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Abstract. The solution to the problem of hedging contingent claims by local risk-
minimisation has been considered in detail in Follmer and Sondermann (1986), Follmer
and Schweizer (1991) and Schweizer (1991). However, given a stochastic process X,
and 7 # 7o, the strategy that is locally risk-minimising for X, is in general not lo-
cally risk-minimising for X ,,. In the case of diffusion processes, this paper considers
the problem of determining a strategy that is simultaneously locally risk-minimising for
X, forall 7. That is, a strategy that is locally risk-minimising for the entire process X;.
The necessary and sufficient conditions under which this is possible are obtained, and
applied to the problem of index tracking. In particular, a close connection between the
local risk-minimising and the tracking error variance minimising strategies for index
tracking is established, and leads to a simple criterion for the selection of optimal set
of assets from which to form a tracker portfolio, as well as a value-at-risk type measure
for the set of assets used.
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1 Introduction

Let N € Ny, T € Ry and let (2,.%,(%:)o<t<7, P) be a probability basis satis-
fying the usual conditions where the filtration (.%;).c[o,r] is generated by a standard
N-dimensional P-Wiener process w;. Denote by S the value of the money market ac-
count earning interest at the risk free rate, r;, and let S} be the price of risky assets for
1 <i < N.Assume that the S} satisfy the equations

t
SY = S§ exp (/ Ts ds> , 1)
0
Si :S§)+/ Siud ds—i—Z/ Siobd duwl, )
0 =170

where 1 < i < N,and ry, u¢ and oti’j are adapted to (.#; )<< and sufficiently regular
to ensure the existence of a unique strong solution. In the sequel, N will be the number
of assets in a benchmark stock index and S} will be the price process for the i-th asset in
the index. It will be assumed further that forany A C {1,,2..., N} the matrix process
ot £ (07)iea<j<n has full rank for all ¢ € [0, 7] so that in particular o (o7')" is
invertible for all ¢ € [0, 7. This condition ensures that the index does not contain any
redundant assets for all ¢ € [0,7]. The set A will represent the set of indices for the
assets that are used to track the benchmark stock index. Finally, suppose we are given a

square integrable process S that satisfies an equation of the form
t N t ) _
s{:sg+/ SgugdHZ/ Slold dwi, ©)
0 - 0
Jj=1

where z! and of"j are adapted to (.%;)o<t<7 and sufficiently regular. In the sequel,
S! will be the value process for the benchmark stock index. Note that since the stock
index is constructed from its constituent assets, S7 necessarily satisfies an equation of
the form (3).

For any subset A C {1,2,...,N} let S(A) be the set of assets with price S;,
where i € A. Now fix A C {1,2,...,N}, 7 € [0,T] and consider a 7-measurable
(square integrable) random variable S%, where the process S/ is given by (3). Then
it is not possible in general to find a self-financing replicating strategy for S using
only the assets in S(A). An approach for addressing this problem due to Féllmer and
Sondermann (1986), Follmer and Schweizer (1991) and Schweizer (1991) is to relax
the self-financing condition and look for strategies that replicate S with minimal local
risk in some sense. For the intuition and the details of this approach, refer to the papers
listed above.

Suppose now that with A fixed, a locally risk-minimising strategy exists for SI for
all 7. If 4 # 75 € [0, T, then it is the case in general that the locally risk-minimising
for Sil does not coincide with the corresponding strategy for Siz over the common
interval [0, 71 AT2]. This paper gives the necessary and sufficient conditions under which
a locally risk-minimising strategy for S%. is locally risk-minimising for all .SI with
7 € [0,T)]. That is, we give the necessary and sufficient conditions under which it is
possible to hedge an entire process using a locally risk-minimising strategy.
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The results are then applied to the problem of tracking a benchmark stock index to
establish close links between the locally risk-minimising and the tracking error variance
(TEV) minimising strategies for index tracking. In particular, it is shown that the TEV
minimising strategy is locally risk-minimising if and only if it is an unbiased tracker
for SI. Exploiting the links between the two approaches, we obtain a simple criterion
for selecting the optimal set of assets with which to track the index, and a value-at-risk
type measure for the set of assets used to track the index.

The structure of the remainder of the paper is as follows. The main results on hedg-
ing processes by local risk-minimisation is first presented in Section 2. The results are
then applied to the problem of index tracking in Section 3, and the special case of de-
terministic coefficients is considered in Section 4 to obtain a value-at-risk type measure
for tracker portfolios. Finally, the paper concludes with Section 5.

2 Hedging Diffusion Processes by Local Risk-Minimisation

Let N € Ny, T € Ry, (2,7, (F)o<t<r,P), Si and S/ be as defined above, and
denote by Z; and Z/ the discounted processes, Z; £ (SP)~1S; and Z] £ (S?)~1S!
respectively, where 1 < i < N. Note then that the Z} satisfy the equation

t n t
Zi—zi+ / Zi(ui —r)ds + 3 / Ziod du, )
0 . 0
j=1

foralli € {1,2,...,N,I}. Now, let A = {i; <ip <--- <in} C{1,2,...,N},and
define ZA 2 (Z}*, Z1>, ..., Z1Y, it & (uit, w2, ..., i)', and let o7 be as defined
above. Then the equations for Z;/* can be written more compactly in the form

t t
Zf::Z§+:/ &%4fouf-m1nyw+i/ diag(Z*)o? dws,, (5)
0 0
where 1,, = (1,1,...,1) € R™.
A trading strategy is a pair & = (£2,&), where ¢/ is an R”-valued predictable
square integrable process and ¢! is an adapted R-valued process. The value process,
Vi (€), associated to &, is defined by

Vi) 2 6'S) + & - 51 (6)
where S7 = (S;*,S;,...,S;"), and the corresponding discounted value process,
Vi (€), is given by

V() = (SHTVi) =& + &z Y]

Given 7 € [0, T] and a square integrable .%-measurable random variable H, the strat-
egy &; is said to be locally risk-minimising for H (with respect to A) if H admits the
Follmer-Schweizer decomposition

H=H0+/ ¢ dzd v LY, ®)
0
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where Hy € R, and LY is a square integrable P-martingale such that L)’ = 0 and
P-orthogonal to the martingale part,

t
Mté/ diag(Z{‘)afdwt, 9
0

of Z{. For the purposes of this paper, it will be the case that F = ZZ, the discounted
index value at time 7. For notational convenience, define

t
R 2 / (U — L) foA 0] "L — ) ds. (10)
0

We recall the following result from Pham, Rheinldnder and Schweizer (1998).

Theorem 1 If K, is continuous and bounded, then every square integrable .7, -
measurable random variable can be replicated using a locally risk-minimising strategy.

Proof Refer to Pham, Rheinlédnder and Schweizer (1998) Corollary 5. O

To ensure the existence of locally risk-minimising strategies for all square integral ran-
dom variables, it will be assumed henceforth that:

Assumption 1 The process IA(t is continuous and bounded.

The existence of locally risk-minimising strategies for square integrable random vari-
ables holds under less restrictive conditions, as shown for example in Schweizer (1991).
However, for the purposes of this paper the above assumption is not unreasonable.

Recall that P ~ P is a minimal martingale measure if any square integrable P-
martingale that is P-orthogonal to M, remains a martingale under PP. It is well known
that the Girsanov density of IP is given by

; T
- (— / A;dMs>, (11)
0

N 2 diag(2¢) " o (o)) (i — 7o), (12)

S

where

A useful property of the minimal martingale measure is that if & a locally risk-
minimising strategy for a square integrable .%.-measurable random variable H, then

Vi(6) = E[H|.7]. (13)

For the details, refer to Schweizer (1991) equation (3.8) and Theorem 3.2, and recall
that H = Z! for the purposes of this paper.

Definition 1 Let (X;)o<;<7 be an (%;)-adapted square integrable process. Then a
trading strategy &; will be said to be locally risk-minimising for X, if for all 7 € [0, T
the strategy &:n- is the locally risk-minimising strategy for X, over [0, 7].

The process X should be identified with the discounted index process Z/. The next
simple proposition is the key result for the remainder of the paper.
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Proposition 1 Let X; be as given above. Then X; admits a locally risk-minimising
strategy if and only if X, is a P-martingale.

Proof Suppose X, admits a locally risk-minimising strategy. Then there exists a strat-
egy (& )o<e<t forwhich &4 is locally risk-minimising for X, forall 7 € [0, T]. For
notational convenience, define &7 = &a,. Then B[ X, |.%] = Vi(€¥) = Vi (¢') = X,
for all w > ¢, and so X, is a P-martingale. Conversely, suppose X is a P-martingale.
Then since X7 is square integrable by assumption, X+ admits a locally risk-minimising
strategy &;. That is, X7 admits the Féllmer-Schweizer decomposition

T
Xr =E[X7| %) +/ & -dZ2 + Ly
0

of the form (8). Since each term in this equation is a ﬁ—martingale, we obtain by condi-
tioning on .% the Follmer-Schweizer decomposition

XT:E[XT|9‘O]+/ & -dZA + Ly,
0

of X,. It follows that &7 is a locally risk-minimising strategy for X .. O

Note that this result is valid under more general situations than the present case where
the underlying asset price process satisfies (5). Since a locally risk-minimising strategy
exists for the process Z/ if and only if Z/ is a P-martingale by the above theorem, we
now turn to obtaining explicit characterisation of the conditions under which Z/ is a
@—martingale.

Lemma 1 Let Z/ and Z{ be as given in (4) and (5). Then Z/ is a @—martingale if and
only if

o = py = 1o = (o' 0y) [ (o) 17 (i = ri1a) =0, (14)
where of = (07!, 012, ... ol N

Proof Define w; = w; + fot(ag“)’diag(Zg“)Xt dt. Then by (11) and Girsanov theorem,

@y is a standard P-Wiener process, and dZ{ = Z!a, dt + Z!o! - div,. The result now
follows since the drift term of Z{ vanishes if and only if oy = 0. O

It will emerge later that the process o is the instantaneous tracking bias for the locally
risk-minimising strategy using assets in S(A).

Corollary 1 If Z] and Z{ are as given above, then Z/ admits a locally risk-minimising
strategy if and only if a; = 0.

The following characterisation of locally risk-minimising strategies is well-known.

Proposition 2 Let H be a .%..-measurable square integrable random variable. Then the
locally risk-minimising strategy ¢/7 for H is given by

& =d(M); d(M, V(7)) (15)

where V;(¢H) = E[H|.%;] for t € [0, 7].
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Proof This follows from considering the Follmer-Schweizer decomposition (8) for H
under PP and projecting V;(¢7) on the P-martingale fot ¢H . dzA. For the details, refer
to Follmer and Schweizer (1991) Theorem 3.14. O

This enables us to determine explicitly the locally risk-minimising strategy for Z7.

Corollary 2 Suppose a; = 0. Then the locally risk-minimising strategy for Z/ is
i & Zidiag(Z{") " [0} (o)) ooy (16)

Proof Simple computations give d(M); = diag(Z{*)o{ (0{*)' diag(Z{)dt. Next, since
oy = 0, we have Z! is a P-martingale by Corollary 1 and so V;(¢4) = Z! and

d(V (€4, M), = d(Z", M), = Z] diag(Z{)o{ o] dt.

The result now follows from the previous proposition. O

3 Applications to Index Tracking

Managed funds, and in particular index related funds, have experienced rapid growth
over the past decade, with the value of index related funds in the US exceeding $1.5
trillion at the end of year 2000 as reported in Frino and Gallagher (2001). As the name
suggests, one of the primary objectives of index funds is to replicate the return on a
target benchmark index such as the S&P500. One obvious way to achieve this would be
to hold all the assets in the index and in the same proportion as they appear in the index.
However, this is impractical due to transaction costs, losses due to bid-ask spreads and
the limited liquidity of smaller stocks. Hence, the funds are forced to choose a subset
of assets with which to form their tracker portfolios.

Following Roll (1992), the predominant market practice is to select a set of liquid
assets, and then periodically adjust the weights in order to minimise the tracking error
variance or TEV. A brief description of this approach now follows. It is assumed in the
subsequent discussion that there are no restrictions on the short sale of assets.

Noting that returns and covariances in practice are estimated from discrete market
data, consider the Euler-Maruyama discretisation of the asset price sdes (2) and (3)

n
Frae® Si S At + 87 ) oy A, (17)
j=1
from which the approximate return, of, for the asset i over the interval [t,¢ + At] can
be obtained as

) St — St ) L )
ol 2 % ~ AL+ oy Aw] (18)
t

j=1

fori e {1,2,...,N,I}. Now, let A = {iy,io,...,14,} be defined as above, and let

- o 1 o
<7 2 ool ~ — covlel, of| 7). (19)
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Furthermore, let &, = (s;); jc augry and define the n x n and n x 1 submatrices &;'
and &, of &, by

1,1 1,2
2= | gtay U] (20)
Given the weights 7; = (7', ..., mi*) for a portfolio constructed from S(A), define
the tracking error, £, over the interval [t, ¢ + At] by
e = (ol —rAt) — ;- (0 — ri A1), (21)
where o = (0!', 0,..., 0i")". Accounting for the money market account, this is the

difference in the index return and the corresponding return on the portfolio with weights
m in S(A) and 1 — 7 - 1,, in the money market account.

Given the set A, the standard market practice for selecting the weights =, for the
tracker portfolio is to choose, for each time ¢, the weights 7 such that the (instanta-
neous) tracking error variance (TEV)

1
agt = A var [(g{ — 1 At) — - (024 — rtAtl)] (22)
is minimised. Note that the division by At in (22) is for convenience only and does not
affect the subsequent results in any way.

Proposition 3 The weights for the TEV-minimising strategy are given by the vector
mo= (@),

Proof This follows from differentiating (22) with respect to wij and solving the result-

ing set of linear equations for ;. O

Having obtained the weights, it is a simple exercise to compute the instantaneous mean
and instantaneous variance of the tracking error. In analogy with (22) define the instan-
taneous mean of the tracking error by

1
e, & = Eled] 7). (23)

Proposition 4 The instantaneous mean and variance of the tracking error for a TEV
minimising strategy are

pe, = pif — 7o — (D) (D41) 7 (i —rel) = o, (24)
ot = =@ty @) ey, (25)
where o is as defined in (14).

Now, suppose the index fund maintains the value of the tracker portfolio at the index
value S} forall t € [0, 7] by injecting funds if necessary. Then the number of units of
each asset is given by

& = Sldiag(S{) (@, ") 107 = Zldiag(Z) TN (@) T (26)
Note that &, is precisely the locally risk-minimising strategy, £, for S/ given in (16) if

a; = 0. Recalling that a tracker portfolio for an index is said to be unbiased if x., = 0,
this gives the following link between unbiased and locally risk-minimising strategies.
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Corollary 3 TEV-minimising strategy is locally risk-minimising for S/ if and only if it
is unbiased.

Proof Firstly, if u., = a; # 0 then Z! does not admit a locally risk-minimising strat-
egy by Corollary 1 and so in particular TEV-minimising strategy is not locally min-
imising for S/. Conversely, if 1., = 0, then by Corollary 2 the locally risk-minimising
strategy for S/ coincides with TEV-minimising strategy. O

Hence, the standard market practice of forming the tracker portfolio by minimising the
TEV is not optimal in general from the local risk-minimisation point of view. Noting
that u., = o depends only on the set A, the above results give the following simple
criterion for selecting the optimal set of assets from which to form a tracking strategy.

Criterion (Selection of Assets for Index Tracking I) To ensure local risk-
minimisation select a set of assets for which the TEV-minimising strategy is unbiased.

4 Special Case of Deterministic Coefficients

In this section, we consider the special case where r;, . and a;’j are deterministic. For
any strategy &;, define the associated discounted cost process, Cy(£), by

t
Cy6) = 2! — Vo(t) - /0 ¢ dz?, (27)

and for a given 7 € [t, T'], consider the remaining cost process, R (), given by

RI(€) =2~ 7] - / &, -dz2 = Cr(€) — Cu(o). (28)

Note that R (£) represents in some sense the cost incurred in ensuring that the value of
the strategy equals the value of the process, Z/, being hedged over the interval [t, 7].
For the motivation for, and the discussion of, the need to localise the notion of R}, refer
to Follmer and Sondermann (1986) and Schweizer (1991).

Now, in determining a measure for the deviation of the TEV-minimising strategy
from being locally risk-minimising, the next proposition is needed.

Proposition 5 If 4, i and o/ are deterministic, then E[Z1|.%,] = e @=s ZI for all
T €[0,7].

Proof From the proof of Lemma 1, the process X; £ e~ Jo =45 zI is a P-martingale,
and so we have E[X,|.%;] = X,. Thatis, E[e~ /o @45 21| .%,] = e~ Jo @=s 71 Since
fOT «agds is deterministic, the result follows. O

In this case, it is possible to compute explicitly the mean and the variance of the pro-
cess R] (&). As expected, these quantities are intimately connected to the mean and the
variance of the tracking error ;.
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Proposition 6 Let 0 < t < 7 < T', and let R7 (¢) be as defined in (28). If xi, o/’ and
r; are deterministic, then

E[R] (¢)|F] = 2! / o, i =t gy, (29)
t

E[(RT(£))e|-#1] = (ZJ)Q/ o2 e 2mirat g )ds gy, (30)
t
where u., = oy and o, are as defined in (23) and (22).

Proof Let p? = ¢/'". Then we have

T 1 T
2t =zt | [ h -~ 5| dut [ puaui]
t t

for all 7 € [t,T], where w; = (of - w;)/p; is a standard 1-dimensional P-Wiener
process. Now, substituting for &; in the expression for R () gives

RE©) = [ 2 [owdut ((ol) = @2 @) o) du).

Since oy is deterministic in this case, applying Fubini’s theorem gives

E[RY (€)% = E [ / 2 vy du

3‘}} = / E [Zﬂ ﬂt} oy, du.
t

Substituting the expression for Z! from above, and noting that ./ and r; are determin-
istic and e~ Jo 2% dst[s psdw js 3 P-martingale gives

E[R] (¢)|.7:] = /: Zlel wimr)ds 1o, du = 7] /: el (Tt gy
as required. Similarly,
(R™(6)r = /tT(Zi)2 ((00)" = (@;2) (@) o) (o — (o) (2,171 8,?) du
- [ @ (@ - @iy @i el?)
t
and so applying the above arguments gives
E[(RT(£)):| 7] = [ (! = (@) (@) 7, %) El(Z,)% 7] du.

. t1 2 g fto I g k. .
Since e~ Jo 2(202)" ds+ g 205 dw( 5 3 P-martingale, we have

E[(Z0)%.5] = (2])2eli" 2zt bol)as | [om S 200" ot [ 2p- du

7]
_ (Ztl)Qeft”2(u£—7"5-|-%p§)ds7

and so the second identity follows. O
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In the special case where the coefficients are constant, the integrals can be computed
explicitly.

Corollary 4 If ii = ui?, 01! = ™9 and r, = r are constant, then

Zlu T

] - Lt [ (ul )ty _

E[R‘r(g”‘/t] MI —r |:€ 1:| s (31)
(2{)%a2

E[(RT(£)-|F1] = 2l —r + LI

) |:e2(,u17r+%§1’1)(7'7t) - 1:| ) (32)

Interpreting R7 (£) as the remaining discounted cost for tracking the index using the
strategy &;, which may not necessarily be locally risk-minimising, the above formu-
lae give the mean and variance of this remaining cost. Consequently, in analogy with
the notion of value-at-risk we may define the cost-at-risk, 7, in the case of constant

coefficients by
(W' =r)(r—t) _q 2p! =r+geh ) (T=t) _ 1
(& e 2
() -

T _ I
ki = Z4

'ul_r Q(MI—T‘F%d’I)

which is the remaining cost that is one standard deviation from the mean. Since ] is
completely determined by the properties of the assets in S(A) and the index, this leads
to the following improved criterion for the optimal set of assets for forming tracker
portfolios.

Criterion (Selection of Assets for Index Tracking Il) Suppose r;, ui and oti’j are
constant. Then for a minimal cost-at-risk strategy over the interval [t, 7], select assets
for which «7 is minimal.

An illustration of ] as a function of . and o, is shown in Figure 1. Although the
surface is linear as expected, an interesting point is that <] may take negative values.

Next, indicative values for y., o2 and ] for all possible 9 asset portfolios that can
be constructed from the 10 largest stocks in the S&P500 index are given in Table 2.
The daily closing prices® for the GE, MSFT, WMT, XOM, PFE, C, INTC, BP, AIG
and JNJ and the S&P500 index over the period January 2, 2003 to June 30, 2003 were
used to estimate x¢ and ¢%7. It is worth noting that the difference between the maximum
and minimum values of ] reported in the table is approximately 1.89% of the initial
value of the portfolio. Since this difference grows exponentially as a function of = — ¢,
it represents an important quantity for consideration in selecting the assets for index
tracking.

Note that since 1. # 0 for the set of assets considered in the table, it is not sufficient
to consider only the variance of the remaining cost R (£). This was the motivation for
introducing the cost-at-risk measure 7. If only the variance of R] (£) was considered,
then one would incorrectly consider the portfolio in which XOM was excluded as being
optimal.

Y These were obtained from YAaHoO! finance.



Hedging Diffusion Processes by Local Risk-Minimisation

11

Fig. 1 The cost-at-risk, 7, as a function of . and o, with uf = 10%, r = 5%, v/<I'T = 20%,

Zl =1,000and 7 — ¢t = 0.25.

Omitted Stock | p. | o2 K

GE 0.0555 | 0.00268 | 15.1213
MSFT 0.0206 | 0.00295 | 6.5987
WMT 0.0369 | 0.00289 | 10.6025
XOM 0.0424 | 0.00265 | 11.8532
PFE 0.0635 | 0.00300 | 17.2814
c 0.0755 | 0.00299 | 20.2473
INTC 0.0645 | 0.00288 | 17.4584
BP 0.0521 | 0.00279 | 14.3233
AIG 0.0014 | 0.00300 | 1.8406
INJ 0.0375 | 0.00269 | 10.6634

Table 2 Indicative values of 7. The risk free rate was set to 2% for convenience and we used
7 — t = 0.25. The value of the S&P500 index on June 30, 2003 was used as the initial value so

that Z" = 974.51.

5 Conclusion

This paper considered the problem of hedging diffusion processes by local risk-
minimisiation and determined the necessary and sufficient conditions under which this
is possible. The results were applied to the problem of index tracking to establish close
connections between the notions of local risk-minimisation and tracking error variance
minimisation, with the latter being the market preferred method for determining the
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portfolio weights for index tracking. By exploiting the connections, simple criteria for
the selection of optimal set of assets for index tracking were obtained, and in the case
of constant coefficients a closed form expression for a value-at-risk type measure was
obtained for evaluating a given set of assets for the purposes of index tracking.
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