non-Markovian. Imposing restrictions on the volatility struc-
ture, a Markovian multi-factor model is obtained. It turns out that the state variables of
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this model, can be expressed as functions of a finite number of benchmark forward rates
or yields. The model that we thereby develop provides a fairly broad tractable class of
jump-diffusion term structure models that would be suitable for both calibration and

econometric estimation.

The literature on the incorporation of jump components into term structure models is
not a very extensive one. For literature on jump-diffusion interest rate models that
usually have as their starting point the spot rate dynamics, we would cite in particular
Das (2002) and Chacko & Das (2002). Within the HIM term structure modelling
framework, where the focus is on the forward rate dynamics, Shirakawa (1991) was
the first attempt to incorporate discontinuous forward rate dynamics. Subsequently
a very general framework for term structure modelling under marked point processes
was developed by Bjork, Kabanov & Runggaldier (1997). More recent work on jump-
diffusion versions of the HJM framework include Glasserman & Kou (2003), who consider
the market model, and Das (2000) who treats a discrete time version of the HJM model.

Here we use the Shirakawa (1991) framework, which assumes only a finite number of
possible jump sizes and that there exists a sufficient number of traded bonds to hedge
away all of the jump risks, in this way guaranteeing market completeness. We derive
a Markovian representation of the stochastic dynamic system driving bond prices by
considering certain specifications of the volatility functions of the instantaneous forward
rate. Essentially we extend to the jump diffusion case the approach of the Markoviani-
sation of HJM models developed by a number of authors. Early papers on the Marko-
vianisation of HJM models under Wiener diffusions include Cheyette (1992), Carverhill
(1994), Ritchken & Sankarasubramanian (1995) and Bhar & Chiarella (1997), where
the conditions on the volatility structure for the spot rate process to be Markovian are
examined for the one factor HIM models. Inui & Kijima (1998) and de Jong & Santa-
Clara (1999) extend these conditions to multi factor HIM models. Duffie & Kan (1996)
developed a square root volatility model. Further, Bjork & Landen (2002), Bjork &
Svensson (2001) and Chiarella & Kwon (2001b),(2003) generalise the above results in
various directions by assuming more general forward rate volatility specifications. We
extend some of these results to the Markovianisation of the jump-diffusion version of
the HJM class of models. Using ideas from state space theory, Bjork & Gombani (1999)
allow forward rates to be driven by a multi dimensional Wiener process as well as by a
marked point process and give the necessary and sufficient conditions on a deterministic
volatility structure, for the existence of finite dimensional realizations. They also showed
that the state variables constitute a minimal set of benchmark forward rates. Our model
may be viewed as providing an extension to the framework of Bjork & Gombani (1999)
since we incorporate level dependent volatility structures with the Wiener process noise.
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This paper makes two main contributions: Under the generalised HJM jump-diffusion
framework and a specific formulation of level and time dependent volatility specifica-
tions, Markovian spot rate and bond price dynamics are obtained. In addition, finite di-
mensional affine realisations of the term structure in terms of forward rates and yields are
obtained. Within this framework we develop some particular classes of jump-diffusion
term structure models. In particular we develop what we believe is the natural extension
of the Hull & White (1990), (1994) class of models and the Ritchken & Sankarasubra-

manian (1995) class of models to the jump-diffusion case.

The structure of this paper is as follows. In Section 2 we review the Shirakawa jump-
diffusion term structure framework focusing on an economic interpretation of the un-
derlying hedging argument. In Section 3 we assume a specific volatility structure, and
obtain the corresponding Markovian representation of the spot rate and bond price
dynamics in terms of a finite number of state variables that are driven by Markovian
diffusion and jump processes. In Section 4, we express these state variables as finite
dimensional affine realisations in terms of economic quantities observed in the market,
such as forward rates and yields. In Section 5 we consider the case in which the Poisson
volatilities are also state dependent and give some insight into the reason why a Mar-
kovian representation may not be possible in this case. We do however suggest a way
in which an approximate Markovian representation may be developed, given the mag-
nitude of the jump volatilities suggested by empirical studies. In Section 6 we develop
some specific models, in particular a class of multi factor Hull & White (1990), (1994)
and Ritchken & Sankarasubramanian (1995) jump-diffusion models and the equivalent
forward rate curves. We also carry out a number of numerical simulations to gauge
the implications of the various volatility specifications that generate these models. In

Section 7 we conclude and discuss future directions for research.

2. THE MODEL

In this section we review some fundamental relationships of the bond market and the
main features of the Shirakawa (1991) model. Our exposition is in a less abstract setting
than that of Shirakawa, as we wish to emphasize more the economic intuition of the
underlying hedging argument.

Using f(t,T) to denote the instantaneous forward interest rate at time ¢ for instanta-
neous borrowing at time 7T'(> t), we define as P(t,T'), the price at time t of a default-free

discount zero-coupon bond with maturity 7T, i.e.,

P(t,T) = exp <— /tTf(t, s)ds> , (1)

so that P(T,T) = 1.
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Generalising the basic assumption of Shirakawa (1991), on the filtered probability space
(Q, F, P), ! the stochastic differential equation for the instantaneous forward rate f(¢,T)

driven by both Wiener and Poisson risk is given by

df(t,T) = a(t, T dt+z o (t, T)dW; (¢ +Zﬂ” £, T)[dQu;(t) — Nijdt] |, (2)
=1 7=1
where « : [0,7] — R4 is the drift function, W;(t) are standard Wiener processes (i =
1,2,...,n), Qi;(t) is a Poisson process with constant intensity \;; (j = 1,2,...,m;).
The Poisson process ();; models the arrival time of the jump events. Recall that, by
definition
105 (1) 1, if a jump occurs in the time interval (¢, t + dt) (with probability A;;dt),
Y 0, otherwise (with probability 1 — A;;dt),

and E[dQ;;(t) | Fi—] = \i;dt ]E[dQ?j(t) | Fi—] = Aijdt. At the Poisson jump times, the
jump size is equal to §;;(t,T"). Under these assumptions, the jump feature is modelled

by a multivariate point process, allowing for a finite number of jumps. 2

The volatility specifications allow for o; : [0,T] — R, the volatility functions associated
with the Wiener noise processes, which are positive valued, to be state dependent. Here

we consider a specification of the general form
oi(t,T) = os(t, T, f(t)), fori=1,...,n, (3)

where o; are well-defined functions that depend on time, maturity and f(t) is a vec-
tor of path dependent variables such as the instantaneous spot rate and/or instanta-
neous forward rates of different fixed maturities. By omitting this level dependence,
we would obtain the special case of time deterministic Wiener volatility functions. The
Bij : [0,T] — Ry, the volatility functions associated with the Poisson noise processes
are assumed to be only time and maturity dependent. These volatility specifications
generalise the Shirakawa framework by allowing the Wiener noise and Poisson noise to
have separate volatility structures. Such a framework is appropriate if one believes that
these different types of shocks impact differently across the forward curve. The empiri-
cal study of jump-diffusion interest rate models by Chiarella & T6 (2003), suggests that

this may in fact be the case in some markets.

In stochastic integral equation form, equation (2) may be written

F(t,T) = f(0,T)+ / (s,T) ds+z / ai(s, T, f(5))dWi(s +Z/ Bij (s, T)[dQi;(s) — Nijds]
(4)

1n more formal notation we assume that (Q, F, (F)o<i<r, P) is the probability space equipped with
the natural filtration of a vector of standard Wiener processes W;(t) (i = 1,2,...,n) and the Poisson
processes @Q;;(t) with intensity Ai; (j =1,2,...,m;), indexed on the time interval [0, T7].

2See Runggaldier (2003) for a good survey of jump-diffusion models.
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Setting T = ¢ in equation (4), the stochastic integral equation for the instantaneous spot
rate is given by

T(t)zf(t7t):f(0,t)+/ (s tderZ / oi(s,t, f(5))dWi(s +Z/ Bi; (5, 1)[dQij (s) — Aijds]
(5)

With application of the jump-diffusion version of Ito’s lemma, the dynamics for the bond

price driven by Wiener and Poisson risk, may be expressed as®

dp(t T) = —&ij(t, ..
P-T) [()+H(tTf())]dt—; G(t, T, f(t) Z e ST dQ;(t) |

(6)
where

T
G T, F(1)) = / oult, u, F(t))du, (7)

T
fij(t,T) :/t ﬂij(t,u)du, (8)
H(t,T, f(t)) = / (t,u du+z g (t, T, f(t) +Z)\”§” &.T)]. (9)

In this economy we have n + mj 4+ meo + ... + m,, sources of risk, n due to the Wiener
processes Wi(t) (i = 1,---,n), and my + mg + ... + m,, due to the Poisson processes
Qij (j =1,---,m;). Using the classical hedging portfolio argument of Vasicek (1977)
that carries over to interest rate models the original Black-Scholes hedging approach,
we thus place bonds of n+ ;" | m; + 1 maturities in the hedging portfolio. 4 By taking
an appropriate position in the n + ;" ; m; + 1 bonds it is possible to eliminate both
Wiener and Poisson risks and after some manipulations ° to derive the forward rate drift

restriction that extends the HJM forward rate drift restriction to now incorporate the

3See Proposition 2.2 of Bjork et al. (1997).

4The subtle issue in the hedging argument concerns whether or not the set of bonds in the hedging
portfolio remains fixed over time. The Shirakawa analysis only established the existence of a set of
bonds that would possibly change over time. Bjork et al. (1997) established that the set of hedging
bonds can in fact remain fixed over time.

5See Appendix 1 for full details of the hedging portfolio argument in the current context. The reader
may refer to Bjork et al. (1997), for the most general approach to deriving the arbitrage free dynamics
for interest rate models under marked point processes.
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jump feature, namely,

n
T) = 0i(t, T, f(t))(=¢i(t) + G(t, T, f(t)))
- (10)
—ZZ@J £, T) (g (£)e 5T — Nyy).
i=1 j=1
In equation (10) the ¢; are the market prices of diffusion risk associated with the Wiener
process sources of uncertainty W;, whilst the 1);; are the market prices of jump risk

associated with the Poisson process sources of uncertainty ;.

2.1. The Risk Neutral Dynamics under a General Volatility Specification.
By an application of Girsanov’s theorem (Bremaud (1981)), for every fixed finite time
horizon T, we can obtain a unique equivalent probability measure @t 6, under which the
Wi(t) = — fo ¢i(s)ds + W;(t) are standard Wiener processes (for ¢ = 1,...,n) and the
sz are Poisson processes (for i = 1,...,n and j = 1,...,m;) associated with intensity
1i;(t) such that W; and Qi; are mutually independent.

Substitution of (10) into (9) reduces the stochastic differential equation for the bond

price in the now arbitrage free economy to

?ai(t ?) (o)t =3 | G T 7(0) Z e S0 TNdQi; (1) — vy ()d]

=1
(11)

In addition, by obtaining the dynamics of the bond price measured in units of the money

market account, the bond price can be expressed as

P(t,T)=E, [% | ft] =k, [exp <— /tTr(s)ds> \ ]—"t] , (12)

where IEt is expectation (given information at time t) with respect to the equivalent

probability (risk neutral) measure P; and B(t) is the accumulated money account

B(t) = exp (/Otr(s)ds> .

Consequently, by substitution of the drift restriction (10) for «(s,t) into the equation
(5), we obtain the dynamics of the spot interest rate r(¢) under the risk neutral measure

6The Wiener processes Wl(t) (i = 1,---,n) and the Poisson processes Qi;(t) (j = 1,---,m;) with

intensity ¥, generate the P,-augmentation of the filtration F;.
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@t, in the form

(0 0t+Z [ st NG, 76) ds+z/ Do (5) (o O[] — e ds

+z /azstf()dW +Z/ Bi5(5,)[dQis () — iy (s)ds] | (13)

Under a general specification for o;(s,t, f(s)) and 8;;(s,t) the dynamics for r(¢) implied
by (13) are non-Markovian due to the path dependency of some or all of the integral
terms on the right-hand side of (13).

3. A SPECIFIC VOLATILITY STRUCTURE

In order to generate specific term structure models and to be able to obtain Mar-
kovian representations of the spot rate dynamics (13), we shall consider more spe-
cific volatility structures. To make the discussion explicit, we shall also assume that
ft) = (@), f(t, T1), f(t,T2),. .., f(t,Tx))" where T1, Ty, ..., T}, are a set of fixed ma-

turities.

Assumption 3.1. Fori=1,...,n, the state dependent Wiener volatility structure (3)
s of the form

ois,t, F(5)) = owi(s, f(s))e™ s o, (14)
and fori=1,...,n and j = 1,...,m;, the time dependent Poisson volatility functions
are of the form

Bij(5,1) = Poij(s)e™ o raa(wde, (15)

where Kqi(t), Kpij(t) and Boij(t) are time deterministic functions and oo;(t, f(t)) are

time and state dependent functions.

We recall that in the no jump situation, the functional form (14) for the forward rate
volatility derives, within the HJIM framework, the extended Vasicek model of Hull-White
(one-factor model) (see Baxter & Rennie (1996), Chiarella & El-Hassan (1996)) and the
Hull-White two-factor and multi-factor models (see Chiarella & Kwon (2001a)). We
shall now show that this case gives a Markovian representation of (13) that may be
viewed as a generalisation of the Markovian multi-factor models to the jump-diffusion

case.

The crucial property of the volatility functions (14) and (15) is that their derivatives

with respect to the second argument (maturity) are given by

0 _ _

501056 f(5)) = —#ai(t) 0i(s, 1, £(5)), (16)
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fori=1,...,n, and

2 (1) = oy 1) s, 1), a7)
fori =1,...,n,and j = 1,...,m;. This is a natural consequence of the functional
forms (14) and (15), that allows the separation of the time dependent component from
the maturity dependent component. As pointed out by Chiarella & Kwon (2003), this
is in fact the key property of the volatility functions that leads to the Markovianisation
of the model.

In many of the common models, the instantaneous spot rate itself is included in the set
of state variables. Thus, in the following proposition, we derive the spot rate dynamics
in both integral and differential form in terms of a number of stochastic factors and the

spot rate.

Proposition 3.1. Let 0,(s,t, f(s)) and Bij(s,t), fori=1,2,...,n and j =1,2,...,m;,

satisfy Assumption 8.1. Then the dynamics for the spot rate can be expressed as

1) = F0.6)+ 3 Do) + 37 D (1), (18)
=1

i=1 j=1

in stochastic integral equation form, or,

dr(t) = | D(t) + Z Esi(t) — Z fioi(t) Dy Z Z Fi3i5 (1) Dpij (1)) — ko1 (t)r(t) | dt

i1 j=1
+ Z ooi(t, f(t) ) + Zﬂom ) [dQi; (1) — iz (t)dt] | (19)

in stochastic differential equation form, where
D(t) = ko1(t) f(0, t)+ fOt +ili1155” (20)
Roi(t) = Kei(t) — Ko1(t), j (21)
Rpij(t) = rpij(t) — Ko1(t), (22)

and

Em-(t):/o U?(s,t,f(s))ds, (23)
(1) = [ 1y(5) (s, e 6, (24)
Dii(t) = /0 oi(s, £, F())Gi(s, 1, F(s))ds + /0 o151, F(5))dWi(s), (25)

Dyij(t) = / Wi ()8 (s, )1 — =59 00)] ds+/ Bij (s, 8)(dQij(s) — ¢ij(s)ds).  (26)
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Proof. Substitution of the stochastic quantities (25) and (26) into (13) derives (18).
For the stochastic differential representation, take the stochastic differential of (18) and
make use of properties (16) and (17), to obtain the stochastic differential equation for
the instantaneous spot rate under the risk neutral measure, as,

dr(t) = {38 f(0,¢t +Z (625/ oi(s,t, f(8))Ci(s,t, f(s d8+28t / i (8)0ij(s, t)[1 —e” &ij (St)]ds))

Z (Fa(m / oi(s,t, f(s ))dW +Zm5m / Bi;(s,t)(dQsj(s) — wij(s)ds)>] dt

i=1

(27)

1=

=+ (UOZ’ (t, + Z BOZ] dQ’L] ¢ij (t)dt]> )
1

which, by using the results of Appendix 2, may be expressed as

dr(t) = b(n+2/ (5,4, 7(s @—Z%Z/mswmmwﬂmﬁ

Q}m%wmm> Z%g/%HMM)%Wﬂﬁ

i=1 j=1

+ Z ooi(t, F(t) )+ Z Z Boij (1)[dQij () — i (t)dt]. (28)

i=1 j=1

Relation (18) allows one of the stochastic factors to be expressed in terms of the spot

rate r(¢) and the remaining stochastic factors and here we take

n  m;
Dy (t) = r(t Z Doit) = > Dgij(t). (29)
i=1 j=1
Use of expressions (23), (24), (25) and (26), and substitution of (29) into the stochastic
differential equation (28) leads to the dynamics (19). O

The Eg;j(t) are deterministic time functions, whereas the £qi(t), Dyi(t) and Dg;;(t) are
stochastic quantities depending on the path history up to time ¢. These stochastic
quantities satisfy stochastic differential equations with drifts and diffusion terms that

depend on themselves and the state variables f(t), as the next Proposition shows.

Proposition 3.2. Given the forward rate volatility specifications of Assumption 3.1 and
assuming that the market prices of jump risk are non-stochastic, the stochastic quantities
Exi(t), Doi(t) and Dg;j(t) satisfy the stochastic differential equations, for i =1,---  n,
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andj:1727"' , My,

d&yi(t) = [U%i(t, f_(t)) — 2K (t)Exi(1)]dt, (30)
AD0s(8) = [Ei(t) = sV Doi()dt + st 7)) (1), 1)

and
dDg;; (t) = [5@@' (t) — Kgij (t)'ij (t)]dt + Boij (t) [inj (t) — Vij (t)dt]. (32)

Proof. Taking the differential of the quantities (23), (24) and (25), the stated results fol-
low. g

Section 4 shows how the f(t) can be expressed in terms of the stochastic quantities
Exi(t), Doi(t), Dp,j(t) (or vice versa). Thus, the instantaneous spot rate dynamics (19)
are Markovian under the forward rate volatility specifications (14) and (15), since the

stochastic quantities E,;(t), Dyi(t), Dpi;(t) display Markovian dynamics.”

We note that the drift term in (19) is a linear combination of 2n +my + ... +m, — 1
stochastic variables, determined by (30), (31) and (32) and the spot rate. In the following
section, an exponentially affine term structure of interest rates in terms of the these

stochastic variables is obtained.

3.1. Affine Term Structure of Interest Rates. We obtain the multi-factor bond
price formula in terms of the stochastic variables £,;(t), Dyi(t), and Dg;;(t), by using
the Inui & Kijima (1998) approach. This consists of a direct substitution of the risk
neutral forward rate dynamics and the volatility specifications (14) and (15) into the
fundamental relationship between bond prices and forward rates in equation (1) and

manipulating the resulting integrals.

Proposition 3.3. Under Proposition 3.1 the bond price assumes the multi-factor expo-

nential affine form given by

PT) = i e {M(t, T) - DA () (6) = 3Nt T) = Noy (1) P ()

1=2

(33)

SO S Wi (6 T) — Ny (1. T)) D (t) — N (1, T)r () b

i=1 j=1

TAs stated in Proposition 3.2, the Markovianisation obtained depends on the assumption that the
market prices of jump risk are non-stochastic. If one in fact wished to allow these to be stochastic (say
for empirical studies) then one could still obtain a Markovian representation if the 1;; were assumed to
follow some Markovian system of stochastic differential equations.
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where,

MOET) =N (6100 =303 [ [ 0008511 = e ayas

i=1 j=1

. (34)
n  m; t
£ 303 Nas(tT) [ (5085, 001 = 5,
i=1 j=1
and
T v 4
No(t,T) = / e IR dugy e (50 B (35)
t
Proof. See Appendix 3 for details. O

The bond price formula (33) displays a finite dimensional affine structure in terms of
a number of state variables (ns = 2n +mj; + ... 4+ m, in our case) that are driven by
diffusion processes and jump processes. In particular, the state variables £,;(¢) are driven
by jump-diffusion processes due to the dependency on the f(t), the state variables Dy;(t)
are driven by pure diffusion processes, whereas the state variables Dg;;(t) are driven by
pure jump processes. These stochastic factors ( namely £5i(t), Dyi(t) and Dg;;(t)) have
no easy economic interpretation. It would be very convenient and more intuitive for
applications if we could express these stochastic factors in terms of economic quantities
observed in the market, like forward rates, whose dynamics would be driven by combined
jump-diffusion processes. In the next section, we will show that these stochastic factors
can indeed be expressed in terms of benchmark forward rates with dynamics driven by

jump-diffusion processes.

4. FINITE DIMENSIONAL AFFINE REALISATIONS IN TERMS OF FORWARD RATES

We employ the basic ideas from Chiarella & Kwon (2003) and Bjork & Svensson (2001)
who show that, in a Markovian HJM framework with dynamics driven by diffusion pro-
cesses, the state variables can be expressed as affine functions of a finite number of
forward rates and yields. We introduce the jump component into their modelling frame-
work and we assume state dependent Wiener volatility functions and time deterministic
Poisson volatility functions. It seems that the inclusion of jumps makes it very hard
or probably impossible to derive Markovianisation results under more general volatil-
ity specifications that allow the jump volatility functions to be stochastic. However in
Section 5 we indicate how an approximate Markovianisation may be found in this case.

We use the exponential affine term structure of interest rates (33), where the bond
price is a function of the instantaneous spot rate r(t), and the stochastic quantities
Exi(t), Dpij(t), and Dyy(t). We can then express the instantaneous forward rate as
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(from equation (1))

OM(t,T) 0Ny, (t,T)
oT aT

F(6,T) — £0,T) + () =S Nl D) ey (36)

. or

ONGi(t,T)  ONG, (8, T) 8/\/5” t,T)  ONo (8, T) B
+ Z ( oT ) )+ ;; < oT > Dﬂl](t)’

where the N (¢,T) (z € {04, 3;;}) are defined in equation (35).

We now take a number of fixed forward rate maturities equal to the number of state
variables remaining after excluding the instantaneous spot rate r(t). We express these
state variables in terms of forward rates with different fixed maturities. Thus, ns(=

ns — 1) forward rates of different fixed maturities 7}, are required.

Proposition 4.1. The forward rate of any maturity can be expressed in terms of the

ns benchmark forward rates and the instantaneous spot rate r(t)® as

FT) = £0,T) + Q4. T) + 3 Rt TV (4, T) + S, Tyr(t),  (37)
h=1

where, forl=n+q—1 and k =2n+1—1,

O, T) = _OM(t,T) +Z <8M(t Th) £0.T; )

i@ aNf”tT)/\/m-(t,T) (38)

T ot T,
- ONG(t, T) 0N, (t,T) U i (t,T)  ONG, (8T
S (M) DT 5, (gl 20|
q=2 =1 j=1
- ON;i(t, T " [(ONG (t,T) ON, (t,T
Ra(t.T) = @ih%Ngi(t,T)—i—zwlh( 5(T ) 5; )>
i=1 q=2
L [(ONg(t,T)  ONG, (t,T)
+ ;;wkh < T oT > . (39)
and
ONG, (6, T) = ONG, (8, Th) N4 t T) 4
S(t T) oT ; aT), szh Naz(th) (40)

z; (8/\@1 (t,T) aNgl(t,T)> +Z 5 (éwﬁij(t, T) 8Ngl(t,T)> 7

T 2 2 kh T T
i=1 j=1

8Only up to time ¢ = minT}. By reparameterising in terms of fixed time-to-maturity forward rates
h

f(t,t 4+ Ty), we may allow for any ¢ € Ry, a representation which would actually be more amenable to
empirical estimation.
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and @y, denotes the (hi" element of the matriz O~', the inverse of the square matriz

O(t), defined such that fori=1,2,...,n,q=2,...,n, and j =1,2,...,m;,

(210 @2(t) @s0t)]

0(t)

_ ON; (¢,Th)

where, ¢1(t) = T

Na’i(t,Th)} s a g X n matriz,

Pa(t) = [8N”5T(,:’Th) - 8N%}Z’Th)} , 18 a ng X (n — 1) matriz, and
ONg, . (t,T; . .
o3(t) = [ %JT(h b _ BN"al:ﬁ:’Th)] , 18 a g X (M1 + ...+ my) matriz.

Assume that O(t) is invertible for all t € {t;t = minT}}.
h

Proof. Considering equation (36) for the maturities 71,75, - - - , Tj, we obtain the system

Exn(t)

[ N, (t,T 7 Esnl(t
t7 o L2 o
f(t7T2) - f(O>T2) + . T, 2) 31T2 T(t) _ @(t) "

M(LT g Dy (1)
Dy 3 OM(t,Ty)  ONoy (t,Tny) on

| F(8T) = F0,T,) + 23T — Pl Dons (1

| Dgnm., (1) ]

By inverting the matrix O(t), the state variables £,;(t), Dyi(t) and Dg;;(t) are expressed

in terms of forward rates of ng distinct maturities as

[ E,1(1)

Eonll) [ (T~ £(0,Ty) + QM) N 0T ]

Dya(t) ’ ’ IM(LTs)  ONsy(KT1)

_ t,T5) — f(0,T) + =2 2 (¢
: _ @71(75) % f( 2) f( 2) ' oTs oT» ( ) (41)

Don(t) a. - ONG, (t,T5

Dan(t) F(t.Tn,) — F(0,T,) + 20T Oeplned (1)
_Dﬂnmn(t)_

By substitution of expressions (41) for the state variables into the forward rate formula
(36), one obtains (37) which expresses the forward rate of any maturity in terms of the 7

forward rates and the instantaneous spot rate r(t). O

The following proposition displays the corresponding bond price formula.
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Proposition 4.2. The zero-coupon bond prices in terms of the ng benchmark forward

rates and the instantaneous spot rate r(t) is given by the exponential affine form

Py = 2OD {Qp(t, )+ S RE( T4 T) + 87 T)r(t)} L (2)

P(0,1) 2
where
T —
——/ Q(t, s)ds, Rh(tT / Ri(t,s)ds, and ST(t,T) = / S(t,s)d
t
Proof. By substitution of (37) into the fundamental relationship (1). O

The risk neutral dynamics for each benchmark forward rate f(t,7},) are given by

n

df(t’Th) = Z Ji(thha f( ))Cl(t T}H sz] ,37,] t Th) —&ij (tTh) dt
i=1 =
+ 3 | oilt, T, F@)AWi(t) + > Bi(t, Th)dQis (8) | (43)
— =

which are driven by both Wiener and Poisson processes. By using the system (41), the
dynamics (19) of the spot rate r(¢) can be expressed in terms of the state vector (set
k= ng)

f(t) = (T(t)vf(taTl)vf(thZ)a s 7f(taTﬁs))Ta

as
dr(t) +ZRf (t, Th) — &' (t)r(t)| dt
+ Z 0’01 t f + Zﬂ()zg de ) wz‘j(t)dt] ) (44)
where, for l=n+q¢—1and k=2n+1i—1,
RIWD =D "@in — D ag)min — D Y ipij ()T, (45)
i=1 q=2 i=1 j=1
OM(t,T)
DY ( +ZRf ( £(0,T3) + %) (46)
h

and

s . NG, (t, Ti)

T, (47)

Thus a closed Markovian system for all the elements of the state vector has been ob-
tained.
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The advantage in obtaining the bond pricing formula (42) and the forward rate formula
(37) is that they allow us to transfer the market information of a certain set of distinct
forward rate curves and the instantaneous spot rate (in addition to the initial forward
curves included in the terms %Tt’fh)) into the bond price and the forward rate curve

respectively.

Moreover, the yield to maturity which is defined as R(¢,7) = —InP(¢,T)/(T — t),
becomes in terms of the forward rate

/. T £t u)du
R(t,T) = 7tT——t’ (48)
and using expression (37) we could express the yield to maturity in terms of the same
set of forward rates mentioned above. Applying similar invertibility arguments ? we may
express the forward curve in terms of a set of bonds or yields to maturity. Given that
yields of different maturities are observed in the market, this model setup would prove

to be very suitable for parameter estimation and model calibration.

Remark 4.1. Whether or not one includes the spot rate in the set of the state variables
depends on the particular application. By doing so in the present paper allows us to
relate the class of models developed here to the traditional models (e.g. Hull-White,
Ritchken-Sankarasubramanian) that do take the instantaneous spot rate as the under-
lying state variable, as we shall show in Section 6. However the general framework
developed does not tie us to such a choice, we may use any convenient set of interest
rates as the state variables. Appendix 5 sets out the results of this section for the case

when 7(t) is not one of the state variables.

5. STATE DEPENDENT POISSON VOLATILITY STRUCTURE

In previous sections, we considered the case in which only the Wiener volatility functions
depend on a number of state variables. The case where both Wiener and Poisson
volatilities are state dependent, poses some problems. We now indicate why, in the case
that both Wiener and Poisson volatilities are state dependent, it seems impossible to
obtain Markovian representation of the spot rate dynamics (13) and so we propose an
approximate solution to the problem.

Assume that the Wiener volatilities follow the structure (14) for ¢ = 1,...,n, and that

for j =1,...,m; the Poisson volatilities are expressed as

Bij(s,t, F(5)) = Boi(s, F(s))e Js railuldu, (49)

The derivative of the volatility functions (49) with respect to the second argument
(maturity) still satisfies (17), so the dynamics of the spot rate (19) still follow. Given
the state dependent volatility specifications (14) and (49) (assume that the market prices

9See Corollary 2 of Chiarella & Kwon (2003).
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of jump risk are non-stochastic), all the quantities ;(t), £g:5(t), Doi(t) and Dg;;(t) are
now stochastic.

The problem with this case arises from the process £s;;(t). Recall that

t
Epij(t) = /0 bij(s)B2 (s, t)e S50 s, (50)

and introduce for n = 2, 3, ..., the quantities

— t = £
) = [ (e (ot F)e o Das

We seek to obtain the stochastic differential equation for &g, (t), which from (50) turns
out to be

d€s, = (i (0)Boig (t, F (1)) — ki, ()€, (& F(1)) — EX (¢, F(1)))dt.

The process € gj) (t, f) in turn satisfies the stochastic differential equation

dESTI(E, F(0)) = (i ()55 (1, F(D) = 2515 (DER) (1, F(1) — ES (¢, F(2))) .

Thus, we are dealing with an infinite sequence of processes Egg (t, f), since for n =

2,3, ... we find that
deS(t, F(t) = (wij (8)88 (1, F(£)) — nai(DES (¢, F(2)) — €571t f(t))) dt.

Therefore, when both Wiener and Poisson volatilities are state dependent, it seems that
we cannot obtain a Markovian representation at least not by an approach similar to
the one that led to the spot rate dynamics equation (19). To “close” this sequence
will require some approximation. In practice, if would be the case that 8" (t) ~ 0, for
sufficiently large n (see the magnitudes of the jump component obtained by Chiarella
& T6 (2003)) so in this way it is possible to achieve an approximate Markovianisation
and have an approximate affine term structure.

6. MODEL APPLICATIONS

In this section, we illustrate examples of jump-diffusion models that can be generated
with the framework of this paper. We also relate our general model to known models
and extend these models to incorporate jumps components. In particular, we consider
examples of the Hull-White type models (hereafter HW) and the Ritchken & Sankara-
subramanian (1995) class of models (hereafter RS) extended to the multi-factor jump-
diffusion case and investigate their distributional profiles.
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6.1. Hull & White Type models. One of the characteristic features of HW type
models is that the underlying dynamics involve a mean reverting process for the in-
stantaneous spot rate of interest as this is the underlying state variable'” in this class
of models and the volatility function is only time deterministic. So, to obtain HW
type models under jump diffusions, we restrict our general model of state dependent
Wiener volatilities to time deterministic volatilities. Thus the volatility specifications of

Assumption 3.1 are simplified to

Assumption 6.1. Fori=1,...,n, the time dependent Wiener volatility structure (3)
s of the form

oi(s,t) = ogi(s)e” Js Rei(wdu, (51)

and fori=1,...,n and j = 1,...,m;, the time dependent Poisson volatility functions

are of the form (15) where kqi(t) and oo;(t) are time deterministic functions.

This assumption will reduce the number of the stochastic state variables. To see this
note that the state variables &,;(t) determined by (23) are now non stochastic as they

assume the time deterministic form
t
Exi(t) = / o2(s,t)ds. (52)
0
In addition, the stochastic state variables Dy;(t) defined by (25) are of the form

Doi(t) = /0 os(5, )G, £)ds + /0 os(5,)dWi(s). (53)

The dynamics (19), under Assumption 6.1, therefore become

dr(t) = [A(t) + S(t) — ko1 ()r ()] dt + > | o (H)dW;(t) + Z Boij (8)(dQi; (t) — ij(t)dt) | ,

- (54)
where we set
a n n.om;
A(t) = o f(0.8) + ka1 () F(0.5) + Y Eailt) + D D Eaij(8), (55)
i=1 i=1 j=1

the deterministic part of the drift term, and

n

nm
S(t) = =) _lroi(t) = ka1 ()] Dailt) = D > [rpij(t) = ko1 ()] Dgis(t),  (56)

i=2 i=1 j=1
the stochastic part of the drift term. The spot rate dynamics (54) generalise the structure
of the Hull & White (1994) two-factor model where the spot rate was driven only by
one Wiener process. We recall that the basic idea of Hull & White (1994) was to
100f course, there is no reason why one could not define a class of HW or RS models where say some

other rate e.g. the 6-month LIBOR rate serves as the underlying state variable. However it has become
traditional for a wide class of models to use the instantaneous spot rate as the underlying state variable.
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add to the drift term a stochastic factor driven by another Wiener process. In (54)
we see that the drift contains the deterministic term A(t), the stochastic term S(t)
consisting of n + m; + ... + m, — 1 stochastic factors and the mean reverting term
for the instantaneous spot rate r(t). It is also worth pointing out that as it is defined
within the HIM framework, the spot rate process (54) is automatically calibrated to
the currently observed yield curve through the A(¢) term. For these reasons we suggest
that this representation is the natural extension of the HW model to the multi-factor

jump-diffusion situation.

In Appendix 4,'! by following similar arguments as in Section 4, the corresponding
finite dimensional affine realisations, for the HW models, in terms of forward rates of

Ng=n+mq+...+m, — 1 different fixed maturities are derived.

In the following examples, the initial forward rate curve considered has the functional
form f(0,t) = (ap + a1t + ast?) e~ ¥t with parameters being estimated as ag = 0.033287,
a; = 0.014488, a2 = —0.000117, and v = 0.0925, which result in an upward sloping
forward curve. The data used for interpolation are the US zero yields from the US zero
curves up to 10 years including the spot US zero curve on July 20, 2001.

We will now consider the case of the one Wiener-two Poisson HW type of model.

6.4%

6.2% -

6.0% o

O=f(t,5) = 5.80%

5.8% -
—O=f(1,5) = 6%

——{(t,5) = 6.20%

5.6%

Time to Maturity

FiGURE 1. Forward rate curves at ¢ = 6 months, for the one Wiener and
two Poisson HW type model when o¢g = 3.2%, x, = 0.18, So1 = 0.6%,
kg, = 031, 1 = 1, oo = —1.28%, kp, = 0.17 and ¢ = 1.5. The
corresponding curves represent the f(¢,7) when f(¢,10) = 6.2% and
f(t,5) takes the values of 5.8%, 6% and 6.2%.

U The current case when the Wiener volatility function is independent of the state variables yields slightly
different looking representations pecause the &£,4(t) quantities became deterministic. This means that
the elements @1(t) of the matrix O(t) in Proposition 4.1 does not appear.
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Thus, for n =1 and m; = 2, consider the volatility functions
o(t,T) = ao(t)e i molin, (57)
and
T d
Bi(t, T) = Boi(t)e™ o soidu  igh § =1, 2. (58)

The number of the stochastic state variables, in this case, is 3(= n + Y ) including
the r(t), and using the results of Appendix 4 we may express these state variables in
terms of 2 benchmark forward rates and the spot rate. In turn, the forward rate f(¢,7)
and the bond prices P(¢,T) can be expressed in terms of the spot rate r(t) and these
benchmark forward rates. The state variables used here are the spot rate, the 5-year
forward rate f(t,5) and the 10-year forward rate f(¢,10).

Further the parameter values of the Wiener volatility are o9 = 3.2%, k, = 0.18. The
parameter specifications for the jump volatility terms are By = 0.6%, kg, = 0.31,
Bo2 = —1.28%, kg, = 0.17. The jump intensities are 1)1 = 1 and 1o = 1.5 respectively.
The forward rate curves shown in Figure 1 are at 6 months time when it is assumed that
r = 6%, the 10-year forward rate f(¢,10) is 6.2% and the 5-year forward rate takes the
values of 5.8%, 6% and 6.2%. For these volatility specifications, the spot rate volatility
is 3.5% and the 10-year forward rate volatility is 16.5% of the spot rate volatility.

6.2. Ritchken & Sankarasubramanian Type Models. The RS class of models!'?
considered in this example is characterised by state dependent Wiener volatility func-

tions, so that

T

o(t,T) = o1 (T — t)oa(f(t))e Je Ho(wdu, (59)

We consider the case that n = 1 and m; = 2. The number of the state variable, in
this case, is 4(= 2n + ;") including r(¢). Using the results from Proposition 4.1 and
Proposition 4.2 we may express these state variables in terms of 3 benchmark forward
rates and the spot rate. Thus we may set f(t) = (r(t), f(t,T1), f(t, To), f(t,T3))". In
turn, the forward rate f(¢,7") and the bond prices P(¢,T) can be expressed in terms of
the spot rate r(t) and these benchmark forward rates. The state variables used now are
the spot rate, the 2.5-year forward rate, the 5-year forward rate and the 10-year forward
rate.

The initial forward rate curve and the volatility specifications considered here are the

same as in Section 6.1. The forward rate curves shown in Figure 2 are in 6 months time

1211 the original Ritchken & Sankarasubramanian (1995) paper, the forward rate volatility functions

considered are of the form o(r)e” I ko (. Subsequently, Ritchken & Chuang (1999) consider the
forward rate volatility functions (ao4a1 (T —t))e ¥ T~ The form (59) generalises this type of volatility
structure.
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6.4%

6.2% -

6.0% €

5.8% - —O~f(t,5) = 5.80%
- 1(1,5) = 6%
—r—{(t,5) = 6.20%

5.6%

0 1 2 3 4 5 6 7 8 9
Time to Maturity

FIGURE 2. Forward rate curves at t = 6 months, for the One Wiener and
Two Poisson RS type models when o¢g = 3.2%, k, = 0.18, Go1 = 0.6%,
kg, = 0.31, 1 = 1, Bop = —1.28%, kg, = 0.17 and ¥, = 1.5. The
corresponding curves represent the f(¢,7°) when f(¢,2.5) = f(¢,10) =
6.2% and f(t,5) takes the values of 5.8%, 6% and 6.2%.

when r = 6%, the 2.5-year forward rate and the 10-year forward rate is 6.2% and the
5-year forward rate takes the values of 5.8%, 6% and 6.2%.

In order to compare the different class of models examined, we select the model param-
eters so as to maintain, for all models, the spot rate volatility at 3.5% and the 10-year
forward rate volatility at 16.5% of the spot rate volatility. To obtain these volatility
levels, the set of the Wiener and Poisson volatility parameter values is the one used in
each of the above examples.

Comparing Figure 1 and Figure 2 we see that the state dependent volatility models
display forward rate curves with sharper curvature changes than the equivalent Hull
White type models of Section 6.1. This is expected since the state dependent volatility
models incorporate a larger number of state variables, which makes the model more

flexible and able to capture more realistic forward rate behavior.

6.3. Simulated Distributions. In this section we perform simulations of the stochas-
tic differential equation system under the risk neutral measure that results from the
Markovianisation procedure. We examine and compare the simulated normalised distri-
butions of r(¢) for the HW class of models and the RS class of models and in particular
when one Wiener and two Poisson noise terms drive the forward rate dynamics. For
all the simulation examples performed in this section, an “Euler-Maruyama approxima-
tion”is employed and we discretize the time interval [0, 1] into N = 400 equal subinter-
vals of length At = 1/N, and generate 100,000 paths for r(¢). Furthermore, in order
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to compare the leptokurtosis levels of the two classes of models, the volatility param-
eters (Wiener and Poisson) have been selected as to provide the same variance of the
simulated distributions, with variance being 0.0017 in all cases.

For the One Wiener and Two Poisson HW type of models, the volatility specifications
considered, are o(s,t) = oge *(=5) and (s, t) = Boie *#(=%) and constant ;. We
consider the discretised system of the instantaneous spot rate dynamics (54) with the
two state variables Dg;(t) expressed in terms of the two benchmark forward rates f(t,5)
and f(t,10), by making use of the system (86) in Appendix 4.

Simulated Normalised Density - Hull White Models

= = = NO Jump

LowJump

——High Jump

Ficure 3. Simulated Normalised Density of the Instantaneous Spot
Rate for the HW type of models at ¢ = 1. The volatility magnitudes
are; for the high jump volatility case og = 0.9%, Bo1 = 4%, Bo2 = —2%;
for the low jump volatility case og = 3.8%, Go1 = 2%, Bo2 = —1.2%; and
for the no jump volatility case o9 = 4.5%.

Figure 3 shows the simulated normalised distribution of r(¢) for the HW type of models
at ¢ = 1. The volatility parameter values used are x, = 0.18, rg, = 0.31, kg, = 0.17,
1 = 1 and 1o = 1.5. We consider three sets of volatility magnitude parameters, one
with high jump volatility, one with low jump volatility and one with no jump volatility
which are respectively; a) o9 = 0.9%, Bo1 = 4%, Bo2 = —2%, b) o9 = 3.8%, Bo1 = 2%,
Bo2 = —1.2% and ¢) o9 = 4.5%. We consider the no-jump volatility case in order to
compare the distributional outcome with the Gaussian case. In fact, in the absence
of jumps, the model reduces to the Gaussian case. Figure 3 shows that, compared
to the normal distribution, with increasing jump magnitude, the distribution becomes
asymmetric with long tail to the right. However the jump magnitude needs to be of a
reasonable size for this effect to become pronounced.

For the RS type models, the Wiener volatilities are state dependent having the functional
form (59). In particular, for the One Wiener and Two Poisson RS type models, we need

four state variables to Markovianise the system and by considering the instantaneous
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spot rate r(t) as one of the state variables, then f(t) = (r(t), f(t, Ty), f(t, T»), f(t,T3)) .
We further assume that o1 (7T — t) = o9 constant, and

o

)

3
r(t)+ > enf(t,Th)

h=1

oa(f(t) =

with v = 0.5, so we considering a square root process for the Wiener volatilities.'® For

the Poisson volatility specifications, we consider §;(s,t) = Go;e ¥5i(*=%) and constant 1;.

Simulated Normalised Density - Ritchken-Sankarasubramanian Models

= = = NOJUMP
——LOW JUMP VOL
—O—HIGH JUMP VOL

FIGURE 4. Simulated Normalised Density of the Instantaneous Spot
Rate for the RS type models at ¢ = 1. The volatility magnitude is
set as og = 1.2%, Bo1 = 4%, Loz = —2% for the high jump volatility case;
oo = 5.2%, o1 = 2.4%, Bo2 = —1.5% for the low jump volatility case;
and o9 = 6.8% for the no-jump volatility case.

We now consider the discretised system of the spot rate dynamics (44) which is the
dynamics (19) with the state variables £, (t) and Dg;(t) expressed in terms of the three
benchmark forward rates f(¢,2.5), f(¢,5), f(t,10) and the spot rate by using the system
(41)). The simulated normalised distribution of r(¢) at t = 1 for the RS type of models
is shown in Figure 4. The volatility parameter values used are x, = 0.18, kg, = 0.31,
kg, = 0.17, 91 = 1 and ¥ = 1.5. We also set ¢ = 2, co = 1, c3 = 2. For the three cases
of volatility magnitude, we consider o9 = 1.2%, Bo1 = 4%, Bo2 = —2% for the high jump
volatility case, g = 5.2%, Bo1 = 2.4%, Bo2 = —1.5% for the low jump volatility case,
and o¢ = 6.8% for the no-jump volatility case. Considering the no-jump volatility case,
in other words by relying on state dependent volatilities only, the skewness obtained
is relatively large. Adding jumps does not change the order of the magnitude of the
skewness. However, in the HW models the jump magnitude significantly change the
order of magnitude of the skewness (see Table 1 and Table 2).

BThere is a positive probability that this type of dynamics may drive interest rates to negative values.

Thus more general state dependent volatility functions may be employed, that are well defined for
negative values as it has been shown in Nikitopoulos (2004).
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Simulated Normalised Density Simulated Normalised Density

~£—HW Model
—o—HW Model

~O—RS Model
~O-RS Model

Ficure 5. Comparison of Simulated Normalised Density of the Instan-
taneous Spot Rate for the HW and RS type of models at ¢ = 1 when a)
no jump and b) large jump volatility is considered.

Figure 5 compares the simulated normalised distribution of r(¢) for the HW and RS
type of models at t = 1 for the cases considered earlier. The no jump cases are to the
left and the large jump volatility cases to the right. In the large volatility cases similar
distributions are obtained, however the two models show differences when we compare
the statistical properties of the spot rate changes as Table 2 illustrates. Further, in order
to gauge the effect of the jump parameters and the state dependent volatility on the
simulated normalised distributions, we compare in Table 1 and Table 2 the statistical
properties of the simulated distributions of the spot rate and the spot rate changes
(recall that variance of the spot rate is 0.17% in all cases and expressed in percentage

terms).

Statistical Information on r(t)

no-jump low jump high jump
HW RS HW RS HW RS

Mean 6.59 6.60 6.62 6.61 6.61 6.60
Variance | 0.17 0.17 0.17 0.17 0.17 0.17
Skewness | 0.0045 | 0.5004 | 0.0396 | 0.3463 | 0.4313 | 0.4494
Kurtosis | 3.0081 | 3.3555 | 3.0438 | 3.224 | 3.4875 | 3.5451
TABLE 1. The statistical measures of the spot rate from simulated dis-
tributions for different jump magnitudes under the HW and RS models.

We observe that when the jump volatilities are low the HW model is very close to
a Gaussian one, although the RS model exhibits a variation from the Gaussian model
with high skewness and kurtosis. Also, the state dependent models (RS) with or without
jumps certainly display higher kurtosis and higher skewness of the spot rate compared to
the equivalent (with respect to the jump size) deterministic volatility models (HW). This
indicates that state dependent volatilities may capture more efficiently the asymmetric
feature of the empirical spot rate distribution.
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Statistical Information on dr(t)

no-jump low jump high jump
HW RS HW RS HW RS

Mean 0.0009 | 0.0019 | 0.0006 | 0.0012 | -0.0011 | -0.0015
Variance | 0.0005 | 0.0005 | 0.0004 | 0.0003 | 0.00001 | 0.00002
Skewness | -0.0019 | -0.0025 | 0.0016 | -0.0139 | 0.0018 | -0.0634
Kurtosis | 2.9820 | 3.3040 | 2.9899 | 3.3037 | 3.0033 | 3.2354
TABLE 2. The statistical measures of the spot rate changes from simu-

lated distributions for different jump magnitudes under the HW and RS
models.

By increasing the jump volatilities, both models exhibit asymmetric normalised distri-
butions with a long tail to the right as we made the choice of the positive jump size to
dominate the negative jump size. However, the state dependent RS model without jump,
has high kurtosis of the spot rate changes but not particularly high negative skewness.
When the state dependent model is combined with the jump diffusion model, such as RS
with jumps, then both high kurtosis and sufficiently negative skewness of the spot rate
changes are obtained. Thus, jumps on one hand and state dependent volatility on the
other hand, yield models that capture better the stylised empirical facts of interest rate
movements. However, the combination of both state dependent volatilities and jumps
succeeds in accommodating most of the empirical distributional behavior of the spot
rate and the spot rate changes. This feature should help to produce derivative security

pricing models with improved valuation accuracy.

The feature that has made it tractable and possible to quantify these characteristics is
the ability to obtain Markovian structures for the interest rate dynamics. This Markov-
ian class of models that incorporates the more realistic jump-diffusion processes com-
bined with stochastic volatilities may be employed for more accurate derivative pricing
and hedging and also in empirical studies of interest rate markets (see Chiarella & T6
(2004)).

7. CONCLUSION

In this paper we have developed a class of jump diffusion term strucutre models within
the framework of Shirakawa (1991). By an appropriate choice of a state dependent and
time dependent forward rate volatility functions, we obtained Markovian representations
of the spot rate dynamics and derived the corresponding exponential affine bond pricing
formulas. Furthermore, the state variables of the model have been expressed in terms
of a set of benchmark forward rates and yields, a fact that makes the model suitable for
both calibration and parameter estimation. Thus for state dependent Wiener volatilities
and time deterministic Poisson volatilities, we have been able to extend the results
concerning finite dimensional affine realisations of HJM models in terms of forward rates
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discussed in Chiarella & Kwon (2003) to the jump diffusion case. We have provided
some numerical examples to demonstrate the nature of the Hull-White and Ritchken
& Sankarasubramanian class of models when they are extended to incorporate jumps.
Summarising these results, the combination of state dependent volatilities and jumps
succeeds in accommodating most of the empirical distributional behavior of the spot rate
and the spot rate changes which will in turn provide more accurate derivative security
pricing models.

In the case of state dependent Poisson volatility specifications, we have given some
insight into why it becomes difficult to obtain a Markovian representation of the system,
and we have proposed an “approximate” Markovian structure.

Further developments of this work would include estimation and model calibration.
Incorporation of the jump processes into the HJM model as well as state dependent
volatility structures allows a more efficient fit to market information. Additionally and
more importantly, the tractability of the Markovian structures obtained provides an
efficient and more accurate basis for Monte-Carlo simulations, that may be employed
for derivative pricing and hedging purposes. Furthermore the framework developed here
may be extended to credit risk models, as shown in Chiarella, Schlégl & Nikitopoulos
(2003). This seems a natural extension as the fundamental processes used in credit risk

models are jump-diffusion processes.

APPENDIX 1. THE NO-ARBITRAGE CONDITION IN THE BOND MARKET

Setting ng =n+ Y ;- m;, consider a hedging portfolio containing bonds of maturities
Ty, T, - -+, Thy+1 in proportions wy, wa, -+, Wpy+1 With wy +we 4+ -+ + w41 = 1.
We denote with Py(t) = P(t,Ty) (h = 1,2,...,(ng + 1)) the value of these ny + 1
zero-coupon bonds, and for simplicity of notation we write the stochastic differential
equation for P in the general form

dPy(t)

Ph(t) = K1p, (t)dt + Z VP.s (t)dWl(t) + Z X Ph,ij (t)dQl] (t) ’

i=1 j=1

where

pp, () =r(t) + H(t, Ty, f(t))

vp,,(t) = —=Gi(t, Th, (1)), and
X Ph.i; (t) = e—Sii(tTh) _ 1.



26 CARL CHIARELLA AND CHRISTINA NIKITOPOULOS SKLIBOSIOS

Let V be the value of the hedging portfolio, then the return on the portfolio is given by

v 4P dP AP,y 11
% = W1 P1 + w9 P2 + + Wngr+1 PnH+1
ng+1 ng+1 n m;
= Z wppp, dt + Z wp, Z I/phyidWi(t) + Z XP, i inj (t)
h=1 h=1 i=1 j=1

In order to eliminate both Wiener and Poisson risks we need to choose wy, ws, ---,

Wp;+1 so that for every ¢ =1,2,...,n
ng+1
> wpvp,, =0, (60)
h=1
and fori=1,2,...,n,and j =1,2,...,my,
ng+1
Z wpXPp,; = 0. (61)
h=1

The hedging portfolio then becomes riskless, thus, it should earn the risk-free rate of

interest r(t), i.e.,

av et

v = Z wppp,dt = r(t)dt.
h=1

From the last equality and the fact that wy +wg + - -+ + wy,, 41 = 1, we have

ng+1

S wnlup, — () = 0. (62)

h=1

Equations (60), (61) and (62) form a system of ng + 1 equations with ng + 1 unknowns

wi, W, -+, Wnpy+1. Lhis system can only have a non-zero solution if
Vp 1 (t) VP2,1(t) T VPpy+11 (t)
l/Pl,n (t> VP2,n (t) e VPnH+1,n (t>
XPi 11 (t) XP2,11(t) T XPrpt1,11 (t) =0.
Xpl,nmn (t) XPZ,nmn (t) T XPnH-l»l,nmn (t)
wpy — Y’(t) Hpy, — T(t) e /"LPnH+1 - T(t))

This implies that for h =1,2,..., (ng+1) there exist ¢1(¢), p2(t), ...,¢n(t) and (11(1),
cey ¢1m1 (t)), (¢21(t), ey meQ(t)), ey (¢n1(t), ey wnmn (t ), SllCh that

n

pp, —7r(t) =— Z ¢i(t)vp, ,(t) + zl:%j(t)XPh,ij (t)
=1

=1
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Since the bond maturities are arbitrary, for bonds of any maturity 7" we must have that

n

uwp — T‘(t) = — Z + Zwm XPZJ : (63)

i=1
The economic interpretation of condition (63) is that the excess return of each bond
above the risk free rate is equal to the total risk premium required as compensation
for bearing the risk associated with the Wiener processes and the Poisson processes.
Consequently, we may interpret ¥; as the vectors of the market prices of Poisson jump
risks (one associated with each possible jump size) and ® as the vector of the market
price of the Wiener diffusion risks. By recalling that up(t) = r(t) + H(t, T, f(t)) and

substituting the expressions for vp, (t), withi =1,...,n, and xp,(t), with j = 1,...,m;,
we obtain
H(t,T)E—/ (tu du+z T ) +3S A7)
t i=1 j=1
_ Z di()G(E, T, f wa e—6ii(tT) _ 1. (64)
=1

By taking the derivative of (64) with respect to 7" and manipulating appropriately
we derive the forward rate drift restriction that extends the HJM forward rate drift

restriction to now incorporate the jump feature, i.e.,

n

a(th) = Z Ui(t7T7 f(t))(_(pl( )+ Cl(t T f Zﬂzg t T 1/’1]( ) —&(tT) _ /\ij)
i=1 1
" (65)

APPENDIX 2. SIMPLIFICATION OF TERMS USED IN EQUATION (27)

Let

S(s.t, () = o(s,1, f(5) / o(s,u, F(s))du

t
= 0'(2)<S, fi(S))ei f: Ho’(’U)d’L}/ e~ fs Hg_(v)dvdu‘
Then the derivative of S(s,t, f(s)) with respect to the second argument is given by

OSTON _ a(s, fapye2I: s — e, (1)5(s., 7).
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Therefore,

Now consider the corresponding term in equation (27), with the Poisson volatility func-
tions, and let

F(s,t) = B(s,1)[1 — e~ [ AGlde] = gy (5)e= J2 a0l [1 e Lot “ﬂ(”)d“d“] .

Then
OF (s,t)
ot

— B2(s, t)e™ S Bl _ s (1) F (s, 1),

and
g [t t " t
g / W(3)F (s, 1)ds = / ()3 (s, )2 Blmdugy _ ooy / W(3)F (s, 1)ds.
0 0 0
APPENDIX 3. DERIVATION OF THE BOND PRICE FORMULA

We derive the bond price formula using the Inui & Kijima (1998) approach. The forward

rate dynamics under the risk neutral measure are

[T = F0,T)+ / 015, T, F(5))Gi(s, T, F(s))ds + 3 / oi(s, T, F(5))dVWi(s)
=170 =170

(66)
+ Z i/ Pii(8)Bij (s, T)[1 — e~&i D ds + Z 2/ Bij (s, T)[dQij(s) — ij(s)ds].
i=1 j=170 i=1 j=170

Using the fundamental relationship P(¢,T") = exp (— ftT f, y)dy)7 we may write'?

P(t,T) =

~ exp (— [ o g [ ortosn 7o, 76 s - g [ [ oo Fopaniis

L tT nomi t T
N A — et 5= ij\Ss ij\8) — Wij(8)as] | .
ZZ/@ /t 7/)w( )6 ( y)[l ]dyd ZZ/O /t Jé; ( y)dy[dQ ( ) " ( )d })

=1 j=1 i=1 j=1

(67)

1We assume that the conditions for application of stochastic Fubini theorem are satisfied.
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Further, incorporate the volatility specifications (14) and (15) and functions (35), to
derive'®

T B T
/t 0,5, F())dy = ou(s, 1, F(5)) / e I Rastugy — g b, F(s)No(t,T),  (68)

and similarly

T T
/t Bii(s,y)dy = Bij (s, 1) /t e I moii@dugy = g (s NG (1T).  (69)

Therefore, by integrating from 0 to ¢t and for i =1,...,n

/ / os(5,y, F(5))dydWi(s) = Noi(t, T) /0 os(5, 1, F(5))dTTi(s), (70)

and for j =1,.

/0 /t Bij(s,y)dyldQij(s) — bij(s)ds] —Nﬂij(t,T)/O Bij(5,8)[dQi;(s) — iz (s)ds].
(71)

Similarly, for ¢ = 1,...,n, we manipulate the term

T T Y _
/t oi(s, . F(8))Gi(5 . F(5))dy = / oi(s,9, F(5)) / 015, v, F(5))dvdy

T t _ _ T Y Y v
= ot f(s)) [ e ety [ Ui(sw,f(é‘))dv+03(s7t,f(8)) et [ i o
t s t t

0i(s, 6, [(8))Noi(t, T)Gi (5,8, [ (5)) + 3 2(8 t, f(s))NZ:(t,T), (72)
since
T T
/ o [ koi(w)du /y - N Fm(“)d“dvdy _ / d (1[/3/ - I “Ui(u)dudv]2>
t t t 2
1/ (T 2
_ 1 (/ oY ){o”i(u)dudy> _ —Nﬁi(t,T)- (73)
2\, 2
Therefore integrating equation (72) from 0 to ¢ we obtain (for i =1,...,n)

/ / oi(s,y, f(5))Ci(s,y, f(s))dyds = (74)

Noi(1,7) / (5, F())Gi(s. 1, F(3))ds + LN (1, T) /0 (5,1, F(s

0

Substitute the results'® (70), (71) and (74) into equation (67), and collect like terms
and the bond price formula will simplify to

5Note that
0i(5,9, F(5)) = 00i(s, f(s))e 1¥ 10N = gi(s, F(s))e™ e morItme = [ non e — g5 4, f(s))e IF mosCae,

16The results (70) and (74) have been already proven in Inui & Kijima (1998).
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T n t N _
P(t? T) = exp <_/ f(ov y)dy - ZNoi(tv T) /0 Ui(sa ta f(S))Cz(S, tv f(S))dS
¢ i=1

_ln > tU‘QS f(s s—n ; to‘»S F(s))dWi(s
2;Naz(t;T)/(; z( 7t7f( ))d ;Naz(tyT)/O z( ,t,f( ))sz( )
_ZZZ:NBU@’T)/ Bij (8, 0)[dQij(s) — ij(s)ds]
i=1 j=1 0

n.om; t T
SN [ i — ey | (75)

i=1 j=1

By using the definitions (23),(25) and (26), equation (75) simplifies further to

T n n
P(t,T) = exp (— / FO.)dy — 5 SN TIER(D) D Noilt, T)Doi(1)
t i=1 i=1

S Ny (4T) {%(t) - / Vi (5)Bi5 (s, )[1 e&j(s’t’]ds} (76)

i=1 j=1

n  m;

t T
_ Z Z/O /t wij(s)ﬁij(s, y)[l — e—Eij(s,y)]dde

i=1 j=1
Thus the bond price formula, where the bond price is a function of the state variables
Esi(t), Dp;j(t) and Dyy(t) withi=1,--- ,n and j =1,--- ,m;, may be expressed as,

P(.T) _P(0,7) exp {M(t, T)— % Zn:/\/ﬁi(t, T)Eyi(t)

P(0,1) 2
. S (77)
— Y Noilt, T)Doi(t) = > > Ny (8, T) Dy (8) ¢
i=1 i=1 j=1
where,
3 n my t T
M) == 3 [ [ o).l 6o ayas
i=1 j=170 Jt
s . (78)
+D D> Ny, T) {/0 bij(s)Bij (s, H)[1 = 65”(5’t)]d8} :
i=1 j=1

3.1. The case where the spot rate is one of the state variables. To derive the
corresponding term structure of interest rates, substitute the expression (29) for the
Dy1(t) into the bond price formula (77) to obtain the multi factor affine term structure
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of interest rates in the form

Pt,T) = ];((% f; exp {M(t,T) — N (8, T)r(t) — —ZNQ (£, T)E(t) (79)
_Z 0i(t,T) = Noa (8, 1)) ZZ Nﬁ%] (t,T) — No(t, T))Dﬂw( ) ¢
i=1 j=1
where

M(tv T) = crl(ta T)f(07 t) + M(tv T)a
with N (¢,T) (x € {04, 0i;}) defined as in equation (35).

APPENDIX 4. FINITE DIMENSIONAL AFFINE REALISATIONS IN TERMS OF FORWARD
RATES FOR HW MODELS

Using the Inui & Kijima (1998) approach and under the volatility specifications of Propo-
sition 6.1, the spot rate dynamics (54) lead us to the multi factor bond price formula
in terms of the state variables r(t), Dyi(t), and Dg;;(t). The multi-factor affine term

structure of interest rates is

n

P(T‘(t), t, T) = exp {M(t7 T) - Na1 (t’ T)T(t) - Z(Nai(t’ T) - Nm (tv T))Dm (t) (80)

7=2
—ZZM%tT Noy (8, 7)) Dgij(t) ¢
=1 j=1

where
M(tv T) = M(tv T) - % zn:'/\/’zi (t> T)gm' (t)> (81)
=1

with M(¢,T) and N (t,T) (z € {04, 5i;}) are defined in equation (34) and (35) respec-
tively. To derive the result (80), we perform similar manipulations as in Appendix 3.
The bond price formula (80) generalises the affine term structure of interest rates of
multi factor Hull & White type of models, to the case of jump diffusions.

Use of the exponential affine term structure of interest rates (80), where the bond price
is a function of the instantaneous spot rate r(t), and the stochastic quantities Dpg;(t)

and D,;(t) lead us to express the instantaneous forward rate as (from equation (1))

6,1 - 0,1y D N, )

T
" i(t,T) 0N, (t,T K (ONGii (6, T)  ON, (t, T
Z < 8;“ )> Dyi(t) +ZZ< ﬁg; ) 8(T )> Dpij(t).

i=2 i=1 j=1

(82)
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Take a number of fixed forward rate maturities equal to the number of state variables
fs(=n+mi + ...+ my, — 1) excluding the spot rate. Then these state variables can
be expressed in terms of forward rates of ng different fixed maturities as the following

proposition shows.

PropositionA5.1. The forward rate of any maturity can be expressed in terms of the

ns benchmark forward rates and the instantaneous spot rate r(t) as

F(LT) = FO.T) + O, T) + 3 Rt T)F(tTh) + S(t Tr(d), (83)
h=1

where, forl=q—1and k=n-+1i—1,
OIME,T) & [OM(t,T)

Zwlh (Wt T) 2N (0.1

oT Pyt oTy, oT
(84)
T ONpi; (t,T) N, (t,T
o (2 Ng>ﬂ7
i=1 j=1
- L(t T) _ONG, (t,T) ONgi(t,T)  ON,, (t,T)
Zwm( 5T ) ;};wkh( J Lt ),
and
NG (6, T) &~ N, (8, Th) [ & ONG, (t,T) 0N, (t,T
S(t,T):%—Z# Zmn( T - 8; )> (85)
h=1 q=2
N ONpii(t,T) 0N, (t,T)
+;;wkh( ] 81T ) ;

and wyy, denotes the (h" element of the matriz @~', the inverse of the square matriz
O(t), defined such that fori=1,2,...,n,¢q=2,...,n, and j =1,2,...,m;,

O(t) = [pa(t) ps(t)] .

where, po(t) = [8/\/”5%’%) - 8N”81}:’Th)] , is a ng X (n — 1) matriz, and
ONg, . (¢, . N .
p3(t) = { %JT(h W 8/\%}2,%)] , 18 a g X (mq + ... +my) matriz. Assume that O(t)

is invertible for all t € {t;t = min T} }.
h
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Proof. Considering equation (82) for the maturities 74,75, - - - , Tj,, we obtain the system
y N, [ D20 |
B OM(t,T oy (T ] .
f<t7T1) - f<07T1) + A{)(]t“l U 6_/\[81%1 I;T(t) .
OM(t,T: o (5T
F(t,To) — £(0,Ts) + 8% b) () () x Don(t)
: Dpn(t)
Y 7 ONo 7Tﬁs .
f(8,Tn,) = £(0,Tp,) + 2048 Tne) SN liToe) () | :
[ Dgnmy, ().

By inverting the matrix O(t), the state variables D,;(t) and Dg;;(t) are expressed in
terms of forward rates of n, distinct maturities as

[ Dya(t) | h
: f(thl) - f(O7T1) + 3/\/é(jt—iT1) 8_/\/'01 (t Tl) (t)
Y aNg T
Dt | _ gy | 10T S0+ 2 - 265l
=07 () x . ’ (86)
Dp11(t) :
: OM Th 8_/\/01 T
. f(t,Ta,) = f(0,Th,) + a(:?T D) ONe, }t D (t)
_Dﬁn"”n (t)_

By substitution of expressions (86) for the state variables into the forward rate formula
(82), one obtains (83) which expresses the forward rate of any maturity in terms of the

forward rates of 115 fixed maturities and the instantaneous spot rate r(t). g

APPENDIX 5. BENCHMARK FORWARD RATES AS SOLE STATE VARIABLES

By substituting (23), (24), (25) and (26) into the stochastic differential equation (28)
we obtain the dynamics for the spot rate in terms of the stochastic factors ,;(t), Dyi(t)
and Dg;(t), as

dr(t) = | D(t) + Z Esi(t) — Z ki (£)Dai(t) — Z Z kpij(t)Dpij(t)) | dt
=1 =1 =1 j=1 (87)
+ Z 0’0, t f + Zﬂou szy ) wij(t)dt] )
where
f)():—fOt +ZZ€BU (88)

=1 j=1
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The corresponding affine term structure of interest rates (see Appendix 3 for details) is

given by
_ P(O’T) ~ . 1 - ) )
P(t’T) o P(O’t) €xXp {M(t’T) 9 ;Nai(tu T)gal(t) (89)
_ZNaz t T 0'7, _ZZNI@” t T)Dﬁzg( ) s
i=1 =1 j=1
where,
=5 [ [ vt - S
) jmll (90)
#30D Nag(t1) [ (61800 — S50,
=1 j=1

The bond price (89) is a function of the state variables £;(t), Dyi(t) and Dg;;(t) with
i=1,---,nand j=1,--- ,m;. From equation (1), we can express the relation between
the instantaneous forward rate curve and the state variables as

IM(t,T) _ 2": ONGi(t,T)

f(tv T) - f(()’ T) + f(0> t) + Noi(t> T) 5Gi(t)

oT P oT
DN (t,T) ONii (¢, T) O
oillt ,Bz
+ g 7(9 Z Z — )

where N (t,T) (x € {0;,5i;}) are defined as in equation (35).

Taking a number of fixed maturity forward rates equal to the number of the state
variables, it becomes possible to express the state variables in terms of forward rates with
different fixed maturities. Thus, we consider forward rates of ns(=2n+mq +...+my)

different fixed maturities T}, as shown in the following proposition.

PropositionA4.1. The forward rate of any maturity can be expressed in terms of the
ng benchmark forward rates f(t,Ty), (h=1,...,ns) as

FLT) = FO.T) = F0,0) + Q. T) + S Ralt, TV (¢, Th), (92)

h=1
where, forl =n+1 and k =2n + 1,

- ONGi(t, T) ONoi(t, T) | N ONGy(t,T)
Ru(t,T) = Z wiha—TNm'(t,T) + WhTp + Zwkhaj;T ’

i=1 j=1
(93)
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and
oir.1) = T - S (P - pom) + f10.0) [Z (=D ate )
h=1 =1
(94)
+wy———" aNm t,T) Z M

Denote as wyp the (ht" element of matriz O~ (t), the inverse of the square matriz O(t),
such that, fori=1,2,....nand j=1,2,...,m;,

0) = [e1(t) wa(t) ws(t)]

where, ¢1(t) = [%Ngi(t,ﬂl)} is an ng X n matriz,

pa(t) = [%} s an ng X n matriz, and

ONg,  (t,T; ) ,
w3(t) = % is an ng X (m1 + ...+ my) matriz.

Assume that O(t) is invertible for all t € {t;t = minT}}.
h
Proof. Similar manipulations as Proposition 4.1. O

PropositionA4.2. The zero-coupon bond prices in terms of the benchmark forward

rates f(t,Ty) is given by

PO,T) P "o P
P(t,T)= t, T t,T)f(2,T;
(.T) = B exp(g 1)+ LREGDIT) ). (95)
where
T
—/ Q(t,s)ds, and RE(t,T) / Ru(t, ) (96)
t
Proof. By substitution of (92) into the fundamental relationship (1). O

Thus by setting the set of the state dependent variables f(t) of the forward rate volatility

functions considered in Assumption 3.1 as the set of the benchmark forward rates, i.e.,

.]E(t) = (f(ta Tl)?f(thQ)a ) f(t7Tns))Ta

we have a closed Markovian system.
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