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ABSTRACT We consider the pricing of American bond options in a Heattiaiv-
Morton framework in which the forward rate volatility is arfction of time to maturity
and some underlying interest rate. It turns out that in thisecthe resulting pricing
partial differential operators are two dimensional in tpatfal variables. In this paper
we investigate an efficient numerical method to solve thasggb differential equations
for American option prices and the corresponding free eégzeurface. We consider in
particular the method of lines which other investigatogs@arr and Faguet (1994) and
Van der Hoek and Meyer (1997)) have found to be efficient foefioan option pricing
when there is one spatial variable. In extending this mefbothe two dimensional
case, we solve the pricing equation by discretising the traméable and one of the
state variables and use the spot rate of interest as a connariable. We compare
our method with the lattice method of Li, Ritchken and Saakabramanian (199%).

1 Introduction

The Heath-Jarrow Morton approach to modeling the term sireof interest rates pro-
vides a complete and consistent theoretical frameworletvaluation of interest rate
contingent claims. This approach mirrors for interest mtekets the Black-Scholes
framework for the stock option. However, the main implenagion difficulty of the
Heath-Jarrow-Morton model is that for the most general ifipations of the forward
rate volatility function, the stochastic process for th&t@mtaneous spot rate of interest
is non-Markovian. That is, the evolution of the instantamgespot rate depends on the
all the paths taken by the term structure since the initié.d&lence, popular lattice
models used for pricing interest rate options in this framwwill be non-recombining
and tend to grow exponentially with the number of steps indtece.

A great deal of research has therefore gone into determimimigh specification
of the forward rate volatility functions allow the stochiasdynamics driving the term
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structure of interest rates to be reduced to Markovian foimparticular Cheyette
(1992), Ritchken and Sankarasubramanian (1995), Cati&#%4) and, Bhar and
Chiarella(1997), show that this is possible when the fodwate volatility is a function
of the spot rate of interest and time to maturity. Inui andrg (1997), and Chiarella
and Kwon (2004) have shown that this reduction is also ptessiben the functional
dependence on the spot rate is extended to functional depeaan a whole set of
forward rates. In this way the dynamics of the entire yieldveucan be reasonably
well captured by the dynamic evolution of a finite number aésgusually one would
use the most liquidly traded rates). An important resulhis literature is that with this
quite general volatility specification it is possible to ainta closed form expression for
zero coupon bond prices in terms of the underlying rates.

The reduction to Markovian form comes at the cost of increashe dimension
of the state space by introducing integrated variance tyjaatties. A feature of the
Markovian representation is that it is possible to obtamitifinitesimal generator for
the transition probability density of the stochastic pscdriving the term structure of
interest rates, from which it is then possible to obtain thgipl differential equations
determining the value of interest rate contingent claims.

In Chiarella and El-Hassan (1997), we have considered dnddby the method
of lines partial differential equation for American opt®aon zero coupon bonds in the
case where the forward rate volatility is a deterministitimie to maturity. In this pa-
per we extend that work by allowing the forward rate volgtito be a function of the
instantaneous spot rate of interest and time to maturitykkidev from Ritchken and
Sanakarasubrnaian (1995) and Bhar and Chiarella (1997inttiasis case the Marko-
vian system driving the term structure of interest rateseddp on the spot rate itself
and an accumulated variance quantity. Li, Ritchken and &askibramanian(1995)
also consider the problem of pricing interest rate contig&ims in this framework.
They develop a binomial-type lattice model which involveaintaining a vector of
information on the accumulated variance at each node ofdiee t

In this paper, we also consider the same problem but from ¢t pf view of
considering the partial differential equation implied e tinfinitesimal generator of
the two state variable stochastic process. Our approaswsallis to obtain the par-
tial differential equation which is the analogue of the B&choles partial differential
equation in that is also preference free. It also allows wepfdy the full gamut of the
numerical techniques for the solutions of partial diffdi@nequations to the evalua-
tion of interest rate contingent claims. We believe thisifeavork clarifies the pricing
of interest rate contingent claims in the HIM framework addsato the tool kit for
pricing such claims. Here the numerical technique we emiglalye method of lines
which has been successively applied to the American pubiopthn common stock by
Goldenberg and Schmidt (1994), Meyer and Van der Hoek (188d)Carr and Faguet
(1996). The method of lines is found to be accurate and velatiefficient. An ad-
vantage of the method is that the delta of the option is a loghpet of the numerical
procedure. Furthermore, the solution generates a valf@csuior a variety of values
of the underlying state variables for a given point in timdeTmethod also facilities
the determination of the early exercise surface for the Acaaroption problem. We
test the accuracy of the method by using it to solve the palifferential equation for
bond prices for which there is a known analytic solution.



The plan of the paper is as follows. In section 2, we discussdtuction to Marko-
vian form, the bond pricing formula and derivation of thetddifferential equation
for the value of contingent claims. In section 3, we outlihe tnethod of lines as
applied to the American put bond options problems. Sectjalis¢usses numerical re-
sults and sections 5 draws some conclusion and makes sioggdst further research.

2 Markovian HIM Models

The driving state variable of the HIM approaclyig, T'), the forward rate at time
for instantaneous borrowing at tifie HIM show that under the equivalent martingale
measure the forward rate dynamics can be expressed as

t
£.7) = 50.1) + [ a(s.T. s 1)
0
where .
ot T, = 0! (T, ) / o! (t,u, )du. o)

t

ol (t,T,-) is the forward rate volatility function whose third argunémdicates
possible dependence on a stochastic variable suelita®r f(¢,T) itself. Finally,
w(t) is a Wiener process under the equivalent martingale measure

From equation (1), we readily obtain the process for theaimsineous spot rate,
r(t)[= f(t,t)], as the stochastic integral equation

t t

r(t) = £(0,1) + / of (u,t, ) / o (uyy, dyedu + / of (u,t, )dis(s),  (3)
0 u 0

or the stochastic differential equation
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dr(t) = lfz(O, t) +
+of (t,t,)dw(t). (4)

T
The price of a pure discount bor®(¢,T) | = exp —ff(t,s)ds)], by Ito’'s
t
lemma satisfies the stochastic differential equation
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The non-Markovian nature of the foregoing stochastic dyinahsystem stems
from the third term in the drift coefficient of the stochadtiifferential equation (4)
for #(t). This term is an integral over the history of the noise prece& number
of authors have shown how to reduce the non-Markovian systearMarkovian sys-
tem of higher dimension by making various assumptions attmuvolatility function
o/ (t,u,-); see Cheyette (1992), Caverhill (1994), Ritchken and Sareskibramanian
(1995), Bhar and Chiarella (1997, 1998).

Bhar and Chiarella (1997) in particular show that if

o (t,T,-) = pa(T — t)e M DG(r(t), o >0, (6)
wherep, (u) is a polynomial,
pn(u) = ag + aru+ - -+ + apu™,

and( is some reasonably well-behaved function, then the systerardics may be
expressed in Markovian form. The cost of this reduction &sititroduction of some
supplementary state variables that summarize varioustitat properties of the path
history.

Here we shall focus on the special case of (6) having the form

ol (t,T,) = 0e TG (r(t)) (0> 0). 7)
Typically we will take
G(T) = 7“’y (0 S ’y), (8)

so that the case = 1 allows us to draw a link to the generalised Cox-IngersolsfRo
model of Hull and White (1984) and the square root procesauifi®and Kan (1996).

Ritchken and Sankarasubramanian (1995) and Bhar and Ghidr@97) show that
for the forward rate volatility (7) the stochastic dynamiicsr(t) may be expressed in
the Markovian form

dr = [D(t)+0°¢ — Ar]dt+ oG(r)dw, (9)
dp = [G(r)”> —2X¢]dt, ¢(0) =0, (10)

where we set
D(t) = fQ(O:t) + /\f(oit)a

we note that the quantiy(¢) can also be expressed as

B(t) = / G(r(s))e=MT=9) s, (11)

which is a function of the history of theprocess up to time
Following the standard HIM argument interest rate contihgiaims can be ex-
pressed as expectations with respect to the probabilityilsliion generated by the



stochastic systems (9), (10) that we denotebyFor instance the price of a discount
bond maturing at any timedis given by

Tg
P(r,¢,t,Tg) = E, lexp {—/r(y)dy}] ) (12)

t

Similarly, the price of a European call option on this bondwéxercise pricd(
and which matures at timE (< T'5) is given by

T
C(r,¢,t,T) = E; Irexp {—/r(y)dy} (P(r,¢,T.Tg) —K)+-| . (13
L1 J
We user(rr, o1, T|r:, ¢+, t)denote the transition probability density of the dif-

fusion process (9), (10) between timesndT'(t < T), this quantity satisfies the
Kolmogrov backward equation

on
Kr+ i 0, (14)
whereK, the infinitesimal generator of the diffusion process (29)(is defined by
1, , 0% 9 on 2 on
Kr= 59 G(r) 52 + [D(t) + 6°¢ — Ar] o + [G(r)* — 2)¢] 96’ (15)

For a general interest rate dependent cldiifr;, ¢, ¢, T') maturing at timel", appli-
cation of the Feynman-Kac formula to (12) yields the padigkerential equation that
must be obeyed by the value of that claim (with appropriatemdary conditions).

For instance, if the claim is a zero coupon bond, the bonapriast satisfy

oP
KP+ — —rP = 16
+ o r 0, (16)
which is to be solved on some time intervgl< ¢ < Tz subjecttoP(r, ¢, Tg,Ts) =
1. However we know from Ritchken and Sankarasubramaniarb(it@t it is possible
to obtain a closed form solution for the bond price in thisecds fact

P(r0705 OaTB)

P(T,¢,t,TB) = P(’f'(] 0.0 t)

exp { =344, T)6(0) + BTS00 = r(0]}.
a7)
where

B(t,T) = % (1 - e_)‘(T_t)) .

Similarly the partial differential equation for the pricttbe bond optiorC(r, ¢, ¢, T')
in (13) satisfies the partial differential equation

oC
K [ = 1
C+ 5 rC =0, (18)
which is to be solved on the time intervaK ¢ < T subject to
C(r,¢,T,T) = [P(r,6,T,Tp) — K]* . (19)



3 The Solution Algorithm: Method of Lines with In-
variant | mbedding

3.1 Formulation

In section 2 of this paper, we presented the two-state Vardntial differential equa-
tion (18) for the price of bond options that is both prefeefiee and matches the
initial term structure of interest rates. The derivatioregfiation (18) was facilitated
by the choice of the forward rate volatility of the form given(7) which renders the
dynamics of the spot rate of interest in the HIM framework idaian. Hence, the
price of any claim, where the underlying state variable é&gpot rate of interest (and
the accumulated variangg, must satisfy equation (18) subject to appropriate bound-
ary conditions.

LetU(r, ¢,t,T) denote the price of an American option on a pure discount bond
with exercise pricd{ and expiryT'. The maturity of the underlying discount bond is
Tg, whereT < Tg. Note that both the price of the discount bond and the valukeof
option on the bond are functions of the same state variatéesely the stochastic spot
rate of interest, r, and the accumulated variagayhose dynamics are given by (9)
and (10) for the volatility function specified in (7). Hendlke price of the American
option, U (r, ¢, t,T) must satisfy the partial differential equation (18). Intmadar,
the price of the American put option on a pure discount bondtreatisfy the partial

differential equation

U
KU + - —rU =0, (20)

in the continuation region C.
The continuation region is defined as

C={(r,¢,s)0<r<r",0<p<d*,t<s<T}. (21)

In this region, the optimal strategy for the American putashold rather than
exercise the option. Also in this region, the price of theepdiscount bond is greater
than the time dependent critical price of the bofdy*, ¢*,¢*, Ts). This is the bond
price at,r(-) = r*(-), ¢ = ¢* andt* = inf[s;s > t,r(s) > 7*(s)] A T (see Chesney,
Elliott and Gibson (1993)). Hence, the continuation regian be redefined in terms
of the discount bond price as

— (T’¢’S)|P(r7¢7S7T )> P(T*7¢*’S’T )’
c_{ P f<s<T P } (22)

The compliment of the continuation region, the stoppindaegs is defined as
S={(r¢,s)lr >r",t <s<T}, (23)
or in terms of the bond price

— (T’¢’S)|P(r7¢7S7T )S P(r*’¢*7S7T )7
S_{ P f<s<T P } (24)



The optimal strategy in this region is to exercise the optith the price of the put
option given by its intrinsic valud K — P(r, ¢, t)].
Equation (20) must be solved subject to

U(r,¢,s,T) > max[K — P(r,¢,s,Tg),0], (25)
ie. (r,9,s) €C,
U(r,¢,T,T) = max[K — P(r,¢,T,Tg)], (26)
U(r*,¢*,t*,T) = K-—P@F*, ¢" t*,Tp), (27)
gradU(r*, ¢*,t*,T) = —gradlK — P(r*,¢*,t*,Tg)]. (28)
(This last condition translates to the smooth pasting (Iimd% |P:P(T* ot T) =

~1)

Let us note here that singeis not an observable quantity but an endogenous vari-
able the question of when to exercise simply translatesg¢mbiservation of the inter-
est rate with respect to time. Thus the grad operator deféwlthe one-dimensional
derivative. Hence, the condition for the American optiotiajgses to the one vari-
able case where one only requires to smoothly paste to tfi@csuwith respect to,
independently ofp. Note this is not to say that one collapses to only a free line b
the intersection of a surface with a plane that is charasdronly byr and¢. The
intersection between the two surfaces gives rise todependent surface. One can
view this as a three dimensional manifold being cut by a twoattisional surface. This
is an important point to note. The intersection of the twdaues yields arir, ¢, )
manifold despite the fact that one is pasting against ammetke two dimensional (ie
¢ independent) surface.

The more subtle boundary condition for the American optioati- = 0. Unlike, in
the case of an equity option, one cannot set the value of tthendp zero at- = 0 since
the value of the option in fact migrates upward as a functidinge. This migration is
in general not known a priori, therefore one has to adoptiapsalution techniques to
handle the migrating boundary. We have found that the mostistent estimate of the
value of the option at = 0 could be obtained by setting the derivative of the option
value function to zero at = 0.

The value of options with an American style exercise featitige solution of a free
boundary value problem and requires the determinationebitimal early exercise
boundary as well as the value of the option. Analytic forrsuda not exist in general
for American type options. Hence, the valuation of sucharireduces to solving the
system (20) subject to (25) — (28) by a range of fast and atem@merical solution
techniques such as the method of lines (Meyer, (1977, 19881)]1 Goldenberg and
Schmidt (1994), Meyer and Van Der Hoek (1997)), linear camehtarity method or
variational inequality technigues (Wilmott, Dewynne andwison, (1993)). Another
popular numerical technique used is that of binomial (oramial) trees.

Here, we apply the method of lines to evaluate American é@sterate options in
the two-dimensional state variable Markovian frameworkadibed in section 2. Li,
Ritchken and Sankarasubramanian (1995) propose an &lgoidtr solving this prob-
lem in a binomial tree framework. Our objective here is tariatate and solve the
problems in a partial differential equation framework.



The method of lines with invariant imbedding is a numerieahnique used for
solving partial differential equations and can be appletiee boundary problems by
tracking the time dependent free boundary. In generalgtiaique involves discretis-
tion of the time variable, thus replacing the time derivatiith its discrete approximate
analogue at each time step. This reduces the partial ditfietequation to a sequence
of second order non-homogenous ordinary differential #gng, which must be suc-
cessively solved at each time step. By applying a Ricattisfiamation, each second
order non-homogenous boundary value problem can be transtbinto a system of
three first order ordinary differential equations, thusuadg second order boundary
value problems to first order initial value problems with ti®ious advantages.

In the case of our problem, where we have two state variabasd ¢, and the
time variable, both thé and time variables are discretised (while maintaining ieont
nuity case for the r variable) and their partials replacetth difference quotients. The
multi-point free boundary problem for the resulting systehsecond order ordinary
differential equations is then solved. At each time stepisfalgorithm a free boundary
problem for an ordinary differential equation must be sdlisg conversion to an initial
value problem through invariant imbedding (or sweepinghmdj. The free boundary
is found as the root of a function derived from the boundanditions.

The advantages of using a numerical technique such as thedef lines for
solving the American option problem include relative e#fitiy and accuracy, and the
ability to handle coefficients of the partial differentigjuation which are functions of
the state variables and time (Meyer, 1977). The method iksuied to free boundary
problems as it is relatively simple to determine the freertataury or free surface as part
of the solution algorithm. The method of lines can be appiteldoth one-dimensional
and multidimensional free boundary problems. The fornomaand subsequent of
the American option in a partial differential equation framork is very useful as the
resulting solutions are in the form of value surfaces. Thisgthe solution values for
a large number of underlying state variables simultangousl

3.2 The Solution Algorithm

The method of lines technique was applied to the problem oédean put options on

stocks by Goldenberg and Schmidt (1994), Meyer and Van DekHb997) and Carr

and Faguet (1995). The complete algorithm and implememtakétails in Goldenberg

and Schmidt (1994), Meyer and Van Der Hoek (1997) form théshiEghe application

of the method of lines in multidimensional form to this preil, as summarised below.
For illustrative purposes, we rewrite the parabolic opmrat as

02U ou ou
a(?“)w + b(T, d): t) 8_ + C(T, ¢)%, (29)
where the coefficients(r), b(r, ¢, t) andc(r, ¢) are given by
a(r) = %0’2G(7‘)2, (30)
b(r,,t) = [f200,t) + Af(0,8) + 0% — 1], (31)
c(r,9p) = G(r) —2)o, (32)



with

G(r)=r7,
and
t
¢ = /G(r(s))Qe_QA(t_s)ds. (33)
0
Using the following discretisations afiand t,
. T
t = mAt, form = M,---,0, WIthM:E, (34)
and o
¢ = kAP, fork:K,---,OwithK:A—QS, (35)

noting that we do not discretigeat this stage.
For the rest of this section the above discretisation scheithée used with the
following notation
U(r, kA¢p,mAt) = U™ (r), (36)
where theU (r) are twice differentiable functions. In explaining the iraplentation
of the solution algorithm{J (r, kA¢, mAt)(= U;™(r)) should be taken to indicate the
value of any interest rate contingent claim.

b(r, kA¢,mAt) = bf'(r), (37)
c(rikAg) = c(r), (38)
with a(r) staying the same because there is no discretisation of isatttige.

As discussed above, we approximate the partial derivatwtbsrespect tap andt
with difference quotients as follows:

or  _ US(r)—UM(r)
E ~ k At 3 (39)
op U, (r) —U(r)
5~ X . (40)

Note, at first glance it would appear that we have taken a fahwii#ference in
time, however this is not so. Since time runs fr@hdown to 0, we have in fact taken
a backward difference, the same asdor

U}?“(r)At— U0 dQZfZ(T) b 6.9) dUg<r>
+ e(r,9) U’ﬁl(r)A; U0 gy =0, @a1)
Now, substituting the notation given by equations (37) 5 (4® (41) we have that
WO U0 U |y W)
+ ) U’ﬁl(r)A; GO pmey =0, @2)



Collecting coefficients ot/ (r),U" " (r) and U™ , (r) together, we obtain the
second-order ordinary differential equation:

a(r) d%ﬁ;m ( Um(r)
m(r cr r
HpOLE (e g p) [ @3)

+ (A%Ug”“(r) + Aid)cgﬂr)U,Z’il) =0.

The first part of equation (43) constitutes the current umkneariableU;™(r).
The second and third boxed terms represent known valuestfreiprevious time step
U (r) and the previous valuesU;" (7).

We can write equation (15) as

Uy (r)
dr?

= 4y PE gy + op ), (a2

where the coefficientd}" (r), B,Er) andC}*(r) are given by

ape) = -, (@5)
By(r) = (T +art ﬁck(T))/a(r)’ (46)
o) = — [ﬁck(r)U/ﬁl + A%U;Z”“(r)]/a(r). (47)

with boundary conditions
U (Bmax) = B (andU"(0) = ay’,)

and initial conditionlm = M)
Ui'(r) =¢.
The second order ordinary differential equation in (44) barreduced to a first
order system by means of the transformations

e = 0, (48)
dV,Z’;(r) = AP (r)V(r) + Bp(r)UI (r) + C* (), (49)

whereU is assumed to be a Ricatti transform of V such that
Ui (r) = R (r) V™ (r) + Wi (r). (50)
The representation in (23) implies the following Ricattuatjon:

4Ry (r)

LUy ) RP () - Bl (B ) (51
T~ R B ) - O], 52)

10



whereA}", BrandC," are given in (18) and (19).

Equations (51) and (52) can be solved numerically as inglitat Appendix 2 to
determineR andW at each pointin time (see Goldenberg and Schmidt (1994)ekMey
and Van der Hoek (1997)). The Ricatti transformation hotdsal values of the state
variablesy, including the free boundary. Hence, omg¢@andiV are known, the critical
value ofr at time stef,,, is determined as the root of equation (50) using the boundary
conditions (27) and (28) for the option. Having determinieel talues ofR and W,

V' is found by substituting (50) into (49) and integrating nuicedly. The value of the
contingent claim at this step is determined by substitutigR, W andV into the
Ricatti transformation (50).

Under the method of lines, the hedge parameters are alsordeésl as part of the
solution. In particular}/ (r) is the delta of the option.

Figure 1 illustrates the determination of the critical el at a particular pointin
the (¢, t) grid. Figure 2 indicates the sequence in which points i ¢he) are stepped
through. Figure 3 illustrates the free surfacéring, t) space.

4 Results

In this section we present some prelimary results obtaityeabiplying the method of
lines with invarinatimbedding to the valuation of Amerigaut option on zero coupon
bonds. The bond prices required in the boundary condit®nsand (28) are calculated
using equation (17).

Time Exercise Price Run

Steps 65 70 Time (secs)
100 6.79 9.48 1.04

500 6.85 9.53 5.12

1000 6.90 9.54 10.91
2000 6.91 9.55 17.34

Table 1:Option values calculated using method of lines with invatrienbedding.

Three year American put option on a 10 year zero coupon boaddBace value =
100; The volatility structure is given by equations (7) aBiWitho = 0.02, A = 0.1,
and~y = 0.4. The initial term structure of interest rates is assumedédlat at 5%.

To gain some insight into the relative accuracy and computat efficiency of
the method of lines technique as applied to the problem &g this paper, we per-
form some comparison of results with the Li, Ritchken andaasubramanian (1995)
method for solving American bond options in this framewofkeir method consists
of a binomial-type lattice model to evaluate American opsiin the two-dimensional
state variable Markovian HIM framework. Their model pr@ga discretised approxi-
mation for the spot rate procesg). The lattice is constructed after a transformation is
made to convert the spot rate process into a constant wylatibcess. A reconnecting
lattice is then constructed for the transformed spot rabegss, while maintaining a

11



vector at each node to represent the process for the accemhmariance. Derivative
prices can be calculated on the lattice by means of backweardsion. The algorithm
converges to the continuous time limit if the time afgartitions are made arbitrarily
fine.

Time Exercise Price Run
Steps 65 70 Time
(secs)
100 6.78 9.47 2.33
500 6.82 9.50 8.72
1000 6.89 9.52 18.96
2000 6.91 9.55 22.38

Table 2:Option values calculated using the lattice model.

Three year American put option on a 10 year zero coupon bardiBace value =
100; The volatility structure is given by equations (7) aBiiWitho = 0.02, A = 0.1,
andvy = 0.4. The initial term structure of interest rates is assumedediat at 5%.
The maximum number gfvalues allowed at each node is 8.

Comparison of Table 1 with Table 2, show that the method @diwith invariant
imbedding is slightly faster for the same level of accur&tywever a more meaningful
comparison would be to compare the complexity of the algoré which will be part
of future work on this model. Furthermore, it should be ndteat the method of lines
provides the option value surface, the free boundary sedad the delta of the option
simultaneously.

5 Conclusion

We have set up the problem of pricing contingent claims uadggecific assumption
about the forward rate volatility function as the solutidragartial differential equa-
tion. We have shown that the method of lines is an efficienhogtto price American
claims in this framework. Comparison with the quasi-ariedftsolution in the special
square root process indicates that the method is very aectrae method also allows
us to generate as a by-product option deltas and early sgesgifaces. Computational
time compares favorable with the lattice method of Li, Rigeh and Sanakarasubra-
maian and is somewhat faster for a given level of accuracg mathod we propose
also has the advantage of more readily handling quite gkinéral term structures in
comparison to lattice models.

Further research will focus on the case where the forwardvalatility function
is a function of not only instantaneous spot rate but alsori@sef discrete forward
rates. The infinitesimal generator for this case can beyealsthined from the frame-
work of Chiarella and Kwon (2004). If for example, one werggke the case in which
the forward rate volatility function depends on the instar@ous spot rate of interest
and one forward rate (eg a long rate), then one would havefarpree free Brennan-
Schwartz type two-factor model. It turns out that in thisecee infinitesimal generator

12



depends on three state variables, namely the two rates arattumulated variance.
The method of lines or indeed other method for the numeridati®n of partial dif-
ferential equations could be applied to the problem of pgén such a framework. It
is for such higher dimensional problems that the methodme$Imay display its true
advantages when compared to existing methods for handlingrisan bond options.
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Appendix
Solving for R,V and W

To solve forR}*(r), V™ (r) andW*(r) we use a discrete mesh of the space vari-
abler, which we denote by

r; =iArfori=20,---, N, (53)
Solving for R} (r) using

M) _ 3~ A )Ry () — Butr)(BP (1), (54

To solve forR} (r) we use a mesh of the space variahle
r; =iAr, fori=0,---, N, (55)

and employ the following notation

Ri = R;(ri),Rit1 = Ry (rit1), (56)
Ai = AR(r), A = A (i), (57)
B; = By(ri), Biy1 = Bi(rit1), (58)

whereA}*, B, andC}"* are givenin (18) and (19).
Using the notation defined by equations (55) — (58), equdtd) can be solved
for R(r) by integrating using the implicit trapezoidal rule.

Ripn - R 1 [1-Ai1Riy1 — Bia R3] (59)
Ar - 2 + []. — A,RZ — BszQ] )

Now equation (30) can be written as

AR? | + BRiy1 + C =0, (60)
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where the coefficientd, B andC are given by

/_1 = Bi+15 (61)

5 2+ ATAZ'+1

B = Ar (62)

~ -2+ ArA;

C = BR+ <i> Ri — 2. (63)
Ar

Equation (60) which defines the new variable for R is a quédleafuation that can
be solved analytically. The solution to the quadratic eiguat60):

5+ VB 1T

24

RZ‘+1 - (64)

SinceR(0) = 0, i.e. Ry = 0 we see that for the first stagp = —2. This is an
important observation since in our case bdih= 0 andB, = 0 are singular at = 0,
thus we require to solve the reduced quadratic equation,

2 =+ AT‘Al

BlR§+< Ar >R1—2:0. (65)

Equation (64) can be written in more stable form as

—-2C

Rivs = . 66
T BV _44C )

The Equation for W
T = —RO) BOW() - O). (67)

To solve forl/, we following the notation already given and again use thaitcit
trapezoidal rule so that

Wit —W;
Ar

With W; known, and all thek;’s also known, it is a simple matter to solve equation
(68) forW,, 1 .

1
=73 {Rit1 [Bix1Wit1 + Cipa] + R; [BW; + Cy]} . (68)

AW, + BAr
where the coefficientd, B andCare given by the following expressions
p ArR; Ajpq
A = 1-—™ 7
A (70)
. 1
B = 3 [RiCi — Riz1Ci41], (71)
c = 1+ % (72)
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As discussed for the Ricatti equation, the equationlioiis singular atr = 0.
Therefore, in order to start the algorithm, we need to sbliyeas a special case. Here
we use the fact thakR, = 0 and having already solved fét;, the special case fdi’;
is given by

N

W, = Wo +ABA7“’ (73)
C
where .
B::—53H40Hh (74)
and
é:1+éﬁﬁggﬁg (75)

sinceA = 1 by the fact that?, = 0.
TheV equation

av.

g [A(r) + B(r)R(r)]V(r) + [B(r)W(r) + C(r)] V (rmax) = 0. (76)

Repeating the procedure that was used for solViig) andW (r)

Vi Vi 1 ([Aig1 + Bix1Riv1] Vig1 + [Bix1 Wig1 + Cita]) )
Ar 21+ ([A; + BiR;) Vi + [B;W; + C}))
With R;, Riy1, W; , Wi1 andV; 1 known, we now solve fol;
w:éﬁilﬁ,izN—me, (78)
C
whereA, B andC are given by

~ 1
A = 1- 3 (Aiy1 + Biy1Riy1) Ar, (79)
. A
B = SF[BWi+ )+ (B Wia + Cin)], (80)
~ 1
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Figure 2:The way in which the algorithm steps through tktet) grid.
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Figure 3:lllustrating the free surface ifr, ¢,t) space.

19



