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Abstract

In a recent article Elliott and Osakwe discussed option pricing when
the price process has dynamics described by a regime switching
Lévy process. The regime switching is determined by an observable
Markov chain. In this paper a related framework is considered but
the regime switching chain is not observed directly. Its state and
dynamics can only be estimated using some new filters. The
results are tested empirically for option prices using S&P data.
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The state of the economy or market will be modelled by a process,
X, which is a continuous time finite state Markov chain, taking
values in the set of N canonical basis vectors. More specifically,
the stochastic process X(ω, t) : Ω × [0,∞) → L, where the set L
is defined as

L ≡ {"e1, . . . ,"eN} ⊂ &N ,

and "ei ∈ &N has 1 in the ith position and zero elsewhere. As
usual, we shall write Xt(ω) = X(ω, t), depending on context.
Write pi

t = P̄ (Xt = "ei | X0) and pt = (p1
t , p

2
t , . . . , p

N
t )′.
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The evolution of the chain is usually described in terms of its rate
matrix, (or Q matrix), A so that

dpt

dt
= Apt.

Then X has semi-martingale decomposition, (see [5]),

Xt(ω) = X0(ω) +

∫ t

0
AXs(ω)ds + Vt.

Here Vt is a (P̄ ,G) - martingale with values in &N , which by
definition is independent of Y .
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The observation process will be a map Y (ω, t) : Ω × [0,∞) → &
which we shall suppose is a variance gamma, VG, process. This
can be represented in a number of equivalent ways.
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The first representation of the VG process is as a time changed
Brownian motion with drift. Write Zt(ω) = θt + σBt(ω), where Bt

is a Brownian motion. Here the drift is θt and the instantaneous
variance σ2. We shall write Gν

t (ω) for a Gamma process
independent of the Brownian motion. That is,

Gν
t+h − Gν

t
law≡ γ

(
h

ν
,
1

ν

)
,

where γ
(

h
ν , 1

ν

)
is a gamma variable with mean h and variance νh.

We write Y as a Brownian motion subordinated by a gamma
process, i.e.,

Yt
law
= ZGν

t
.
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This representation has a natural economic interpretation:
“packets” of information affecting security prices arrive at the
market randomly according to a gamma process. At those times,
the size of the returns will be given by the drifted Brownian
motion, Z evaluated at the new time. The gamma process is
discontinuous, and consequently the composition of the VG
process is too.
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The first representation makes it easy to write down the
characteristic function by using a conditional expectations
argument. We have

E
[
eiuYt

]
= E

[
E

[
exp

(
iuZGν

t

)
|Gν

t

]]

= E

[
exp

((
iuθ − σ2u2

2

)
Gν

t

)]

=

(
1 − iuθν +

σ2u2ν

2

)− t
v

.

(1)
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A second representation of a VG process is via a decomposition of
the characteristic function in (1).
Write

1

C
= ν,

1

G
=

√
θ2ν2

4
+

σ2ν

2
− θν

2
, (2)

1

M
=

√
θ2ν2

4
+

σ2ν

2
+

θν

2
.

For ease of computation, we note that

1

GM
=

σ2ν

2
,

and
1

M
− 1

G
= θν.
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Consequently, we may factor equation (1) as

(
1 − iuθν +

σ2u2ν

2

)− t
v

=

(
1 − iu

M

)−Ct(
1 +

iu

G

)−Ct

. (3)

The importance of this factorisation is that we can interpret the
VG process as the difference of two independent Gamma processes.
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In the context of Lévy processes, the characteristic function takes
on extra special significance through the following theorem.
Theorem 2.1. (Lévy-Khintchine Formula) If Y is a square
integrable Lévy process, then its characteristic function may be
written in the following way

E[eiuYt ] = exp (tφ(u))

where the unit log characteristic function is written

φ(u) = iub − 1
2σ2u2 +

∫
#

(
eiux − 1 − iuxI{|x|≤1}

)
ν(dx).

Here ν(dx) is a sigma-finite measure which satisfies ν({0}) = 0
and the integrability condition

∫

#

(
1 ∧ x2

)
ν(dx) < ∞

We also have σ > 0 and b are real numbers.
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We have the following representation for the variance gamma
process:

(
1 − iu

M

)−Ct(
1 +

iu

G

)−Ct

= exp
(
Ct

∫ ∞

0
(eiux − 1)

e−Mx

x
dx

)
exp

(
Ct

∫ ∞

0
(e−iux − 1)

e−Gx

x
dx

)

= exp
(
Ct

∫ ∞

0
(eiux − 1)

e−Mx

x
dx

)
exp

(
Ct

∫ 0

−∞
(eiux − 1)

e−G|x|

|x| dx
)

= exp
(
t

∫

#

(
eiux − 1

)
ν(dx)

)

= exp
(
tiub + t

∫

#

(
eiux − 1 − iuxI{|x|≤1}

)
ν(dx)

)
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Here we have written ν(dy) = k(y)dy as the Lévy measure where
k is given by

k(y) =
C exp(−My)

y
I{y>0} +

C exp(−G|y|)
|y| I{y<0}. (4)

and the drift, b, is given by

b = −C

∫ 0

−1
e−G|x|dx + C

∫ 1

0
e−Mxdx

=
C

M

(
1 − e−M

)
− C

G

(
1 − e−G

)
.

Thus, the Lévy triple is given by (b, 0, ν).
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Definition (Random Measure) A random measure on &× &+ is a
family µ = {µ(dy, dt;ω);ω ∈ Ω} of non-negative measures on the
measure space (&× &+,B(&) ⊗ B(&+)) which satisfy
µ(&× {0};ω) = 0. First, (dropping the ω subscript), the random
(jump) measure induced by Y is defined as follows:

µ(A, (0, t])
∆
=

∑

0<s≤t

I{∆Ys∈A,∆Ys '=0}

=
∑

s∈(0,t]

I{∆Ys∈A}δ(s,∆Ys)((0, t] × A).

Here, A ⊂ & is any Borel set which does not contain an open
interval surrounding the origin, thus ensuring that µ is finite. As
usual, δa is the Dirac measure for the point a ∈ &+ ×&.
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Remark 2.6 The quantity µ(A, (0, t]) is integer valued and can be
intuitively thought of as the number of jumps of “size” A that the
process Y makes in the time interval [0, t]. The integral of a
suitable function f : &× &+ × Ω → & with respect to this jump
measure is defined by

(f ∗ µ)t =

∫

(0,t]

∫

#
f(y, s−)µ(dy, ds)

=
∑

0<s≤t

f(∆Ys, sI{∆Ys '=0}).
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Next, we shall define the predictable compensator, νP of this
quantity as a random measure such that
E[(f ∗ νP )t] = E[(f ∗ µ)t] for all t ≥ 0 and all f such that f is a
left continuous process (i.e. f is predictable).
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Then

eiuXt

= 1 +
∑

0<s≤t

eiuXs − eiuXs−

= 1 +
∑

0<s≤t

eiuXs−
(
eiu∆Xs − 1

)

= 1 +

∫ t

0
eiuXs−

∫

#

(
eiux − 1

)
µ(dx; ds)

= 1 +

∫ t

0
eiuXs−

∫

#

(
eiux − 1

) (
µ(dx; ds) − νP (dx; ds)

)

+

∫ t

0
eiuXs−

∫

#

(
eiux − 1

)
νP (dx; ds)

= 1 + martingale +

∫ t

0
eiuXs−

∫

#

(
eiux − 1

)
νP (dx; ds).
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Taking expectations and solving, we observe that

EP [eiuXt ] = 1 +

∫ t

0
EP [eiuXs−]

∫

#

(
eiux − 1

)
ν(dx, ds)

= exp

(∫ t

0

∫

#
(eiux − 1)ν(dx; ds)

)
.
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Equating this with the Lévy-Kintchine formulae, we see that the
compensator measure ν(dx; ds) is the same as the Lévy measure.
That is, the predictable compensator of the VG process Y is given
by

νP (dy; ds) = k(y)dyds

=

(
C exp(−My)

y
I{y>0} +

C exp(−G|y|)
|y| I{y<0}

)
dyds.

(5)
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VG Processes under absolutely continuous changes of
measures.

At this point it is useful to introduce a truncated version of the
variance gamma process such that we can ensure that the change
of measure works as we wish. Instead of considering Y , we
consider the tails of this process, namely, for any ε > 0, write

Y ε
t = Y0 +

∑

0<s≤t

∆YsI{|∆Ys|>ε}.
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For A ∈ B(&) the integer valued random measure is then defined
by µε : &× &+ × Ω → N by

µε (A × (0, t]) (ω) =
∑

s∈(0,t]

I{∆Y ε
s (ω)∈A}δ(s,∆Y ε

s )((0, t] × A).

The truncated VG process makes this sum almost surely finite
because infinite jump activity of size less than ε is ignored.
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Definition 3.1 (Local Absolutely Continuous Measures) P is
locally absolutely continuous with respect to P ′, (written

P
loc
- P ′), if P |Ft

- P ′|Ft
for all t ≥ 0.
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The importance of this truncation is that the integrability
conditions of the following theorem hold.
Theorem 3.2 If, under Pi, the Lévy triple is given by (bi, 0, νi) for

i = 1, 2, then P1
loc
- P2 provided that

1.
∫ 1
−1 |xk1(x) − xk2(x)|dx < ∞,

2. b1 = b2 +
∫ 1
−1 x(k1(x) − k2(x))dx, and

3.
∫
#

(√
k(x) −

√
k′(x)

)2
dx < ∞.

proof: See Jacod and Shiryaev, theorem IV.4.39(c).
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The Reference Measure

For the rest of the talk, we shall write Y , (resp. µ,k), for the
truncated VG process, Y ε, (resp. for the jump measure µε, for the
compensator measure kε), to avoid the more cumbersome notation.
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Suppose under P̄ , Y is a truncated VG process with parameters
C = 1, G = M =

√
2. For j = 1, . . . ,m, Cj,Mj , Gj ∈ &+,

consider a likelihood function Lε
j(y) defined by

Lε
j(y) = Cj exp

(
− (Mj −

√
2)y

)
I{y>ε}

+ Cj exp
(
− (Gj −

√
2)|y|

)
I{y<−ε} + I{|y|≤ε}

=
kj(y)

k(y)
I{|y|>ε} + I{|y|≤ε},

where k(y), (resp. kj(y)I|y|>ε) is the Lévy measure of a VG

process with parameters C = 1, G = M =
√

2, (resp. a VG process
with parameters Cj ,Mj , Gj).
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Consider two processes on (Ω,F ,G, P̄ ) defined by

Ūt =
∫
(0,t]

∑N
j=1 < Xs−,"ej >

∫
#(Lε

j(y) − 1){µ(dy; ds) − k(y)dyds},

Λ̄t = 1 +

∫

(0,t]
Λ̄s−dŪs.
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Then Λ̄ is given by the Doléans-Dade exponential, (see Jacod and
Shiryaev, [7]),

Λ̄t = Et(Ū )

= eŪt
∏

0<s≤t

(1 + ∆Ūs)e
−∆Ūs

= exp

(∫

(0,t]

N∑

j=1

< Xs−,"ej >

∫

#
log(Lε

j(y))µ(dy; ds)

−
∫

(0,t]

N∑

j=1

< Xs−,"ej >

∫

#
(Lε

j(y) − 1)k(y)dyds

)
.
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We now consider the change of measure

dP

dP̄

∣∣∣∣
Gt

≡ Λ̄t, t ≥ 0.

We require that P ∼ P̄ , which forced the truncation of our Lévy
measure from k(y) to k(y)I{|y|>ε}. Under the measure P , (which
will be referred to as the historical measure)

Y ε
t −

N∑

j=1

∫

(0,t]
< Xs−,"ej >

∫

#
ykj(y)I{|y|>ε}dyds

is a martingale. In other words, under P the process Y ε has
predictable compensator defined by the measure

N∑

j=1

< Xs−,"ej > kj(y)I{|y|>ε}dyds.
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We wish to calculate quantities such as E
[
HtXt|Yt

]
, where Ht is

a Gt measurable process. More specifically, we want to find
estimates of processes of the form

Ht = H0 +

∫ t

0
αsds +

∫ t

0
β′

sdVs +

∫ t

0

∫

#
ξsµ(dy; ds).

Here α, ξ and β, are predictable square integrable processes, with
β ∈ &N .
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Lemma 4.2 (Conditional Bayes’ Formula)

E
[
HtXt|Yt

]
=

Ē
[
Λ̄tHtXt|Yt

]

Ē
[
Λ̄t|Yt

] .

proof: See Elliott et al, Theorem 3.2, page 23.
!
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Write qt(HX) = Ē
[
Λ̄tHtXt|Yt

]
. We use Lemma 4.2 to calculate

the linear Zakai equation described in the following theorem.
Theorem 4.3 (Linear Zakai Equation)

qt(HX)

= q0(HX)

+

∫ t

0

{
qs(HAX + αX) +

N∑

i,j=1

aji < qs
(
(βj − βi)X

)
,"ei > ("ej − "ei)

}

+

∫ t

0

∫

#

N∑

j=1

< qs−(ξs(y)X),"ej > Lε
j(y)µ(dy; ds)"ej

+

∫ t

0

N∑

j=1

< qs−(HX),"ej >

∫

#
(Lε

j(y) − 1){µ(dy; ds) − k(y)dyds}"ej .
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Parameter Estimation

Here we derive an EM algorithm for parameter updating. The
parameter space for our model is given by

Θ =

{
(aij)

N,N
i,j=1, (Cj)

N
j=1, (Gj)

N
j=1, (Mj)

N
j=1;

Cj, Gj ,Mj , aij ≥ 0, i 0= j, i, j = 1, . . . , N, and
N∑

j=1

aij = 0,

i = 1, . . . , N

}

.
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Consider a fixed θ ∈ Θ. Associated with this parameter, we have a
probability Pθ under which the processes X has rate matrix A, and
Y is a VG process with parameters Cj, Gj ,Mj when X is in state
j. We wish to estimate a better θ̂ ∈ Θ. For this we use the EM
algorithm: given observations {yt}0≤t≤T choose

θ̂ ∈ argmaxψ∈ΘEθ

[
ln

dPψ

dPθ
| YT

]
.

We then define Pθ̂ so that our model has parameter θ̂.
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Firstly, we endeavor to find the Radon-Nikodym derivative which
changes the drift of the state process from

∫ t
0 AXsds to

∫ t
0 ÂXsds.

Consider the counting process, J ij
t , i 0= j, which counts the

number of jumps from state i to j in the interval (0, t]. This has
representation

J ij
t =

∫ t

0
< Xs−,"ei >< dXs,"ej > (6)

=

∫ t

0
< Xs−,"ei >< AXsds,"ej > +

∫ t

0
< Xs−,"ei >< dVs,"ej >

=

∫ t

0
aji < Xs,"ei > ds + V ij

t

= ajiO
i
t + V ij

t .
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Here, Oi
t is the occupation time of the state process in state i up

to time t; also, the third equality holds because the set
{s ∈ [0, t];Xs− 0= Xs} is a.s., finite, and has Lebesgue measure
zero.
Write

Λ̂ij
t = Et

((
âji

aji
− 1

)
V ij

)

=

(
âji

aji

)Jij
t

exp(−(âji − aji)O
i
t).
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Then the product
∏

i'=j Λ̂ij
t defines the required Radon-Nikodym

derivative. Write k, (resp. k̂) for the Lévy measure with
parameters

{
Cj , Gj ,Mj

}
, (resp.

{
Ĉj , Ĝj , M̂j

}
),

L̂ε
j(y) = k̂(y)

k(y)I{|y|>ε} + I{|y|≤ε}, and

Ût =

∫

(0,t]

N∑

j=1

< Xs−,"ej >

∫

#

(
L̂ε

j(y) − 1
)
{µ(dy; ds) − k(y)dyds},

Λ̂t = Et
(
Û

) ∏

i'=j

Λ̂ij
t .
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We now define the measure P̂ by

dP̂

dP
|G= Λ̂t.

Then, under P̂ , the observation process has parameter θ̂. Now

ln Λ̂T = lnET (Û ) +
∑

i'=j

ln Λ̂ij
T

= −
(
(L̂ε − 1) ∗ k

)
T

+
(
(ln L̂ε) ∗ µ

)
T

+
∑

i'=j

(
J ij

T ln
( âij

aij

)
− (âij − aij)O

i
T

)
.
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Thus the conditional log likelihood function looks like

-(θ̂, θ) = Eθ
[
ln Λ̂T | YT

]

+ Eθ

[ ∑

i'=j

(
J ij

T ln
( âij

aij

)
− (âij − aij)O

i
T

)
| YT

]

= Eθ

[
−

(
(L̂ε − 1) ∗ k

)

T

+

(
(ln L̂ε) ∗ µ

)

T

| YT

]

+
∑

i'=j

(
J ij

T ln

(
âij

aij

)
− (âij − aij)Oi

T

)
.
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Here, J ij
T = Eθ[J

ij
T | YT ] and Oi

T = Eθ[Oi
T | YT ]. We also

introduce the statistics

P j
T =

∫ T

0
< Xs−,"ej >

∫ ∞

ε
yµ(dy; ds) (7)

Qj
T =

∫ T

0
< Xs−,"ej >

∫ −ε

−∞
|y|µ(dy; ds), (8)

Rj
T =

∫ T

0
< Xs−,"ej > µ(|y| > ε; ds) (9)

and the corresponding estimates
Pj

T = E[P j
T |YT ],Qj

T = E[Qj
T |YT ], and Rj

T = E[Rj
T |YT ].
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Taking derivatives with respect to the parameter θ̂, we get the
following result.
Theorem (Parameter Updates) The parameter updates given the
observations, YT are given by

âji =
J ij

T

Oi
T

, ,∀i 0= j (10)

Ĉj =
Rj

T(
E1(Ĝjε) + E1(M̂jε)

)
Oj

T

, (11)

M̂j =
ĈjOj

T

Pj
T

, and (12)

Ĝj =
ĈjOj

T

Qj
T

(13)
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Here E1(x) =
∫ ∞
x

exp(−s)
s ds is the exponential integral function

described in Abramowitz and Stegun, [1], page 228.
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The linear Zakai equation (4.1) can be transformed into a simpler
stochastic differential than the one derived, and when the process
ξ = 0 the resulting equation becomes a pathwise ordinary
differential equation. For - = 1, . . . , N , write

qt(HX)& = < qt(HX),"e& >,

U &
t =

∫

(0,t]

∫

#

( 1

Lε
&(y)

− 1
)
{µ(dy; ds) − k&(y)dyds},

λ&
t = 1 +

∫

(0,t]
λ&

s−dU &
s

= Et(U
&).
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Write Γt = diag(λ&
t) and qt = Γtqt. Then, we have the following

result.
Theorem (Robust Filters.)

q̄t(HX) = q̄0(HX) +

∫ t

0

{
q̄s(HAX + αX)

+
N∑

i,j=1

Γsaji("ej − "ei)"e
′
iΓ

−1
s q̄s((β

j − βi)X)
}
ds

+

∫ t

0

∫

#
q̄s−(ξ(y)X)µ(dy; ds).

!
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This section calculates the recursive equations for the parameter
updates. As we are using VG dynamics some of the filters are new
and have a different form. Set α = ξ = 0,β = 0 ∈ &N , and
Ht = H0 = 1. Then we obtain the following ordinary differential
equation:

q̄t(X)& = q̄0(X)& +

∫ t

0
q̄s(AX)&ds

= q̄0(X)& +

∫ t

0
"e′&ΓsAΓ−1

s q̄s(X)ds.
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Consequently,

q̄t(X) = q̄0(X) +

∫ t

0
ΓsAΓ−1

s q̄s(X)ds

To calculate the normalised probability, we need only calculate

Eθ[X | YT ] =
q̄t(X)

q̄t(X)′1N
.
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Occupation Time of the State Process.

Write Ht = Oj
t , for the occupation time of the hidden Markov

chain in state j up to time t. Write Oj
t = Eθ[O

j
t | Yt] for the

corresponding estimate. Also, set H0 = 0, and αs =< Xs−,"ej >,
β = 0 ∈ &N , ξ = 0. Then

q̄t(O
jX)& =

∫ t

0
q̄s(O

jAX+ < X−,"ej > X)&ds

=

∫ t

0
"e′&ΓsAΓ−1

s q̄s(O
jX) + "e′&"ej"e

′
j q̄s(O

jX)ds

Consequently,

q̄t(O
jX) =

∫ t

0
ΓsAΓ−1

s q̄s(O
jX) + "ej"e

′
j q̄s(X)ds.
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Cumulative Size of Positive Jumps in the Observation
Process.

Number of Jumps From State i to State j.

q̄t(J
ijX) =

∫ t
0 ΓsAΓ−1

s q̄s(J ijX)ds +
∫ t
0 Γsaji"ej"e′iΓ

−1
s q̄s(X)ds.

q̄t(P
jX) =

∫ t

0
ΓsAΓ−1

s q̄s(P
jX)ds +

∫ t

0
q̄s−(X)

∫ ∞

ε
yµ(dy; ds)"ej .
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Cumulative Size of Negative Jumps in the Observation
Process.

q̄t(Q
jX) =

∫ t
0 ΓsAΓ−1

s q̄s(QjX)ds +
∫ t
0 q̄s−(X)

∫ −ε
−∞ yµ(dy; ds)"ej .

Number of Jumps in the Observation Process.

q̄t(R
jX) =

∫ t

0
ΓsAΓ−1

s q̄s(R
jX)ds +

∫ t

0
q̄s−(X)µ(|y| ≥ ε; ds)"ej .
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Discretisations

State Estimates.

q0(X) = "π ∈ &N ,

qtk+1(X) ≈ B̃kÃqtk(X).

Occupation Time.

q0(O
jX) = "0 ∈ &N ,

qtk+1(O
jX) ≈ B̃kÃqtk(OjX) + τk+1B̃k"ej"e′jqtk(X).

Number of Jumps From State i to State j, i 0= j.

q0(J
ijX) = "0 ∈ &N ,

qtk+1(J
ijX) ≈ B̃kÃqtk(J ijX) + τk+1ajiB̃k"ej"e′iqtk(X).
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Cumulative Size of Positive Jumps in the Observation
Process.

q0(P
jX) = "0 ∈ &N ,

qtk+1(P
jX)

≈ B̃kÃqtk(P jX) + B̃k"ej"e
′
jqtk(X) ×

∑

tk<s≤tk+1

∆YsI{∆Ys>ε}.

Cumulative Size of Negative Jumps in the Observation
Process.

q0(Q
jX) = "0 ∈ &N ,

qtk+1(Q
jX)

≈ B̃kÃqtk(QjX) + B̃k"ej"e
′
jqtk(X) ×

∑

tk<s≤tk+1

∆YsI{∆Ys<−ε}.
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Number of Jumps in the Observation Process.

q0(R
jX) = "0 ∈ &N ,

qtk+1(R
jX) ≈ B̃kÃqtk(RjX) + B̃k"ej"e′jqtk(X) ×

∑
tk<s≤tk+1

I{|∆Ys|≥ε}.
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Simulation

The simulation we use the discretisation where the tk = T ε
k are in

fact the jump times of the observation process, Y . In this case, we
have

∑
tk<s≤tk+1

∆YsI{∆Ys>ε} = ∆Ytk+1I{∆Ytk+1>ε} and∑
tk<s≤tk+1

I{|∆Ys|≥ε} = I{|∆Ytk+1|≥ε}. We can then calculate the

recursive equations given above, whereupon we substitute these
‘structural equations’ into the new parameter estimates calculated
in equations (10). We draw the observations from a simulated
process with parameters given by

A =

[
−0.025 0.015
0.025 −0.015

]
, θ =

[
−0.5
0.5

]
, σ =

[
0.05
0.15

]
,

and

ν =

[
5.0
3.0

]
.
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We then use an initial guess of the EM Algorithm given by

A(0) =

[
−0.2 0.1
0.2 −0.1

]
, θ(0) =

[
−0.05
0.25

]
, σ(0) =

[
0.1
0.1

]
,

and

ν(0) =

[
1.0
0.5

]
.

The results for the state estimation are shown in figure 8.1, while
the convergence of the parameters is shown in figure 8.2.
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Figure: 8.2 State estimates from filtering the VG process. The upper
pane shows the (hidden) state process, Xt. The middle pane indicates
observations, Yt, while the dotted grey line in the bottom pane indicates
the estimated state process, P (50)(Xt = "e1|t) = <qt(Xt),!e1>

<qt(Xt),12>
. Note, that

the estimates of the probability are using the estimated parameters after
the 50th pass of the EM Algorithm.
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Figure: A comparison of the option prices under different assumptions
about the underlying process. The dotted line is the option price when
the underlying has VG regime switching returns. The thin solid line is the
same but when the underlying returns have a normal distribution. Both
processes have the same variance.
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We compare the estimated call option price with the actual call
option price for the date 29th October, 2005 and using daily data
from the S&P500 found between 20th January, 1986 and the 20th
January 2006. We shall use the full array of strikes that are traded
on the underlying. Using the estimation scheme, we find the
estimated point estimates for a two state model are given by
(A(50), θ(50),σ(50), ν(50)) where

A(50) =

[
−0.2582563 0.3234474
0.2582563 −0.3234474

]
,

θ(50) =

[
0.14348039
0.06117406

]
,

ν(50) =

[
0.04702351
0.05296345

]
,

and σ(50) =

[
0.1992016
0.3913205

]
.
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Figure: Daily Observations of the S&P500 (top plot) with filtered state
estimates (bottom plot).
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A diagram of the working filter for X is shown in figure (9.2). The
filter clearly shows the switching occurring between two main
regimes. State 1 appears to be prominent during the mid 1990s
and also in the last year, while state 2 is much more in evidence
during times of high volatility and market crashes. Note that our
parameter estimates corresponds to a fairly reasonable
(approximate) conditional yearly standard deviation of

√
(θ(50))2ν(50) + (σ(50))2 =

[
0.2016168
0.3915737

]
.

This shows that we have managed to decompose the time series
into two states: one with high volatility (the second state), and
one with low volatility. This is only a guide for yearly volatility as
observations were not taken at regular intervals.
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Pricing of options using this approach now becomes easy: we use
these estimates given, and substitute them into our FFT
framework. We compare our estimates with the actual price for
options struck on the S&P500 on the date 29th October 2005.
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Figure: Absolute call option pricing errors for three different option
pricing models.
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