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| ntroduction

The Capital Asset Pricing Model is a major theory in
modern Finance. The intertemporal capital asset
pricing model has been introduced by R. MERTON
[3]. The concept of price of state of nature Is a
concept of stochastic economics introduced by K.
ARROW and G. DEBREU [1]. A related concept In
Finance is that of risk-neutral probability. When there
are only a finite number of states of nature and when
the assumption of complete markets is valid, these
prices play a significant role in obtaining optimal
consumption and portfolio investment policies in a
general set up. This fact is well known for a single
period problem.
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In a dynamic set up, the theory has been developed Iin
continuous time, using properties of martingale
generated by Wiener processes, see |. KARATZAS
and S.E. SHREVE [2]. In discrete time, although
natural, the corresponding treatment is not widely
avallable in the literature, see however S.E. SHREVE
[4] for a treatment in the binomial model. We present
here a detailed theory of what can be done in discrete

time.
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Static case

We consider an economy with— 1 assets and cash.

There is a single period. We denote B{ then — 1
dimensional vector of prices of assets at the beginning
of the period. We consider a probabilistic framework
(2, P with only a finite number of events,, - - - ,w,

and corresponding probabillities, - - - , p,,. We

t

denote byY (w) the prices of the assets at the end of

ne period. The price of cash evolves

deterministically, froml at the beginning of the

period toRk at the end, whatever be the outcome of
randomness.
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Prices of nature

Each of the events; has a price/(w;). We can use
these prices at the beginning of the period to buy all
possible outcomes for the assets and the cash at the
end of the period. Economic equilibrium implies that
we can recover In this way the prices at the beginning
of the period. So we must have the equilibrium
equations

ZM%‘)Y(%) =Y

sz(%‘) =1
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Risk Neutral probability

Considering the preceding system as a set of
equations determining the prices of nature, the
assumption of complete markets tells that there exists
a unique positive solution.Defining simply

pj = Ry (w;)
we obtain a probability with the property
EY = RY"

and the value ai is simply the discounted expected
value of the random value at the end of the period,
with this probability called the

risk neutral probability
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Radon Nikodym
We define the Radon Nikodym derivativEw) as

A

o
Z(wj)zp—],
J
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Binomial mode

Forn = 2 there is only one asset. It Is convenient to
write

Y(w)) =uY?, Y(wy) =dY?, u>d
The assumption of complete markets is equivalent to

u>R>d

and we have
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Replication portfolio

Any scalar random variable (w) such thatt'V = 0
can be represented as

V(w) =m.(Y(w) — RY")

wherer IS an — 1 dimensional deterministic vector,
called the replicating portfolio. In the binomial

model,n Is scalar which can be expressed as

_ Viwr) — V(ws)
Y(wl) — Y(UJQ).
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Optimal Consumption and Portfolio

Problem
An individual having a wealttX® at the beginning of
the period will decide a consumption and investment
policy. The latter is composed of a portfolio made of a

vectorr of risky assets and; of cash.So we have the
budget equation

X0:C+7T.YO+7Tf
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It becomes at the end of the period
X(w)=7mYWw)+ 7R

He must decide according to the objective

max|U (C) + 222X

{C/m} R ]

whereU;, U; are concave increasing utility functions.
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This problem can be solved very simply using the
Radon-Nikodym derivativeZ (w). The budget
equation can be written as

The idea is to find an optimal', X (v) instead of an
optimal pairC', #.
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From Lagrange multiplier theory, there is a number
such that

U(C) =\, UyX)=XZ

iInverting these relations we get

A A

C=5L(\), X =1DL(\2)
and\ Is defined by the budget equation

XY = E[IQ()\Z)%] + I (\)
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Having defined\, C, X, we define
V=X—-RX"-C)
for which there exists a replicating portfolio
V =%(Y — RY"
which is the optimal investment portfolio.

This framework extends to dynamic problems.
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A Probability set-up

The time Is described by, 1 --- ,7T". We consider a

probability spacé) made of a finite number of single

SVES

w= (W, wl)

where
jly"' 7jTE {1’ 7n}.
We interpretv; , j; € {1,--- ,n} as the states of

nature which can occur at tinte There are: new
possibilities at each time. Globally there aresingle
eventsu. To each single event is attached a
probability

J T PrOb{(wjl-l, D0k ,w};)}.
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We assume
Djy e gp > 0, V91, -+ ,gr € {1, ,n} (1)

We naturally have

Z Dy e jp = L.

7JT 1

This probability distribution ol is denoted by
P = P'. We introduce next

mn
=)= U @b

Jt+1, 5 Jr=1
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Define next

F' = o — algebra orf)generated by unions of sets.

Events belonging t&* are the only ones which can

be observed at time Clearly F* is generated by the
coordinates

w—w,s=1--1,35=1,---n.

We note thatF! is simply thes-algebra made of alll
the subsets df and 7° = {Q, (}.
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Define the numbers

pjl?'" 7jt — : : pjla"' ajtajt+17"' 7jT

Jt+1,Jr=1

which form a probability distribution o2, 7*). We
denote this probability by?!. It coincides withP on

the o-algebraF!. These concepts reduce for= 0 to
a single event

(Z)O:Q; p():l
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We can compute the conditional probability

Pr()l:i(uj]ll7 o« o o 7W§Z11)’(w}17 o« o o 7w;t)) —

— Q(M?“‘wl. o 7wt. ) _ Iy Ji
Jt+1 171 Jt . .
pjlv'"a]t
Obviously
n
t1 1 £y 1 !
Z «9(wjt+1 Wi ,wjt) = 1,ij1, Wi
Jer1=1

These conditional probabilities generate the full
probabilistic set-up by induction
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Binomial M odel

As a particular case, we consider the binomial model
developed in S. SHREVE [4]. We hawe= 2 and we

assume

Owiw) -+ Wl ) =p

Jt

O(wswj,, -+ wi)=g=1—p

Ji’? Jt

for all valuesyy, - - - , j; € {1,2}. Therefore

where

#1 (g1,
#2(j1, - -

— #1(]177]?5) #2<]177]t)

Wi i = 2 q

j17°°° 7jt < {172}

. J:) = number ofl in (51, -+, 7%)
,7¢) = number of2in (ji, -, 7).
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Prices of States of nature

The market iIs made of — 1 assets, whose prices at
timet are represented by

Y(tw)=Y(tw,, - ,w ), F measurable
The price of cash at timeis simply R*. The price of
cash at time) is 1. At time 0 the prices of assefs(0)

are deterministic. We make an assumption of
complete markets.
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For eacht, there exists a unigue positive random

variable
Y w) =Pt w;, -, W)

such that

Z Y(t + 1; w]p"' wt WY (E + 1 wjl, Wi =

]t’ Jt+1 Jt+1
Jt+r1=1 1
t t
=Y (twj, W), Ywg, -
1
Sy —
Z w + 1 w ]t+1) I R
]t—l—l 1

(2)
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We callvy(t; w) theprices of the states of natusd

timet. They areF* measurable real random variables.
These prices correspond to the states of nature

w;'ta jt < {17 7n}
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Consider the binomial model. There Is a single asset
for which we assume the following evolution of prices

Y(t+ 1;%1,17 . "";’tvwiﬂ) — uY(t;cu]l.17 . ,w;f-t)

Y(t+1;wjl-1,~-- W w%“) :dY(t;wl o wh)

Jt? J1’ Jt
with
d < R < u.
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The prices of the states of nature are given by

R—d ¢
t 1. 1 O8O U t t—|—1 p— — —
R Tt T
1 A N u— R 9
R
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Risk-Neutral Probability
We define next a new probability ¢ 7' by

1
ﬁjla"'ajT — RT H w(t7 w}l’ S 7w§'t) (4)
=

We call this new probabilityP.
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We associate probabilities éh F* , called P! defined
9}

t
pjla'“)jt — Rt H w(s; w}l’ S ,sz) (5)
s=1

Clearly

n
: : pjla"' 7jt—|-1 — pjla"' 7jt

Je+1=1

As P! for P, Pt and P coincide on ther-algebraZ?.
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Finally we define the process

Z(t) = Z(tw) = Z(tw),, -+ ) = 228 (6)
Pjr - e

We setZ(0) = 1. The proces%/(t) can be viewed as
the Radon Nikodym derivative

dP

cplr = Z(1).

By constructionZ(t) is a P, 7' martingale.
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Martingale property

We can assert
PROPOSITION]. The following relation holds

E[Y (¢t + 1)|F"] = RY (¢)
which can be expressed as: The process

140
Rt
The proof is an easy consequence of the definitions of

P and the prices of states of natufé; w). The

probability P is called the risk-neutral probability. So,
under the risk-neutral probability the discounted asset
prices process is a martingale.
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Replication Portfolio

Suppose we have a process scéiar) which adapted
to the filtration*. So

V() =Vtw) =V(tw; , - ,wh).

Ji’? Jt

In addition we assume
ElV(Et+1)|F] =0 (7)

A replication portfoliois an — 1 dimensional

processr(t) which is adapted to the filtratioA™ and
satisfies

V(t4+1) = 7(t).(Y(t+1)—RY (), ¥t =0, - , T—1
©)
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We have the

PROPOSITIONZ. We assume market |
completeness.For any procdsgst) such that 7 is
satisfied, there exists a unique replication portfolio.

In the case of the binomial model we have the formula
Vit+1;2) = V(t+1;1)

m(t)

Y (t-

-1;2) =Y (t+1;1)
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Optimal Portfolio and Consumption

Problem

We define two Utility functiong/; (z), Us(x)
satisfying

U, U; nondecreasing and concave. 9
U/(0) = 003 Ul(oc) = 0 )

These functions will be differentiable {10, o) .
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A consumption process(t) is a positiveF" adapted
stochastic process. Similarly a portfolidt) is a F*

adapted stochastic process with value&in!. There

is also aF* adapted real stochastic process
representing the amount of cash at tim&Ve call it
m(t). This process will in fact cancel out from budget

cong,i?erations. There is no outside income flux in this
model.
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Wealth Process
The wealth procesX (¢) satisfies the relations

X(t+1)=na(t).Y(t+1)+7s(t) R

Xt)=C@t)+x(t).Y(t)+mp(t) R

with a given initial wealthX (0) which is a given
deterministic number. The first one tells that the
wealth at time + 1 corresponds to the portfolio

decided at timeé and the amount of cash available at
t, with changes of values coming from the market.

The second relation Is the consequence of the

decisions taken at time One allocates the wealth
which Is available between consumption expenses and

Investment decisions.
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We can next eliminate((¢) and we obtain the
evolution relation

X(t+1)=R(X(1@)—-C(t))+n(t).(Y(t+1)—RY (t)).

(10)
The problem is stated as follows: Maximize
— Ui(C Us(X
t=0

(11)
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Martingale Considerations

Recall the definition of/ (¢) by equation (6). We
iIntroduce the process

t—1
M(t) = Z C(s) (12)

We have
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We have the Proposition

PROPOSITION3. The procesd/(t) is a P, F*
martingale.

From the martingale property we derive

e 2D S e - x0)  a)
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Optimality Conditions

From equation (13) we can consider the optimization
problem with constraints

Maximize

pry" GO0 | XD,

Wiﬁothe constraint (14)
e S o) = x
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If we consider in the problem (14Y (7)) and the
consumption€’(¢) as the variables to be optimized

and as unrelated quantities, we get a larger maximum,
since we do not pay attention to the relation
describing the wealth evolution, see (10). This
problem Is a standard maximization problem with
concave payoff and linear constraint. It is easily
solved by introducing a Lagrange multiplier.
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We deduce easily

U3(X(T)) = \Z(T)
(15)
UL(C(t) = AZ(1)

Definel;, I, to be the inverses df;, U/ respectively.

They are decreasing functions, siri¢e U, are
concave. The relations (15) imply

X(T) = LOZ(T))
A (16)

C(t) = Li(AZ(Y))
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To get the value of we shall use the constraint.

Z(T) = Z(t),
-+ IAZ()) 5] = X(0)

=0
(17)
From the assumptions di (0), U/ (o), we can assert
that the left-hand side of equation (17) is a monotone
decreasing function of , is equal tooo when\ = 0
and to0 when\ = oco. Therefore the equation has a

unique solution\.

E[I(AZ(T))
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Solution

The consumptioit'(¢) computed by the second
equation (16), with\ = )\ will be optimal if one can
find a portfolio7(¢) which achieves the wealthi (T')

at timet. Knowing M (T') we computel/(t) by the
martingale property

M(t) = E[M(T)|F"
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This relation implies

M(tw} w;-t) =

Z M (t + 1; w Wt WO Wl W)

Jt’ Jt+1 Jt+1177J17
]t+1—
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Once we know/(¢) and the optimal consumptions

C(t) we can compute the expressionft), the
optimal wealth process. We then define

Vit+1)=X({t+1)— RX(@)—Ct)).

To find the optimal portfolio we then solve the
replication equations (8)

V(it+1)=#0).(Y(t+1) — RY (1))

which has a unique solution from proposition 2.
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Dynamic Programming
We introduce the family of problems

T—1

AE0)
.t O - ’7-‘- 5 — I

T )(( >T () =B o
D X (0) = e,

This payoff depends only on
C(t),n(t);---;C(T —1),n(T — 1) and of the events
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Our original problem corresponds to the case
X (0) = x, andY (0) is a deterministic quantity. We
are interested in the random function

W(x,t) = max J, +(C(.),n(.)) (20)

Note thati¥/ («x, t) is 7' measurable.
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Bellman Equation

It is convenient to denote h¥,;(s), s > t the
evolution of the wealth process, for a given initial

wealth at time equal tox. An optimal policy of
consumption and investment depends alsa agrand

IS denoted by

éxt(s); 7ATant(S)
and the corresponding wealth process is denoted by
X,+(s). Bellman equation writes

Wit = g (OO
%E[W(Xm(t +1), ¢+ 1)|F]}
Wz, T) = Us(z)
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Derivative of the Value function

The derivativelV,.(z, t) with respect tac will have an

Interesting interpretation, reminiscent of the Lagrange

Multiplier .We first differentiate equation (21) to
obtain

W2, 1) = EIW,(Xp(t +1),t + DIF]  (22)

Next we recall that the wealth process satisfies a
martingale property as follows

Z(t +1)
R

This constraint holds for any paif(t), 7 (t).

B[ X, 4+(t+1) FN1+Z)C(t) = xZ(t) (23)
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We look for optimalC’, ,(t), X,(t + 1) in the right
hand side of Bellman equation by minimizing

U/(C(1)) + BV (Xeat + 1), 4+ 1|7

under the constraint (23). Therefore we introduce a

Lagrange multiplier\, ; which is 7t measurable and
such that the optimum Is obtained by minimizing

%E[W(th(t 1),t+ 1) = Aps Xt + 1) Z(t + 1)|F]

YUL(C() = M\i Z(H)C (1)
in C(t), X,(t + 1),
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The optimalr(t) is obtained afterwards using the
replication equations (8). We thus write the conditions

U{(Cut()) = Asi Z(2)
) (24)

Wo(Xee(t+1),t4+1) =Xy Z(t+ 1)
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Taking Iinto account (22) we get also
Wa(z,t) = Z(t)Aut V)

which connects the Lagrange multiplier to the
gradient inx of the value function.
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Obtaining the Derivative of the Value

function

We can get an explicit formula fa#/,.(x, t) . We first
prove the following result

PrROPOSITION4. The following relations hold
Z(s)Wa(,1)
Z(t)

Z(T)W,(, t)
40

Ul(Cpi(s)) = Vs >t
(26)
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From relations (26) we deduce

CAZBt(s) = [ (Z(S)Zz)(x’t)> Vs >t

X.o(T) = I (Z (T)Zﬂég)(x,t)>

(27)
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We finally write the martingale property

- <Z(T)Wx(x,t)> Z2(T)

) Z(t) Z(t)RT- 28
—~ (Z(We(x, 1)\ Z(s) .
2 h ( Z(t) ) ZoR—T ="

This equation defines uniquely the random variable

F' measurabléV,(x,t). We can complete the
definition of the optimal feedback

Coi(t) = L(Wy(x, 1))

and,.(t) by using the replication formulas.
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