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What has been done?

Hughston (1998)
e General theory

e Foreign-currency analogy

Jarrow & Yildirim (2003)
e 3-factor HJM model
e TIPS

e Vanilla Inflation Option

Mercurio (2005)
e YYIIS, Caplets, Floorlets (ZCIIS)
e JY version of HJM

e 2 Market Models



What is new?

e HJM model with jumps

— YYIIS

e Inflation Swap Market Models
— ZCIISwaptions

— YYIISwaptions

e HJM model
— ZCIISwaptions

— TIPStions

e NO foreign-currency analogy is needed =

e \We prove that the foreign-currency analogy
holds for an arbitrary process

YYIIS= Year-on-Year Inflation Indexed Swaps

ZCIIS= Zero Coupon Inflation Indexed Swaps



Given

I(t) : An arbitrary stochastic process

p(t,T) : Price in dollar at t of a contract
that pays out 1 dollar at T.

p!P(t, T) : Price in dollar at ¢t of a contract
that pays out I(T) dollar at T.

Assume : There exist a market for p"(¢,T)
and p!f(¢t,T) for all T

TP
Define :  p"(t,T) =% IgﬁT)




If I(t) is the price of a hamburger

A nominal bond:

e Pays out 1 dollar at maturity.

e p"(t,T): the price of a nominal bond is in dollar

A hamburger-indexed bond:

e At maturity it pays out a dollar amount that is
enough to buy 1 hamburger.

e p!T(t,T): the price of a hamburger-inflation pro-
tected bond is in dollar

A hamburger-real bond:

e Pays out 1 hamburger at maturity

e p"(t,T): the price of a real bond is in hamburgers

Note 1: CPI

Note 2: Temperature



Define

Forward rates:

| ;
i (t, T) = _9In ];;tyT) for i =rm7n

Short rates:

rt(t) = fi(t,t) fori=rmrn

Money Market Accounts:

. t 4
B'(t) = elom (8)ds  for 4 — )



Assume

HJM model with Jumps:
Under the objective probability

measure P:
A (T) = of(T)dt + o} (T)AW" + / £ (t, v, )" (dt, dv)
\%4
AT = of(T)dt + ol (T)dW" + / £"(t, v, T)u" (dt, dv)
\%4
dl; = Tiypdt + LioldW? + I, / V() pt (dt, dv)
\%4



Result

Under the nominal risk neutral measure:

# = (r{" —r})dt + o{dW / v (v)fi(dt, dv)

t— %4

WD) nar 4 go(ryaw + / (v, T)fi(dt, dv)
pi(T) 4

deP(T) n (1
m — rtdt+6{P(T)dW+/‘/6{P(U,T)u(dt,dv)
AL = ate e+ W + [ 510, DI, )
dp;_(T) 14

Note: I has the same dynamics as an FX-ratel



Main idea of the Proof
1 Forward rates = Bondprices (BKR)

2 Change measure from P to Q" (Girsanov)

Now we have found the Q"-drift of p"(¢,7) and
p'"(t,T) which we call pg(t,T) and uf (¢, T)

3 By assumption

p(t,T) p!f'(,T)
B (1) B (1)

e up(t,T) = uép(t,T) = r"(¢) for all ma-
turities T'.

J
3 drift conditions

J
One of the 3 conditions tells us that the

Q"™-drift of the index I is equal to r™ — "

are Q"-martingales




3 drift conditions

The drift conditions that has to be satisfied
in order for the market to be free of arbitrage
are:

o (t,T)

T
o™ (t,T) ( /t o' (¢, s)ds — h(t))

+ / {0"(t,v, T) + 1} £"(t, v, T) e (dv)
Vv

T
o"(t,T) = o"(t,T) (/t o"(t,s)ds — ol (t) — h(t))

+QL@Awﬂuwﬂl+y@%TDg@%Tﬂ&%)

W) = wu»w%w—huw%w—/ﬁﬁawaw

Vv



Note

We have derived the Q™-dynamics of the process
I; by assuming that

p"(t,T) p'f'@,T)
B"(t) B"(t)

are Q"-martingales

Comparing with for example Jarrow & Yildirim
they derive the Q"™-dynamics of the process I;
using the additional assumption that I(gf(gt)
is a Q™-martingale. However this is not known
apriori. We, instead show, by using Ito on I
and PIP(t,T), that I(gfigt) is indeed a Q"-
martingale.




Foreign Currency Analogy

Nominal vs Real

p"(t,T) : Price of nominal T-bond in dollar
p" (¢, T) : Price of real T-bond in CPI units*
I(t): Price level (dollar per CPI-unit)

I()p" (¢, T) : Price of a real T-bond in dollar
denoted by p!¥(t, T)

Domestic vs Foreign

p"(t,T) : Price of domestic T-bond
p" (¢, T) : Price of foreign T-bond
I(t) : FX-rate (domestic per foreign unit)

I(t)p"(t,T) : Domestic price of foreign T-bond *



Assumptions

Exist a market for nominal T-bonds and
nominal indexed-bonds for all maturity dates

The bond prices are differentiable wrt T

Forward rate dynamics according to HJM
with Jumps

The market is free of arbitrage

(All volatilities and the intensity are de-
terministic under the nominal risk neutral
measure)



A Payer Swap

Definition:
e sStarts at time T,,
e At each payment date 5 where j = m+ 1, m + 2,
-, T you pay
OAJ'K

e and receive

a.[ 1(1}) _1]
T I(T-1)

The price at time ¢ is:

]—<K+1> S am(t.T)

j=m+1



A Payer Swap

T he payoff function

_ 1(13)
I(T4)

2

The value at time t

17,
Nt X =p"(t, T)E V" [p'(T1, T2)]

and
T n e 1 |p"(T1,1%)
E VT [p"(T1,T2)] = EiV L(T1)
' bOL@) [pr (T, Th)
p"(t,12)C(t,T1,T>)
p"(t,T1)

where C(t,T1,T>) is a convexity correction term.



The price

The price of the swap is at time t

M .pn(taTj—l)plp(taTj)C(taTj—laTj)

o
jz%-l-l / PIP(taTj—l)

M
- (K+1) >, oap"(tTy)
j=m-+1

Note

The price does only depend on bonds in the
nominal market.



The Swap rate

The price is:
M
o B (1Y) ]
YYIIS, (t,K) = ._Z I t’O‘JI(Tj_l)
j=m+1
M
— (K+1) Y ap(t,T))
j=m+1

The par swap rate is:

M (T,
St [ s | = sM @)
So (1)

RY(t) =

where

Sﬁz(t) — Z ajpn(ta T;)
7=m-+1



The Swap rate

The par swap rate at time t

ZM a;p" (T )p"" @ T)CE T, 1) S%(t)

M _ Leg=m4l Pt Tj-1)
Fom (1) = SM(t)
Where
" k
Sm(t) — Z Oé]pn(t, T])
j=m-+1
Note

Nasty distribution!



Summary

e \We proved the FX-analogy Today!

e HIJM model with jumps

— YYIIS Today!

Inflation Swap Market Models
— YYIISwaptions

— ZCIISwaptions

e HIJM model
— ZCIISwaptions

— TIPStions

YYIIS= Year-on-Year Inflation Indexed Swaps

ZCIIS= Zero Coupon Inflation Indexed Swaps
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