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Outline

• jump-diffusion stochastic differential equations in finance

• strong and weak numerical schemes

• weak numerical schemes

– Taylor and jump-adapted weak schemes

– derivative free, implicit, predictor-corrector schemes

– numerical results
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Literature on Jumps in Finance

• Merton (1976) ⇒ Merton model

• Madan & Seneta (1990), Eberlein & Keller (1995) ⇒ Lévy

• Bates (1996) ⇒ stochastic volatility

• Björk, Kabanov & Runggaldier (1997) ⇒ term structure

• Cont & Tankov (2003) ⇒ jumps in finance

• Glasserman (2004) ⇒ Monte Carlo

• Geman & Roncoroni (2005) ⇒ electricity prices
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Problem Setting

• SDE:

dXt = a(t,Xt)dt + b(t,Xt)dWt + c(t−,Xt−) dJt

• Jt = Nt: Poisson process, intensity λ < ∞

• Jt =
∑Nt

i=1(ξi − 1): compound Poisson, ξi i.i.d r.v.

• Poisson random measure

• {(τi, ξi), i = 1, 2, . . . , NT}
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Examples

• Merton Model

dXt = Xt− (μdt + σdWt + dJt) ,

⇓

Xt = X0 e(μ−1
2σ2)t+σWt

Nt∏
i=1

ξi

• Bates Model

• Credit Risk Models
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Numerical Approximations

• time discretization
tn = nΔ

• discrete time approximation

Yn+1 = Yn + a(Yn)Δ + b(Yn)ΔWn + c(Yn)ΔJn

• strong schemes =⇒ pathwise approximations

• weak schemes =⇒ probability approximations
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Strong Convergence

• Applications: scenario analysis, filtering and hedge simulation

• Strong Convergence:

lim
Δ→0

E(|XT − Y Δ
N |2) = 0

• Order: Y Δ −→ X with strong order γ if

εs(Δ) =
√

E(|XT − Y Δ
N |2) ≤ KΔγ

Nicola Bruti-Liberati 7



Weak Convergence

• Applications: derivative pricing and evaluation of risk measures

• Weak Convergence:

lim
Δ→0

|E(g(XT )) − E(g(Y Δ
N ))| = 0

example: g(x) = xq, g(x) = (x − K)+, g(x) = I{x≤c}

• Order: Y Δ −→ X with weak order β if

εw(Δ) = |E(g(XT )) − E(g(Y Δ
N ))| ≤ KΔβ
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Example on a Diffusion

• geometric Brownian motion

dXt = r Xtdt + σ XtdWt

• Euler scheme (γ = 0.5, β = 1)

Yn+1 = Yn + r YnΔ + σ YnΔWn

• Milstein scheme (γ = 1, β = 1)

Yn+1 = Yn + r YnΔ + σ YnΔWn +
σ2

2
Yn

(
(ΔWn)2 − Δ

)
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Strong Error

geometric brownian motion : r = 0.05, σ = 0.2, X0 = 1, T = 0.5
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Log-log plot of the strong error.
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Weak Error

call payoff : r = 0.05, σ = 0.2, X0 = 1, T = 0.5, strike = 1
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Log-log plot of the weak error.
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Literature on Weak Schemes

• Mikulevicius & Platen (1991) ⇒ jump-adapted order β ∈ {1, 2 . . .} weak
schemes

• Liu & Li (2000) ⇒ order β ∈ {1, 2 . . .} weak Taylor, extrapolation and
simplified schemes

• Glassermann & Merener (2000) and Kubilius & Platen (2002) ⇒ jump-
adapted schemes with weaker assumptions on coefficients

• Bruti-Liberati & Platen (2005) ⇒ jump-adapted order β ∈ {1, 2 . . .}
derivative free, implicit and predictor-corrector schemes
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Weak Approximations

• compute the functional

E(g(Xt,x
T )) := u(t, x)

• u(t, x) satisfies the PIDE {
∂u
∂t + Lu = 0
u(T, x) = g(x)

with

L =
b(x)2

2
∂2u

∂x2
+ a(x)

∂u

∂x
+

∫
E

(
u(t, x + c(x, v)) − u(t, x)

)
φ(dv)
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Euler Scheme

• SDE
dXt = a(Xt)dt + b(Xt)dWt + c(Xt−) dNt

• Euler scheme

Yn+1 = Yn + a(Yn)Δ + b(Yn)ΔWn + c(Yn)Δpn

where

ΔWn ∼ N (0, Δ) and Δpn = Ntn+1 − Ntn ∼ Poiss(λΔ)

• β = 1.
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Euler Scheme

• SDE
dXt = a(Xt)dt + b(Xt)dWt + c(Xt−) dJt

• Euler scheme

Yn+1 = Yn + a(Yn)Δ + b(Yn)ΔWn + c(Yn)ΔJn

where

ΔWn ∼ N (0, Δ) and ΔJn =
Ntn+1∑

i=Ntn+1

(ξi − 1)

• β = 1.
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Order 2.0 Weak Taylor Scheme

Yn+1 = Yn + aΔ + bΔWn + cΔpn +
(
a a′ +

1
2
a′′ b2

)
I(0,0) + a′ b I(1,0)

+
(

a b′ +
1
2
b′′ b2

)
I(0,1) + b b′ I(1,1) + b c′ I(1,−1)

+L(−1)b I(−1,1) + L(−1)c I(−1,−1)

+
(
a c′ +

1
2
c′′ b2

)
I(0,−1) + L(−1)a I(−1,0),

with I(i,j) multiple stochastic integrals
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Order 2.0 Weak Taylor Scheme

I(1,−1) =
N(tn+1)∑

i=N(tn)+1

Wτi
− Δpn Wtn, I(−1,1) = Δpn ΔWn − I(1,−1)

• simulation jump times τi : Wτi
=⇒ I(1,−1) and I(−1,1)

• Computational effort heavily dependent on intensity λ
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Jump-Adapted Approximations

jump-adapted time discretisation
⇓

jump times included in time discretisation

• jump-adapted Euler scheme

Ytn+1− = Ytn + a(Ytn)Δtn + b(Ytn)ΔWtn (1)

and
Ytn+1 = Ytn+1− + c(Ytn+1−)

(
J(tn+1) − J(tn+1−)

)
(2)

• β = 1
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Jump-Adapted Simplified Schemes

• jump-adapted simplified Euler scheme

Ytn+1− = Ytn + a(Ytn)Δtn + b(Ytn)ΔŴ 2
n

and
Ytn+1 = Ytn+1− + c(Ytn+1−)

(
J(tn+1) − J(tn+1−)

)
• if ΔŴ 2

n match first 3 moments of ΔWn =⇒ β = 1

•
P (ΔŴ 2

n = ±
√

Δ) =
1
2
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Jump-Adapted Taylor Approximations

• jump-adapted order 2 weak Taylor scheme

Ytn+1− = Ytn + aΔtn + bΔWtn +
b b′

2

(
(ΔWtn)

2 − Δtn

)
+ a′ b ΔZtn

+
1
2

(
a a′ +

1
2
a′ ′b2

)
Δ2

tn
+

(
a b′ +

1
2
b′′ b2

)
{ΔWtn Δtn − ΔZtn}

and
Ytn+1 = Ytn+1− + c(Ytn+1−)

(
J(tn+1) − J(tn+1−)

)
• β = 2
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Implicit Schemes

• implicit schemes ⇒ wide stability regions

• jump-adapted implicit Euler scheme

Ytn+1− = Ytn +
{
θa(Ytn+1−) + (1 − θ)a

}
Δtn + bΔWtn

with θ ∈ [0, 1]

• β = 1

• additional algebraic equation

Nicola Bruti-Liberati 21



Predictor-Corrector Schemes

• predictor-corrector ⇒ stability and efficiency

• jump-adapted predictor-corrector Euler scheme

Ytn+1− = Ytn +
1
2

{
a(Ȳtn+1−) + a

}
Δtn + bΔWtn

with predictor
Ȳtn+1− = Ytn + aΔtn + bΔWtn

• β = 1
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Numerical Results
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Log-log plot of weak error versus time step size.
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Numerical Results
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Log-log plot of weak error versus time step size.
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Numerical Results
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Log-log plot of weak error versus time step size.
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Weak Taylor Approximations

• higher order schemes : time, Wiener and Poisson multiple integrals

• higher order schemes: computational effort dependent on intensity

• random jump size difficult to handle
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Jump-Adapted Weak Approximations

• tractable higher order schemes: only time and Wiener multiple integrals

• pure diffusion approximations ⇒ jump-adapted approximations

• random jump size easy to handle

• simplified schemes

• computational effort dependent on the intensity
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