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Abstract. This paper describes a two-factor model for a diversified
market index using the growth optimal portfolio with a stochastic and
possibly correlated intrinsic time scale. The index is modeled using
a time transformed squared Bessel process of dimension four with a
lognormal scaling factor for the time transformation. A consistent
pricing and hedging framework is established by using the benchmark
approach. Here the numeraire is taken to be the growth optimal port-
folio. Benchmarked traded prices appear as conditional expectations of
future benchmarked prices under the real world probability measure.
The proposed minimal market model with lognormal scaling produces
the type of implied volatility term structures for European call and put
options typically observed in real markets. In addition, the prices of
binary options and their deviations from corresponding Black-Scholes
prices are examined.
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1 Introduction

A rich literature has now emerged on continuous time equity index modeling.
For some recent accounts one can refer to Renault & Touzi (1996), Musiela &
Rutkowski (1997), Rebonato (1999), Schénbucher (1999), Fouque, Papanicolau
& Sircar (2000), Lewis (2000), Rosenberg (2000), Balland (2002) and Barndorff-
Nielsen & Shephard (2002).

Despite much effort there is still no commonly accepted market index model.
Over the years a substantial body of empirical evidence has been accumulated
on the dynamics of indices and their derivatives. Recent empirical research is
documented, for instance, in Franks & Schwartz (1991), Heynen (1993), Heynen,
Kemma & Vorst (1994), Bakshi, Cao & Chen (1997), Dumas, Fleming & Wha-
ley (1997), Das & Sundaram (1999), Skiadopolous, Hodges & Clewlow (2000),
Tompkins (2001) and Cont & da Fonseca (2002).

It is evident from principal component analysis, see Cont & da Fonseca (2002),
that a one-factor model should be able to account for 75 - 95 % of the movements
of the index and implied volatility surface. However, an additional factor is needed
to capture, say, about 90 - 99 % of these dynamics. Thus, a two-factor model is
likely to be required for most applications. In addition, at present a two-factor
model represents the limit of what can be reliably implemented to produce fast
and accurate pricing tools, see Brigo & Mercurio (2001). For these reasons we will
focus our attention on a class of two-factor models and will discuss a particular
choice for these factors.

We will specify the factors in a parsimonious way such that the most important
features of the observed index dynamics are captured when using a few, piecewise
constant parameters. By using a result in Platen (2003b), which states that a
diversified portfolio approximates the growth optimal portfolio (GOP) we identify
the dynamics of a diversified index with that of the GOP.

For the index model considered here, the GOP itself and the scaling of the intrinsic
GOP time are chosen as the two primary factors. Together with the short rate
they determine the dynamics of the GOP, which plays a central role in our model
formulation, see Platen (2003b).

In the literature, one typically assumes the existence of an equivalent risk neutral
measure. We relax this assumption to enable us to choose from a wider range
of modeling alternatives. The approach is demonstrated for a generalization of
the minimal market model (MMM) described in Platen (2001, 2002), where the
discounted GOP follows a time transformed squared Bessel process of dimension
four. The scaling of the time transformation is modeled by a possibly corre-
lated lognormal process. A consistent fair pricing concept is obtained by using
the GOP as numeraire or benchmark, see Long (1990) and Platen (2002). This
pricing method assumes that benchmarked traded derivative price processes are
martingales under the real world measure. Thus, benchmarked derivative prices
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equal the conditional expectations of their future benchmarked prices. They can
be computed as expectations under the real world probability measure.

We study the pricing of zero coupon bonds as well as European call and put
options and binary options. These calculations enable us to compute the implied
volatility term structures for European call options and to compare these to
those typically observed in real markets. Finally, we consider the pricing of path
dependent binary options and examine the differences between these prices and
corresponding Black-Scholes prices.

2 A Benchmark Model

2.1 Primary Security Accounts

Let us introduce a financial market model as a particular case of the continuous,
complete benchmark model proposed in Platen (2002).

We introduce the primary security account processes S©, S .. 8@ which
are typically share accounts. The price of the jth primary security account at
time ¢, when measured in units of the domestic currency, is denoted by SU)(¢)
fort € [0,T] and 5 € {0,1,...,d}. We assume that in the jth primary security
account the accrued income or loss from holding this security is always reinvested.
We assume that S (¢) is the strong, unique solution of the stochastic differential
equation (SDE)

dSW(t) = SU) (1) { dt—i—Zb’ t) dWk(t) } (2.1)

for t € [0,7] and j € {0,1,...,d} with SU)(0) > 0. In this framework the
standard Wiener processes W* = {W*(¢),t € [0,T]}, k € {1,2,...,d} are
defined on a filtered probability space (9, Ar, A, P) with finite time horizon T €
(0,00), fulfilling the usual conditions, see Protter (1990). Here the filtration
A = (Ay)iepo,r) models the evolution of market information over time, where A,
denotes the market information available at time ¢ € [0, T).

The jth appreciation rate o/ = {a’(t), t € [0,T]} and (4, k)th volatility /% =
{b*(t), t € [0,T]} are considered to be A-adapted stochastic processes for j €
{0,1,...,d} and k € {1,2,...,d}, see Protter (1990). We set a®(t) = r(¢) and
bk () =0 for k € {1,2,...,d} so that S®(¢) is the value of the savings account
at time ¢, where r(t) is the short term interest rate at time ¢. Furthermore,
the wolatility matriz b(t) = [b7*(t)]4,_, is for Lebesgue-almost-every t € [0, T]
assumed to be tnwvertible. This ensures a proper securitization of the uncertainty
generated by the Wiener processes W1, ..., W¢ and makes the resulting model
complete, see Platen (2002).



We denote by S = {S(t) = (S©(2),SM(?),...,SD ()T, t € [0,T]} the vector of
primary security accounts. Here AT denotes the transpose of a vector or matrix
A. By introducing the appreciation rate vector a(t) = (a'(t),...,a%(t))" and the

unit vector 1 = (1,...,1)7, we obtain the market price for risk vector
o) = (0'(1),...,0°0)"
= b7 (t) [at) - r(t) 1] (2.2)

for ¢ € [0,T]. The notion (2.2) allows us to rewrite the SDE (2.1) in the form

dsY () = SY (1) {r(t) dt + Xd: YR () [6F () dt + dW’“(t)]} (2.3)

fort € [0,7] and j € {0,1,...,d}.

2.2 Strategies

Let us now consider portfolios of primary security accounts. We say that a pre-
dictable stochastic process 6 = {6(t) = (6©(¢), M (¢),...,6@D ()7, t € [0,T]} is
a strategy if & is S-integrable, see Protter (1990). The jth component 6U)(¢) €
(—o0,00) of the strategy ¢ denotes the number of units of the jth primary se-
curity account, which are held at time ¢ € [0,7] in the corresponding portfolio,
j € {0,1,...,d}. For a strategy & we denote by S©®)(¢) the value of the corre-
sponding portfolio at time #, when measured in units of the domestic currency.
This means that

SO (1) = zd: 69 () SY(¢t) (2.4)

for t € [0, T]. A strategy 6 and the corresponding portfolio process S are called
self-financing if

dS(t) = Xd: 69 (1) dSYW(¢) (2.5)

for all ¢ € [0, T]. For a self-financing strategy ¢ no outflow or inflow of funds occur
in the corresponding portfolio S(®. All changes in the value of this portfolio are
due to corresponding gains from trade using the primary security accounts. We
will consider in the following only self-financing strategies and corresponding self-
financing portfolios. Therefore, we omit from now on the word “self-financing”.

For a given strategy d the corresponding portfolio value S (¢) satisfies according
to (2.5) and (2.3) the SDE

dSO(t) = SO ) r(t) dt + Xd: Xd: 69 (2) SU (1) vk (1) (8%(t) dt + dW*(t)) (2.6)

k=1 j=0
for t € [0,T].



2.3 Growth Optimal Portfolio
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