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GQTS and Credit Risk Models

Credit Risk Models

(

= Based on capital structure of the firm (economic intuition)
> Approaches _ e o
» Easy to study equity/credit link within firm

but

* Rare close form solutions (must rely on simulations)

Structural approach

A

e Unrealistic short term spreads

e Hard to make realistic models

e Hard to justify a multiple-firm model

Realistic structural | = Hard to implement in practice
models admit a reduced

form representation
e Based on arbitrage theory with jump processes

= Allow for realistic assumptions on the default process
e Easily extends to a multi-firm setup

Reduced form approach < = Close-form solutions (in non-trivial cases)

= Easier to implement in practice

but

\ e Difficult to study equity/credit link

Raquel M Gaspar QMF 2005



GQTS and Credit Risk Models

»Our Goals

» Use the general quadratic setting to obtain closed-form solutions
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This class of TS include as special cases ATS and Gaussian-QTS.
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It is as far as we can go in terms of exponential polynomials.

» Incorporate realistic features using shot-noise processes:

Clustering of defaults within firms

Correlation of defaults across firms

» Deal with portfolio credit risk derivatives

»Previous Literature
Closed-form solutions deterministic intensity of default
Affine intensity models

Realistic features Hard to replicate.

Even in affine models reasonable correlation
across defaults imply unreasonable intensities.

Other Problems Some affine intensity models do not guarantee
positiveness of intensity.
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Quadratic Credit Risk Models w/ Shot-noise effects

The Model

» The default intensity is wr =m + Ji
n(t, Zt) = Z QM)Z: +g' (t)Z +f(t) Jo = Y Yih{t—7)
7 <t
Predictable component Unpredictable component
Finite state variable driven by Wiener Process. Jump process where ’?'z’, 1= 1, 2, -
are the jump times of a standard
dZ; = a(t, Zt)dt + O‘(t’ Zt)th Poisson process.
The function h can be, for instance,
h(t) = ae™?

B1G Advantages:
»The intensity is positive in a natural way
»The processes 7}t and Jt are independent.
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Quadratic Credit Risk Models w/ Shot-noise effects

Predictable Component

> General Quadratic Term Structures (GQTS) are a generalization
of affine term structures and Gaussian-quadratic term structures.

»From the previous literature - Gaspar(2004) — we know that

If
_ T T
n(t, Zt) o Zt Q(t)Zt Te (t)Zt T f(t) Possible due to the a
_ priori classification of
with dZ, = ot, Z,)dt + a(t, Z,)dW, factors in GQTS

alt,z) =d(t) + E(t)2

B [exp (- / n du)|F¥] = exp [A@,T) + BT (1, T)Z + 2]C(t,T) Z]
t

where -’41 Ba C. solve the basic ODE system.
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Quadratic Credit Risk Models w/ Shot-noise effects

Unpredictable Component J, = Zy;h

7 <t

Advantage 1 :

1 - It is treatable and it fits the GQTS
framework !

E@[exp ( — /T Ju du)‘.ﬂ"r] = exp F«c —J(t,T)+ (T - t)l(D(T —t) — 1)}

10

9

where 8-

-/l-py(H(a*u )du =: D(x)

/ h(u) du °

=Y YHT-%) Jtt)=J

~
T

Ti<t 2
Advantage 2 : 1M
Clustering of defaults! o 2 ) 4 3 6 3 s 10 12

0.5m

Figure 2: Possible realization of the process J with h{z) =&~ and y3-distributed ¥7.
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Quadratic Credit Risk Models w/ Shot-noise effects

Building Blocks

»Survival Probabilities

Q[r > T1Gi] = E? [14r57y|Gi]
_ @ [6— ST pudu

ft]
i T

— EQ eXp(— / T -+ Ju du) ‘ft]
- t

_ T T
— E° exp(—/ N du)‘ffﬂl@@{exp(—/ Ju du)‘]:tj]
- t t

N A _/
g Y

Qs(t,T) =exp | J, — J(t,T) + A(t,T) + xl(D(z) = 1) + BT (t, T)Z, + Z/ C(t, T)Ztl
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Quadratic Credit Risk Models w/ Shot-noise effects

»Zero-coupon bond prices

Assuming that the default-free short rate is also quadratic

r(t, Z) = Z) Q) Z, + g " (£)Z: + f(t)

po(t,T) =exp |J, — J(t,T) + A(t,T) + 2l(D(x) = 1) + BT (t,T)Z, + Z] C(t,T)Z,

where A, B, C solve the basic ODE system as before but with different parameters.

»Default-digital payoffs

e(t,T) = po(t,T) - {ﬁ(t, T)+b'(t,T)Z:+ Z&(t, T) Z,

+J(t,T) ~1- {D(:r)(l —z) -1+ :“'PY(H(RT))”

* — a7 S N —
e (t,Tﬂ_]_._.Tn] — pﬂ(t1Tﬂ_1]Eﬂ[f.Tn—l-.Tﬂ:"F.j ':_ﬁ.Tn—'l-.Tﬁjzc-Fft .Ef.,Tn—l T. :'ft _p.;.[t.Tn:]

where a, I_}? ¢ anda, 3,7 solve the ODE systems that depend on solutions of basic ODE systems.
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Quadratic Credit Risk Models w/ Shot-noise effects

Recovery / Credit Derivatives

ldea :

Use previously computed key ingredients to price in closed-form
more complex credit products.

In the paper we price in closed-form:

» Defaultable bonds with different recovery assumptions
» credit derivatives:

»Default Digital Payoffs

»Credit Default Swaps

»Options on defaultable bonds (up to numerical evaluation of the Laplace transform)
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Quadratic Credit Risk Models w/ Shot-noise effects

Extension to portfolios

> ‘Iif:]_?+++j}i:-

»  Each firm may default only once and its default time is denoted by T*
> ;'?\f'rt = E ]-{Tkﬂi}

We order the default times 77, ..., T and denote the outcome by 74 <15 < --- < 7

Basic Assumption :

Consider independent processes pi* of the form quadratic plus jump
The default intensity of each defaultable firm k € k is modeled as
1 1 k e Jump part:
)».t = [y + € Clustering/Contagion
e Quadratic part:
Business Cycle

The higher ¢; the bigger is the dependence of the common default risk driven by p°.
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Quadratic Credit Risk Models w/ Shot-noise effects

S:(0,t,T) =

S(0,t,T) =

5¢(0,t,T) =

Building Blocks for Portfolio Credit Risk

FQ [E_ (14 aﬂgds“rﬁf] _ ANOETIHBT (0,6 T)Ze+ 2] C*(8.4,T) Z:
O [E_LT gj;?.;.[5|:;£;r'} _ E.&J{j;—jijt.Tjhjl+£""“x[D“"in.x]—1]
ECQ {E_ [T rotonds |3FQW] _ E_;Ic (Bt T)+B° T (8. TVZ:+Z T C°(0,t.T)Z;

EQ [E-}I%E_.rrr Er;ids'hr:r.‘

S (0,t,T) (ww. t.T) + b7 (0,t,T)Z: + Z;rc*'{a.nr}zf)

E2 [EJ}E— J7 8Jids| £J }

S5(0,t,T) - {af[t.T) o (D*’{a.r)(l — ) — 1+_1*;*(9H='{I}))]
EQ {g'?ﬁ:'ﬁ_ ftT Ta +€r.‘rfn’3|.:p:'li']

55(6,t,T) - (ﬁ“{ﬂ'.t.T] +5T(0,6,T)Z: + Z] (6, 1, T]Zf)
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Quadratic Credit Risk Models w/ Shot-noise effects

Two Firms Case

» Default Correlation

(5. T) = B (tT) - Qp(t, )@t T)
V@t DL — Qi (2, T (8, T)[L — @ (1, T)]
YWt T) = 1-Qy(t,T)— QL(t,T) + S'(t,T)S (t,T)S(c' + € ,¢,T)
QL(t,T) = S*(t,T) - S°(*,¢,T) Q% (t,T) = 1 — QL(t,T)
. . . L
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Quadratic Credit Risk Models w/ Shot-noise effects

Independent Copula Gaussian, p = 0.9
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Figure 5: The left ﬁictljre has € = 0.1, the right e; = 0.5.
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Quadratic Credit Risk Models w/ Shot-noise effects

Collateralized Debt Obligations

Undedying Issued [  Senior
Securities Securities AMAAS
>»CDO Assets SPV 4 Mezzanine
BEB,BB
_ .
Initial Investment Initial Investment

e There exist at least three tranches, in descendent order of seniority: an equity
tranche (or first loss), a mezzanine tranche and a senior tranche. It is, however,

common to find CDOs with several mezzanine tranches with different seniorities.

o If during the life of the CDO one (of several) of the names default, all recovery

payments are reinvested in default-free securities.

e Af the maturity of the CDO, the portfolio is liquidated and the proceeds distrib-

uted to the tranches, according to their seniority ranking.
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Quadratic Credit Risk Models w/ Shot-noise effects

Loss
The loss process t

» Initial Value of tranches

Senior

VZ(O) _ bz’ . bz’—l L(t)

> Total Loss Process b2 Mezzanine /

Nt bl . .
L(t) :— Z Equity -
j=1 T
loss at default
time 7; T - Defaults
> loss in tranche | ,
0 if L(t) < b1

L'(t)y =< L{t) — b1 if b1 < L(t) < b
bt — bl if L(t) > b
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Quadratic Credit Risk Models w/ Shot-noise effects

Coupons and tranches value

> coupon dates by, @ - maturity
> intermediate payments 1 — M ¢t
pay bi _ pi—1
» maturity payment (1 _ %) At i (bi _pi—l Li(tN*))

Value of each tranche

N* ;

. tj L‘l t . tN* . . .

V@(t) _ E? E :6_ Ji 7 r{u)du (1 . ™ _(bZ)l) 4 e S r{u)du (bz _ oyl Lz(tN*))
Jj=1

tj i
everything boils down to compute E? [6_ Jo? r(u)du i (tj)}

We get closed-form expressions again!
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Quadratic Credit Risk Models w/ Shot-noise effects

Conclusions

> Current credit risk models are either unrealistic, or hard to
implement in practice. Serious drawbacks for realistic modeling of
CDOs.

» Using the intuitions from GQTS and shot-noise processes, we
propose a class of credit risk model which has the models proposed
previously as special cases and we derive closed formulas for all
credit risk building blocks.

»The model can be easily extended to the several firm setup and to
include firm specific and systematic risks.

» Even with a simple model we are able to generate reasonable
default correlation levels
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Quadratic Credit Risk Models w/ Shot-noise effects

Extra Slides
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Quadratic Credit Risk Models w/ Shot-noise effects
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Quadratic Credit Risk Models w/ Shot-noise effects

Unpredictable Component < J15z4
;“‘%@"; » Motivation : Incomplete Information [
Hore” Agents in the market have incomplete information about the quality of

firms and adapt their expectations.

Py = pu|r >t) =

~ Plp=pa,7>1)
B P(r > t)
pe !
- petHt 4 (1 — plerit

pigpe MHY 4+ i (1 — p)eHLt

E(ulr >1t) =

pe~#H! 4 (1 — p)e—re! T T S

Figure 1. The values of um and pr are 2.5 and 0.5, respectively.
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Quadratic Credit Risk Models w/ Shot-noise effects

where J—L H, C. solve the system of ODES

(O 1

< a_f Hd' (OB + 5B Ro()B + tr {Cho()} = (1)

\ AT, T) = 0

(OB " 1 7%

| ot E* ()8 + 2Cd(t) + 58 K(6)B +2Cko()B = g(t)
\ BT, T) = 0

( aC iy 3

| Gp HCEW B GC+ 2ko()C + 5B GHE = Q)
\ c(r,T) = 0

B0 ki(t) 1(t) (1)
0 B 0 (1 \ (.ihl,, Jim\ \

B=| . | K= L 5 J L G(t) = L A J
' ' ko (t ) - Gt
0 ... 0 B (1) gm1(t) Imm(t)
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Quadratic Credit Risk Models w/ Shot-noise effects

lHHlustration

The previous pictures are based on the following simple three-factor model

Zl
Z = z?)
.
dz; = [Gi(t) — a1 Z}] dt + ordW}
dZ; = [Bo(t) — a2Z}] dt + o2dW}
dri = o 8, —re| dt + o /redW

AF = puF 4 Fug, ,ui‘=-r;i‘=(2’f’) , k=12 2R

pe=JC+dr, JE=Y Yih(t—7), Yi~x2(2) hi(x)=e", beRy
Ti<t

7; are the jumps of a Polsson process with intensity [°.
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Quadratic Credit Risk Models w/ Shot-noise effects

We get :
2vex
o [1— 2] (z*‘f}?}x

> . . 7 Qﬁ El:"-'k+ﬂk:l-1!
— 11 ‘ . t, == el §
X ( ) (e + )@@ — 1)+ 29 )| (o + o) [ — 1] + 2,

T
X exp {_/ (,-33,(5]1#*(9?5,?} + %gg (ﬁk(&s,ﬂ)z) ds + H*(ﬂ,t?T]Zf}
t

where
ia{[ﬂk"‘ﬁ}iﬂ_r}{l _— {,2‘.‘&-[?“—.‘}} )
ds

1

BY(t.T) = [2(0 + ) (3% — 1) + 4’“:'&]1;2% f Br(s) 1+-L
‘ [2(ak + 1) (€2(T=2) —1) 44y ]~ %

T)+BT(0,t,T)Z;: + Z] C°(6,t,T) Z }

> .”;(H?t?ﬂ: exp {A’:
T) +B°(0,t,T)Zs + Z; C°(0,t,T)Z )

S:;(H? t,T)= exp { A°(0

where ) . T—t
2av,. 3, 24, elirtar) =3
_ A(At,T) = a2 In [(o_, + A ][ Ar(T—%) _ 1]_‘_} ]
A<(0,¢.T) = A((1 + 66),¢.T) ? r
A(0,¢,T) = A(85,t,T) 0
B°(0..T) = B((1 +65),£,T) | B 0
B(6.t.T) = B(05,t.T) eSS 2A [e¥(T=t) _ 1]
Ce(6.+.T) =0 (4 + ;) [e’vrtj]"—t) _ 1} + 24,
Ce(0.t.T) = 0
> 26 di 1 b
o _ 20 _—er-0\]b+20 —bz _ 1] J, +1°(T — [ 1}
S5(0,6T) = [1+ 2 (1—e )| o+ ﬂp{b[ ] T =937 }

QMF 2005
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Quadratic Credit Risk Models w/ Shot-noise effects

> TH0,6,T) = Th(0,8,T) = Sh(8,t,T) exp (a* (6,4, 1) + b8, ¢, 1) 2} + (8,4, T) (2F)°)

where T
a®(6,t,T) =_/ Br(s) + o2B%(s,T)b + o2c*(s,T)ds
t
.
b8 (6,t,T) = —Qf efi ax=205C"wDdu (g, () — g2B% (s, T)) c*(s,T)ds
t
FO.4.T) — O [(y + ar)(e7* — 1) 4 2]
3 by - ,.:r_keli’\l-;_.—kgrr_‘xk-:ll'
> l"'f?(ﬂ?t?T] = .“’;(H?t?T] exp {a(#4,t,T) + b(65,t,T)r:}
l:'f?(ﬂ?t?T] = gf}(ﬂ?t?T] expia((14+648),t.T)+b((1+86),t,T)r:}

T
where a(A,t,T) = / a,.3.b(A, 5,1 )ds
t

b(,l,f,le _ ge—chch—%JEB{S.T)ds
0 [(ar +4) (€= — 1) + 24,

24, e(3ar+in)3

o _ Qc C = 1 1 % bz ey
> FJ(H,t,T)—SJ(H?t,T){HJ (t,T) E[2+b€(b+$ln(1+c(1 e ))(1 z) 1]

1
_|_.
Il—l— 21 —e—b-f]}
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