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Outline

= The Black-Scholes model relies on the
hypothesis that the market is complete,
frictionless and perfectly liquid.
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= \WWe provide a microfoundation of the asset price
dynamics where the price is defined in equilibrium
with some traders employing a trading strategy to
hedge a contingent claim.




Outline

= The Black-Scholes model relies on the
hypothesis that the market is complete,
frictionless and perfectly liquid.

= \We provide a microfoundation of the asset price
dynamics where the price Is defined in equilibrium
with some traders employing a trading strategy to
hedge a contingent claim.

= | = FULLY NONLINEAR PDE




Motivations :

= analysis of the impact of hedging on market
volatility;




Motivations :

= illiquid markets analysis;




Motivations :

= use of portfolio insurance strategies.
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Equilibrium approach

THE MODEL

[MO’03]

= Economy: one risky asset (stock), with price S;
a riskless bond; a derivative security with price u. e dnames

Contingent claim
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Price dynamics
Contingent claim

= Equilibrium condition:

D(t, U, S;) = constant, fort >0
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= Demand function:
D(t, Ut, St) E— Ut —+ ’YlOg(g—;) —+ F(A(t, St))
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D(t, Ut, St = Ut -+ ’ylog(g—;) + F(A(t, St))

U, = pW; +mt, random error term
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D(t, Ut, St) = Ut -+ ’YlOg(g—é) + F(A(t, St))

U, = pW; +mt, random error term

Y log(g—é) reference traders

F(A)=aA+ (¢ hedging component

A =ug(t,S) <« self-financing replicating strategy
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THE MODEL
ITO FORMULA [MO’03]
Equilibrium app.
|

Contingent claim

dSt — /l(t, St, Uajx)dt -+ 6(?5, St, ua::c)th

~ o 0S;
O(ta Sta uwx) - _’Y+St04u:cx

IEL(t7 St7 uimf) — (gf:quzzziz [mp(7 + St&uwa?) o %P’Y]-
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Oput + = (=2Z—)2ugy + 1z, — 70 = 0
2 T




Contingent claim

THE MODEL

RISK NEUTRAL VALUATION [MO'03]
Equilibrium app.
U Price dynamics

{atu—k%( px $)2um+7“xux—7“u:()

The existence and unigueness result in a suitable
functions space Is given in [Mancino-Ogawa, '03]
forr:0,7<0,oz>O,p;é()andfor>\:=_%

smaller than a particular A depending on f.



Preliminary numerical results

o Semi-implicit Finite Difference Method on
. . . elta
uniform mesh, with one-sided treatment of the PDF
boundary conditions. IMod_iﬁed Volatility
mplied Volatility

¢ We evaluate the capability of the above model of
addressing some phenomena observed in financial
markets, such as

= the effect of the hedging strategies on the price
process, on the greeks and on the implicit
probability density function;
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¢ We evaluate the capability of the above model of
addressing some phenomena observed in financial
markets, such as

= the volatility effect;



Preliminary numerical results

o Semi-implicit Finite Difference Method on
. . . elta
uniform mesh, with one-sided treatment of the PDF
boundary conditions. IMod_iﬁed Volatility
mplied Volatility

¢ We evaluate the capability of the above model of
addressing some phenomena observed in financial
markets, such as

= the smile-skewness effect.
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Figure 1. Option delta. Parameter values: p = 0.2, v = —1,

r=0K=05T=05t=0,a=0, 002, 0.04, 0.05 (Panel
A), « =0, —0.02, —0.04, —0.05 (Panel B).
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Figure 2: Risk-neutral PDF of S and of u... Parameter values:
p=02,v=-1,r=0 K =051T=051t=0a =
0, 0.02, 0.04, 0.05 (on the top), « = 0, —0.02, —0.04, —0.05 ==
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Figure 2: Risk-neutral PDF for S and for the continuously
compounded 7-period return ... Parameter values: o = 0.05,
vy=—-1,r=0 K =051T=05,t=0, p=0.1, 0.2, 0.3.
x = S; Is taken to be equal to K. Discretization parameters:
k = 0.005 and h = 0.0125.
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Figure 3: Modified volatility. Parameter values: p = 0.2, v =
—1,r=0, K =05, T =05,t=0, a =0, 0.02, 0.04, 0.05

(Panel A), o = 0, —0.02, —0.04, —0.05 (Panel B).
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Figure 4: Implied volatility. Parameter values: p = 0.2
v = 05, r = 0, a = 0.05 S5 = 100, t = 0;
T = 0.1, 0.2, 0.3, 0.4, 0.5, 0.6, 0.7, 0.8, 0.9, 1; K
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Calibration to market data

¢ Given the “spot” riskless interest rate r, we have
U = U(t, St;ra K7 T)ﬁ) >\)7
where 5 = _LW and \ = _%




Calibration to market data

¢ Given the “spot” riskless interest rate r, we have
U = u(tast;ra K) Taﬁv )‘)7
where 5 = _iv and A = =+,

¢ DETERMINATION OF PARAMETERS: given prices C; for
traded options with strikes K; and maturity 7;,
1 <1 < m, parameters *, \* are estimated as

(8%, A7) =
arg ming Ziﬂil[u(t, Se; 1, Kiy Ti; B, A) — Ci]?

l.e. by minimizing the squared distance of the
theoretical prices from the observed option prices.
(Nonlinear Least Squares method)



Alternative models

= Black-Scholes model (BS):
dSy = pSdt + o SydWi;

= Jump-Diffusion model (JD):

where k; = E[J: — 1]; if the logarithm of J; is normally distributed,
with standard deviation ¢

T !/ _\1n
o e AT
CJD = E n—~0 ( ) CBS<S7T;O-TL7TH);

n!

= Heston model (H):
dSt — /LStdt -+ \/VtStthl
dVi = [0, — k,Vi]dt + o,/ V,dW?,

where W' and W?# are two Wiener processes
with correlation p.




Data description

= S&P 500 call option prices for the sample period
January 4, 1993 to December 31, 1993 (252
days).




Data description

!

Variable Mean | Std. Dev. Min Max
Call price C ($) 18.29 17.32 0.0249 | 68.60
Implied volatility (%) | 11.01 2.98 5.07 36.83

" | 7 (days) 79.96 66.56 1 350
K (index points) 445,52 27.48 375 550
F' (index points) 454.87 10.21 429.18 | 474.21
r (%) 3.06 0.08 2.85 3.21

Table 1: Summary statistics for the data set. I denotes the
S&P 500 futures value implied from the call and put prices and
“Std. Dev.” the sample standard deviation of the variable.



Data description

u S&P 500 data set

We divide the option data into several categories
according to either moneyness S;/ K or term to
maturity .

0 at-the-money (ATM) if S,/ K € (0.98,1.02],
0 out-of-the-money (OTM) if S,/ K < 0.98,
0 in-the-money (ITM) if S;/K > 1.02.

0 short-term if 7 < 60 days,

0 medium-term if 60 < 7 < 180 days,

O long-term if 7 > 180 days.



In-sample performance

Whole data set
IN-THE-SAMPLE: MO (blue); BS (yellow); JD (green); H (red); Market values (:) Moneyness based
. . . . . Maturity based
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Figure 5. Daily average implied volatility series for the four
models during the period January 4, 1993 to December 31,
1993.
m]



In-sample performance

Model P Py dg Dy Dy Imp. Vol. SSE APE PPE MISP

BS 9.82% 9.82% 29.08 0.56 0.39 0.92
(0.03) (0.03)

MO 12.12% -0.02 10.21% 23.35 0.51 0.49 0.93
(0.06) (0.06) (0.03)

JD 7.12% 0.77 4.48% -0.07 11.34% 2.88 0.16 0.08 0.45
(0.03) (1.25) (0.10) (0.07) (0.05)

H 8.80% 6.17 46.62%  8.62% -0.63 10.64% 0.66 0.08 0.06 0.22
(0.09) (12.65) (0.74) (0.14) (0.51) (0.04)

Sample 10.96%

Table 1: Average implied volatility and relevant structural pa-

rameters for the whole data set.
(o) for the BS model, & =
(0,Aj,05,k;) for the JD model and & =

for the H model.
daily-averaged absolute and percentage pricing errors and
the daily-averaged mispricing index.

The parameters are & =
(6, ) for the MO model,

(\/7 ) ek vap)

APE, PPE and MISP are respectively the

In-sample
Moneyness based
Maturity based
PDF




In-sample performance

In-sample
Model Class Pq Doy P3 Py Py Imp. Vol. SSE APE PPE Whole data set
OTM 8.67% - - - - 8.67% 2.33 0.24 0.49 Maturity based
BS ATM 9.59% - - - - 9.59% 2L.iL8 0.37 0.11 PDE
ITM 11.49% - - - - 11.49% 4.53 0.30 0.01
OT™M 9.30% -0.01 - - - 8.72% 1.77 0.22 0.59
MO ATM 11.78%  -0.02 - - - 9.46% 1.29 0.26 0.08
ITM 17.09%  -0.05 - - - 12.28% 2.26 0.18 0.007
OT™M 6.76% 0.44 5.04% -0.12 - 8.20% 0.12 0.06 0.14
JD ATM 7.15% 0.47 9.15% -0.10 - 9.31% 0.27 0.11 0.03
ITM 8.73% 0.44 12.06% -0.04 - 13.64% 0.55 0.10 0.004
OT™M 8.70% 3.76 27.88% 5.65% -0.73 8.20% 0.06 0.04 0.10
H ATM 8.70% 4.84 41.41% 7.26%  -0.65 9.39% 0.19 0.08 0.03
IT™M 9.74% 5.86 77.13% 9.61% -0.21 12.86% 0.17 0.06 0.002
OTM - - - - - 8.25% - - -
Sample ATM - - - - - 9.42% - - -
IT™ - - - - - 13.17% - - -
Table 2: Average implied volatility and relevant structural pa-
rameters for each moneyness-based category.
O



In-sample performance

In-sample
Model Class Pq <o) P3 Dy Py Imp. Vol. SSE APE PPE Whole data set
Moneyness based
Short 9.25% - - - - 9.25% 3.79 0.32 0.26
BS Medium 9.78% - - - - 9.78% 14.96 0.68 0.39 PDE
Long 10.35% - - - - 10.35% 19.06 1.13 0.89
Short 12.39%  -0.02 - - - 10.36% 3.19 0.30 0.41
MO Medium 12.74% -0.02 - - - 10.22% 12.37 0.62 0.53
Long 12.17% -0.01 - - - 10.54% 16.34 1.05 0.95
Short 7.14% 0.97 2.75% -0.06 - 11.45% 0.27 0.08 0.06
JD Medium 6.72% 0.88 3.69% -0.07 - 10.54% 0.51 0.09 0.05
Long 6.28% 0.75 5.23% -0.08 - 10.49% 0.57 0.10 0.08
Short 9.01% 8.49 57.10% 10.07%  -0.56 10.93% 0.18 0.07 0.06
H Medium 8.02% 1.78 34.81% 5.19% -0.63 10.47% 0.19 0.06 0.05
Long 8.87% 1.64 20.81% 2.79% -0.71 10.46% 0.15 0.04 0.04
Short - - - - - 11.44% - - -
Sample Medium - - - - - 10.50% - - -
Long - - - - - 10.44% - - -
Table 3: Average implied volatility and relevant structural pa-
rameters for each maturity-based category.
O



In-sample performance

In-sample
Whole data set
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Figure 6: Risk-neutral PDF of S and of the continuously com-
pounded 7-period return u.,. (= = 0.25). - MO model; '’ BS
model; ’- - H model; -’ JD model.
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Out-of-sample performance

Out-of-sample

Model All Options Moneyness-Based Maturity-Based
OT™M ATM IT™ Short Medium Long
APE BS 0.57 0.26 0.41 0.32 0.33 0.69 1.15
MO 0.52 0.25 0.31 0.20 0.31 0.63 1.08
JD 0.20 0.11 0.20 0.14 0.12 0.17 0.19
H 0.14 0.11 0.20 0.11 0.13 0.15 0.18
PPE BS 0.40 0.53 0.12 0.01 0.27 0.39 0.90
MO 0.50 0.64 0.09 0.008 0.42 0.54 1.02
JD 0.10 0.20 0.05 0.006 0.08 0.07 0.10
H 0.08 0.19 0.05 0.005 0.10 0.07 0.08
MISP BS 0.90 0.74 0.59 -0.09 0.84 0.88 0.82
MO 0.91 0.82 0.45 -0.29 0.91 0.90 0.84
JD 0.40 0.13 -0.003 0.32 0.19 0.39 0.43
H 0.17 0.02 -0.03 0.03 0.39 0.45 0.29

Table 4: Out-of-sample mispricing index (MISP), absolute
(APE) and percentage (PPE) pricing errors between the
market price and the model price for each call in a given
moneyness-maturity category.



Concluding remarks

= Mancino-Ogawa (MO) model really represents an improvement
with respect to BS.

® However, its in-sample performance remains worse than for JD
and H, as a consequence of its limited capability of reproducing
skewed probability distributions.

= Nevertheless, the JD and the H models are less stable through
time (out-of-sample analysis) and the H model is somehow
misspecified in terms of internal consistency.

m Therefore, nonlinear feedback due to hedging strategies can
contribute to explain the strong pricing biases of the BS formula.
Interesting and more reliable future developments of nonlinear
feedback models should take into account the presence of a
second source of randomness, such as a stochastic volatility.
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