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Outline

e jump-diffusion stochastic differential equations in finance

e strong and weak numerical schemes

e weak numerical schemes

— Taylor and jump-adapted weak schemes
— derivative free, implicit, predictor-corrector schemes

— numerical results
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Literature on Jumps in Finance

e Merton (1976) = Merton model

e Madan & Seneta (1990), Eberlein & Keller (1995) = Lévy
e Bates (1996) = stochastic volatility

e Bjork, Kabanov & Runggaldier (1997) = term structure

e Cont & Tankov (2003) = jumps in finance

e Glasserman (2004) = Monte Carlo

e Geman & Roncoroni (2005) = electricity prices
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Problem Setting

e SDE:
dXt = CL(t, Xt)dt -+ b(t, Xt)th + C(t—, Xt_) th
e J, = N;: Poisson process, intensity A < oo

o J, = Zf\f:tl(&: — 1): compound Poisson, &; i.i.d r.v.

e Poisson random measure

¢ {(7_17€Z>7Z — 1727"' 7NT}
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Examples

e Merton Model

dXy = Xy (pdt + odWy + dJy),

Y
N
Xt _ XO 6(“_%02)t+0Wt ng
=1

e Bates Model

e Credit Risk Models
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Numerical Approximations

e time discretization
t, = nA

e discrete time approximation

Yii1 =Ya +a(Yo) A+ b(Yn) AW, + ¢(Y,)AJ,

e strong schemes = pathwise approximations

e weak schemes = probability approximations

Nicola Bruti-Liberati



Strong Convergence

e Applications: scenario analysis, filtering and hedge simulation
e Strong Convergence:

- VA2
lim B(|Xr - Y[ = 0

e Order: Y2 — X with strong order ~ if

es(A) = \/B(Xr — YA2) < KA
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Weak Convergence

e Applications: derivative pricing and evaluation of risk measures

e Weak Convergence:

lim |E(g(X7)) — E(g(Yy))| =0

example: g(aj) — xqa g(ﬂf) — (3j o K)+7 g(ﬂf) — I{:I:Sc}
e Order: Y2 — X with weak order 3 if

ew(A) = |E(9(X1)) — E(9(YR))| < KA”
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Example on a Diffusion

e geometric Brownian motion

dXt = TXtdt + O'Xtth

e Euler scheme (v =0.5, 5 =1)
Vi1 =Yy + 7Y, A+ 0 Y, AW,
e Milstein scheme (v =1, 7 =1)

2
Yoi1 =Yy + 1Y, A+ 0V, AW, + %Yn((AWn)2 —A)
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Strong Error

geometric brownian motion : r =0.05, 0 = 0.2, Xg =1, T = 0.5
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Log-log plot of the strong error.
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call payoff : r =0.05, 0 =0.2, Xg =1, T = 0.5, strike =1
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Log-log plot of the weak error.
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Literature on Weak Schemes

e Mikulevicius & Platen (1991) = jump-adapted order 5 € {1,2...} weak
schemes

e Liu & Li (2000) = order 5 € {1,2...} weak Taylor, extrapolation and
simplified schemes

e Glassermann & Merener (2000) and Kubilius & Platen (2002) = jump-
adapted schemes with weaker assumptions on coefficients

e Bruti-Liberati & Platen (2005) = jump-adapted order 5 € {1,2...}
derivative free, implicit and predictor-corrector schemes
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Weak Approximations

e compute the functional
E(g(X47)) = u(t, )
e u(t,x) satisfies the PIDE

{%+Luo
u(T, z) = g(z)

with

L = b(;) gxg + a(gj)% — /5 (u(t, T+ C(:I;', U)) — u(t, $)>¢(d?})
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e SDE

Euler Scheme

dXt — G(Xt)dt + b(Xt)th + C(Xt_) dNt

e Euler scheme

Yiir =Yn +a(Yu)A+b(Yn) AW, + ¢(Yn)Apn

where

AW, ~ N(0, A)

o 3=1.
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and

Ap, = Ny, ., — Ni, ~ Poiss(AA)
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Euler Scheme

e SDE
dXt = G(Xt)dt + b(Xt)th + C(Xt_) th

e Euler scheme
Yoir =Y +a(Yn)A+b(Y,) AW, + ¢(Yn)AJ,

where

AW, ~N(0,A) and AJ,= Y (&-1)

o 3=1.
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Order 2.0 Weak Taylor Scheme

1
Yor1 = Y, +aA+bAW, + cAp, + (a, a + ia” b2) To,0)+a' bl

2
—|—L(_1)b I(—l,l) + L(_l)C [(_1,_1)

1
—|— (a b/ —|— —b// 172> I(O,l) —|— bb/ 1(1,1) —|— bCl I(l,—l)

1
+(a ' + 56” b2) Iio,-1) + LT Val 1),

with I¢; ;) multiple stochastic integrals
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Order 2.0 Weak Taylor Scheme

N(tpt1)

Li1,—1) = Z We, — Apa Wh,,  I—11) = Appn AWy, — 11 1)
=N (tn)+1

e simulation jump times 7; : W, = Iy _1) and [(_q 1)

e Computational effort heavily dependent on intensity A
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Jump-Adapted Approximations

jump-adapted time discretisation

4

jump times included in time discretisation

e jump-adapted Euler scheme
1/th-|—1_ — 1/tn + a(l/tn)Atn + b(lftn)Ath

and
Y;5n+1 — Ytn+1— + C(Ytn+1—) (J<tn—|—1> - J(tn—i—l_))

o =1
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Jump-Adapted Simplified Schemes

e jump-adapted simplified Euler scheme
nn%—l_ — }/tn _|_ CL(}/tn)Atn + b(}/tn>A/M773

and
Ytn+1 — lftm—l— T C(lftn-u—) (J(tn—i—l) _ J(tn—l—l_))

o if A/V[Z% match first 3 moments of AW,, —= g =1

P(AT? = +v/A) = %

Nicola Bruti-Liberati

19



Jump-Adapted Taylor Approximations

e jump-adapted order 2 weak Taylor scheme

bt
Y ., Y, +al; +bAW, + 7( (AW, )? — Atn> L d bAZ,
1 1 1
+3 (a a’ + ia’ ’b2> A7+ (a v+ 517” 172) {AW, Ay — AZ, }
and

Ytn+1 — Kfn+1— + C(Y;fn+1—) (J<tn+1> - J(tn+1_>)

o 3 =2
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Implicit Schemes

e implicit schemes = wide stability regions
e jump-adapted implicit Euler scheme

Vi = Ye, +{0a(Ys,, )+ (1 = 0)ajAy, + AW,

n+1_

with 6 € [0, 1]

e =1

e additional algebraic equation
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Predictor-Corrector Schemes

e predictor-corrector = stability and efficiency

e jump-adapted predictor-corrector Euler scheme

1 _
}/tn—l—l_ — 1/tn _I_ i{a(lftn—kl_) —|_ a}Atn —l_ bAth

with predictor )
}/tn—l—l_ — lftn -+ aAtn —+ bAth

e =1
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Numerical Results
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Log-log plot of weak error versus time step size.
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Log,Error
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Numerical Results
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Log-log plot of weak error versus time

step size.
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Numerical Results
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Log-log plot of weak error versus time step size.
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Weak Taylor Approximations

e higher order schemes : time, Wiener and Poisson multiple integrals

e higher order schemes: computational effort dependent on intensity

e random jump size difficult to handle
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Jump-Adapted Weak Approximations

e tractable higher order schemes: only time and Wiener multiple integrals

e pure diffusion approximations = jump-adapted approximations

e random jump size easy to handle

e simplified schemes

e computational effort dependent on the intensity

Nicola Bruti-Liberati 27





