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Introduction

® Various continuous-time mean-variance models have been
proposed and solved by Duffie, Jin, L1, Pliska, Richardson,
Rorn, Zhou, etc.

Davis and Norman considered a portfolio selection problem 1n a
market with proportional transaction costs in Portfolio Selection
with Transaction Costs.

Dai and Y1 studied finite horizon optimal investment problem in
a market with transaction costs.




Market

A Black-Scholes Market:
Bank Account: dR(t) = rR(t)dt
Stock Account: dS(t) = aS(t)dt + oS (t)dB(t)

Assumption: The parameters 7, ¢¢v and g are all
constants, and & > 1 .




Wealth Process

M (t) :the cumulative dollar value of stock bought
up to time ¢

N(t) : the cumulative dollar value of stock sold
up to time

X (t) : the number of dollars in bank account at time ¢

dX (t) =rX(t)dt — (1 4+ N)dM(t) + (1 — pu)dN (1),

Y (t) : the number of dollars invested in the stock at time ¢
dY (1) = oY (1)dt + oY (DdB(t) + dM(t) — dN(t),




Wealth Process

W (%) : the net wealth at time ¢
X(t)+ 1 —=p)Y ()" =1 +NY(t)"

Wy ¥ : the attainable net wealth set

There exits an admissible
zy _ process (X,Y) such that
o {W X(s—) =, Y(s—) =y and [

W(r)=Ww.




Mean-Variance Problem

MYV problem:
minimize E[W?],
subject to E|W| = z,

W e Wh.

Assumption:

z>e e+ (1—petyt — 1+ Ney .




Difficulties

® State constraint.

® The problem is a singular control problem
in a finite time horizon.




Feasibility

Proposition 1: The MV problem 1s feasible 1f and
only 1f

where




Unconstrained Problem

U problem:

minimize E[(W — £*)?],
subject to W € W,"”.

Or, equivalently,

minimize E[W?],
. LE—E*G_TT,y
subject to W ¢ W, .




Value Function

V(t,x,y) = Wé%wy E[W=].

HJB equation:

{min {0t + Low, (1 — 1)z — @y, 0y — (1 4+ XN} =0,
o(T,x,y) = (z+ (1 —pwyt — 1+ Ny ).

V(t,z,y) €0,T) x .7

1

Lop = 502y2gpyy + ayp, + rre;.

S ={(z,y) eR*|z+ (1 —pyt — 1+ Ny <0}.
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Equivalent Problem

_ 1
V(t,z) = 5In V(¢ 1),

_zow — 07 if x+i+>\](aj) < waj( ) ) < x—l—i—,u’

— EQUJ > O, if wx(t7x) — x—l—i—l—)\l(x)7

- Low > 0, if Wy (t, ) = a:+}—u’

V(t,x) € 0,T) x Z.

| 1
S8 0 (W + 202) = (@ = 7+ P)aw, + at 50°

if v < —(14+ \),

fr> -1+, 2L~ (Fe—d=p)




Double-Obstacle Problem

Vita) = 2V(t,2)

DO problem:

v + Ly =0, if x+%+/\
- Lo <0, ifo(t,x) = -
- Lo >0, ifu(t,x) =

(T, x) = w+i—u'

— (o — 1) avy — (@ —1r + 0)v + 202 (z%vv, + 20?).




Solution to the Double-
Obstacle Problem

O |
1
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\
4

a=0.15 r=0.05 c=02 X=0.02 x=0.02 T =2

|3



Three Regions

((t,x) €0, T)x &

((t,x) c0,T)x &

((t,a’:) €0, T)x &




Properties of the Free
Boundaries

5 -4 4 -3 3 -2 2 15 -

a=0.15 r=0.05 6 =02 A=0.02 ©u=0.02 T =2
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Value Function

Theorem 3: The HIJB equation has a unique solution:

V(t,z,y) = {3‘/262w (), if y > 0,

PO (x+ 1+ N)y)?, ify <0,

(1 +Nzp (1) + (a+ 50°) (14 A)?

CAGESESY: i




Lagrange Multiplier

Proposition 2: The Lagrange multiplier ¢* 1s
determined by

V(0,2 — e ™ y) — (0* —2)° =sup(V(0,z — e~ y) — (£ — 2)?),
lER

or, equivalently

e "IV (0, — e y) 4+ 20F = 22.




Lagrange Multiplier

If y <0, then

2z —e2BO=T (g 4 (14 N)y)

= 1 — e2B(0)—2rT




Lagrange Multiplier

e,
\\\

9 -8 -7 -6 -5 -4 -3 -2 - 0

a=0.15 r=005 c=02 A=0.02 1 =0.02 T =2
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Optimal Control

Market parameters:
a=0.15 r=0.05 0 =02 A=0.02 £ =0.02 T =2

Investor parameters:

r=—1

Lagrange multiplier:

Initial position:
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Thank you !
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