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Introduction

= The recent avallability of high frequency financial
data has motivated a growing literature devoted
to the model free measurement of volatility.
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= Instantaneous volatility for a diffusion process p

72 (t) = lim ~ E{(p(t + <) — p(1))?| 7]

Integrated variance or volatility

/O 02 (s) ds.
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= Market microstructure frictions = observed asset
prices deviate from their efficient values.
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n Introduction

= Nonparametric integrated volatility estimators
(Realized volatility, Fourier estimator, Wavelet
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Outline

= The aim of this paper is to fully understand the
properties of the Fourier volatility estimator under
microstructure noise.




Outline

|

= Simple price formation mechanism, where the
logarithm of the observed price process is the
sum of the log-price process in equilibrium and a
component of microstructure noise




Outline

|

= ASYMPTOTIC and FINITE SAMPLE properties for
the Fourier volatility estimator under the
presence of an MA(1) market microstructure
noise process.



Outline

o

= Easily implementable bias and MSE estimate =
optimal sampling at higher frequency. Lower bias
and MSE.



The price model with microstructure effects

= Observed log-price: p(t) = p(t) + n(t).
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| The price model

= ASSUMPTIONS:
A.l The efficient log-price
p(t) = o(t)dW (t) + b(t) d is a continuous
semi- martingale such that
fo (t)dt] < oo f062 t)dt] < oo.
Al We normalize the time window to |0, 27| and

suppose the process is observed at a discrete

Al The random shocks 7; = n(t ) are i.i.d. with
mean zero and bounded fourth moment.

A.IV The true return process
0;(p) :=p(t;) — p(t;—1) is independent of n; for
any j. ac



The finite sample estimators

ESTIMATORS

(V= 000~ plt ) = (6,0

j=1

REALIZED VOLATILITY




The finite sample estimators

ESTIMATORS

A2 . —
o7 oy = 2N+1 Z F (dpn) (s)F (dpn)(—s)

FOURIER ESTIMATOR

where F(dp,)(s Zexp —i5t;)0;(p).



The finite sample estimators

ESTIMATORS

= Both consistent as n, N — oo In the absence of
microstructure noise.



Asymptotic results

= Asymptotic results for the equilibrium price:
fim 2 S Fdp, ) () F(dpa) (—s) / " o2(t) di
1m " 2)(—s) =
nN—>o<>2N—|—1||<N p p 0

In probabillity.
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m Asymptotic results

= Asymptotic results for the contaminated price:

}\ifm F(dp,)(s)F(dp,)(—s) = +o0
n, —>oo|8|§N
In probability.



Bias computation

« Recall: 5(¢;) = p(t;) +n(t;) = 6,() = 6:(p) + e, :

where E; =TM; — Nj—1-
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Bias computation

= Realized Volatility estimate [B-R]:

A

bias := E[V,, — V] = 2nE[n’].
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Bias computation

= Fourier estimator:

72 v=V]=2nE[n?](1-




Bias computation

|
[ |
[ |
1 sin[(N+3)2E] N
- Note that N1 sm(15) »1as — — 0.



Bias computation

: 1y2x
- Note that 51 Smii(ing_j)n] »las & — 0.
2 n
: 1y2x
- Moreover 2n E[n?] (1 — = Sms[i(i\([jg_j)n ]> > 0 as
2 n
N72 — O oooono



MSE computation

= Realized Volatility estimate [B-R]:

B[V, — V)’) = 22(Q + o(1)) + A,

where Q = [\ o*(s)ds and
Ap=na+nB+7,
with
a = (E[eY)?, B =E[e"+2E[%2,] — 3(E[e?)?
v =4E[’)V — 2E[e%¢%,] + 2(E[€%))”.



MSE computation

¢ Fourier estimator:

El0%y — V) = 2°7(Q + o{1)) + n*d + nf + 4

where

5= 5 (1+ DRCT) — 2D (3T ) B (DA (D) - D (3T
5=+ 1 (B0 B0 D)) 4+ 0 () onens




MSE computation

¢ Fourier estimator:
2T . N
E(67.5 = V)] = 2=-(Q + o(1)) + ’d + nfi +4

as n, N — oo, with N72—>O:

where .
DN(t) — 2N—|—1 Z ZSta
5|
& = a (1 — D?V(%”) — 2DN(2§)>
A 27 2T 919 o 2T 2T
5= 5 (1+ DRCD) — 2Dy (3T ) sELP (DT - D (3T

R 1



MSE computation

¢ Fourier estimator:

asn, N — oo, WithN?2—>O: o(1)

where

5= 5 (1+ DRCD) — 2Dy (3T ) sELP (DT - D (3T

n n

i 1




MSE computation

¢ Fourier estimator:
2T . N
E[(&fb,N — V)% = ZF(Q +o0(1)) + n%zj + 7
asn, N — oo, WithN?2—>O o(l) of(l)
where

5= 5 (1+ DRCD) — 2Dy (3T ) sELP (DT - D (3T

n n

R 1




MSE computation

¢ Fourier estimator:
2T A A
El(6.y—-V)] = ZF(QJro(l)) +n2& +nf+

aSn,N—>oo,WithN72—>O: o(l) o(l) O(1)

where

5= 5 (1+ DRCD) — 2Dy (3T ) sELP (DT - D (3T

n n

. 1
2N_|_1 oooono




Monte Carlo setup

¢ Efficient log-price process and spot volatility:
dp(t) = o(t) dW;(t)
do?(t) = a(B — o?(t))dt + va(t) dWs(t),
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Monte Carlo setup

¢ Efficient log-price process and spot volatility:
dp(t) = o(t) dWy(t)
do?(t) = a(B — o?(t))dt + va(t) dWs(t),

¢ Observed log-price process:
p(t;) = p(t;) +n(t;),  n ~ N(0,&7)

o Therefore: 4,(p) = d,(p) + €;, where the
e; =n(t;) —n(t;—,) follow a MA(1) process with
negative first order autocorrelation.

& Moreover:

car() = [ oHe)ds 28, cod5). 6 (p) =~

j_
ooono



Monte Carlo setup

¢ We simulate second-by-second return and
variance paths over a daily trading period of h = 6
hours, for a total of 21600 observation per day.
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Monte Carlo setup

¢ We simulate second-by-second return and
variance paths over a daily trading period of h = 6
hours, for a total of 21600 observation per day.

o We sample the observations for different choices
of the uniform sampling interval, so that we obtain
different data sets (¢;, p(t;), j =0,1...n) with o
recorded at every t.

o In implementing the fourier estimator &, , the
smallest wavelength that can be evaluated is twice
the smallest distance between two consecutive
prices, which yields N < n/2 (Nyquist frequency).

¢ In order to estimate the relevant population
moments of the noise components, we use sample

moments constructed usini iuote-to-ﬁuote return
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|
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Figure 1: Fourier estimator and realized volatility MSE as a =



Results

Fourier estimator
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Figure 2: Average 62 ,; as a function of the highest frequency
N employed in the Fourier expansion and n = 21600 (quote-
to-quote returns). Parameter values: o = 0.01, 5 = 1.0,
v = 0.05, £ = 0.0142%. The simulations are run for 500 daily
replications.
O



Results

Fourier estimator
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Results
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Figure 4: Min true MSE = 2.88e-4 for k = 264.




Empirical analysis

= We analyze quote-to-quote logarithmic prices of

the Italian stock index futures, named FIB30, for
the period January 11, 2000 to January 31,
2001, for a total of 269 trading days.




Empirical analysis

|
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Empirical analysis




Conclusions

= \We have studied the asymptotic and finite sample properties
under the presence of market microstructure noise for the Fourier
volatility estimator.
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] Conclusions

= \We theoretically and empirically show that the volatility estimates
are asymptotically swamped by noise as the number of data
observations increases over a fixed time period.




Conclusions

] Conclusions

= \We derive an easily implementable bias and MSE estimate as a
function of the sampling frequency.




Conclusions

] Conclusions

= Optimal sampling at higher frequency. Lower bias and MSE than
for the realized volatility estimator, if the number N of the Fourier
coefficients is chosen conveniently.



Conclusions

] Conclusions

= Future work: analysis of the economic benefits of the optimal
sampling in an asset allocation framework.
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