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J. Guyon Introduction and objectives

Structure of the talk

e Part 1: Introduction and objectives

e Part 2: Mathematical results

e Part 3: Rate of convergence of the Euler scheme
for the deltas and gammas of a european option
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J. Guyon Introduction and objectives

Objective

(1) Estimate the law of X7, i.e. estimate E[f(X7{)], where

t t
X} :er/ b(X?) ds+/ o(X?) dBs.
0 0

(2) Estimate 9°E[f(X%)].

QMF 2005 2



J. Guyon Introduction and objectives

Time discretization + Monte Carlo (1)

Euler scheme

" =k/n, Xg'* == and, forall k € {0,...,n— 1} and ¢ € [¢}, 2],

X[ = X"+ b (XZ}:;,,"’) (t—t7) +o (XZ}:;,,"’) (Bt ~ Btz) .

Monte Carlo
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J. Guyon Introduction and objectives

What is already well known?

E[f (X{")] —E[f (X7)] = Cif(2)/n+ O (1/n7) (1)

(1) when f is smooth with polynomially growing derivatives (Talay-Tubaro,
'90),

(2) under a uniform hypoellipticity condition for X, when f is only measurable
and bounded (Bally-Talay, '96).
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J. Guyon Introduction and objectives

Time discretization + Monte Carlo (2)

(1) %Zf\; f(Xi1): In a time of order nN, one gets an error of order

1/vVN + 1/n. Given a tolerance ¢ < 1, in order to minimize the time
of calculus, one should then choose N = O (n?) and gets a result in a
time of order 1/¢°.

(2) vazl(Qf(XfT:”) — f(X{{")): Romberg’s extrapolation technique: in
a time of order nIN, one gets an estimate of E [f (XT)] whose accuracy is
of order 1/v/N +1/n?, since (1) implies that E[2f(X;™%) — f(X"")] =
E[f(XE)] + O(1/n?). Given a tolerance € < 1, one should now choose
N = O (n*) and gets a result in a time of order 1/&%/2.
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J. Guyon Introduction and objectives

Objective: time discretization

Take f to be a tempered distribution. E [f (X{)]? Expansion in powers
of 1/n?

Example: f = §,, the Dirac mass at point y € R%.

E [0, (X7)] = y oy(y )p(1,2,y") dy' = p(1,2,y)

Find a function 7 and a “bounded” sequence of functions (m,,n > 1) such
that

pn(t,z,y) — p(t,z,y) = 7n(t,z,y)/n + T (t, ,y)/n°
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J. Guyon Mathematical results

Part 2: Mathematical results

Theorem. Under (B) and (C),
(i) for all t € (0,1] and z € R?, XZ has a density p(¢,z,-) and p € G(R?),

(i) for all t € (0,1], z € R* and n > 1, X;"" has a density p,(t,z,-) and
(pn,n > 1) is a bounded sequence in G(RY),

(i) there exists m € G1(R?) and a bounded sequence (7,,n > 1) in G4(R?)
such that for all n > 1,

Pn— P =T/n+m,/n°. (2)
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J. Guyon Mathematical results

Moreover,

m(t,z,y) / /Rd s,x,z)Ly(p(t —s,-,y))(z) dzds,

where the differential operator L3 is explicitely given in terms of the
functions a and b by

d

— L; = Z (b - Vb; + %tl’ (aV2bz)) 0;

=1

d
‘|—Z ( b - VQZ]—FCL] Vb; +itr (aV%L”)) 8@‘4‘% Z ak.Vai,j&-jk.

7.7 1 ’L,],k:]_
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J. Guyon Mathematical results

Functional sets

o OX(R?): the set of infinitely differentiable functions f : R* — R with
polynomially growing derivatives of any order, i.e. such that for all

o € N2, there exists ¢ > 0 and ¢ € N such that for all x € R?,

0% (@)] < e (1 + [f|?),

e C°(R%): the set of infinitely differentiable functions f : R — R with
bounded derivatives of any order, i.e. such that 0%f € LOO(Rd) for all
a € N?,
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J. Guyon Mathematical results

Assumptions

(A) Forallie{1,...,d} and j € {1,...,r}, b; and o, ; belong to C(R?)
and have bounded first derivatives.

(B) Foralliec{l,...,d} and j € {1,...,7}, b; and o; ; belong to C°(R%).

(C) There exists n > 0 such that for all z,& € R%, £*a(x)¢ > nl|€]2.
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J. Guyon Mathematical results

Functional sets (continued)

e Gi(RY): the set of all measurable functions 7 : (0,1] x R? x R — R
such that

— for all t € (0,1], 7 (t,-, ) is infinitely differentiable,
— for all a, B € N¢, there exists two constants ¢; > 0 and ¢y > 0 such
that for all t € (0,1] and z,y € RY,

‘80‘85 t,z,y)| <et” (ol + 181 +d+0)/2 exp (—02 |z — y||2/t) . (3)
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J. Guyon Mathematical results

e G(RY): defined in the same way as G;(R?) with (3) replaced by the
following two conditions:

205wt m )| < et U 2 ey (e o — y|* /2,

o° (w (t,:c,x + y\/z)) ert=Y2 exp (—c2 |\y|\2) .

I
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J. Guyon Mathematical results

Spatial derivatives of the density

Corollary. Under (B) and (C), for all o, 3 € N9, there exists ¢; > 0 and
¢y > 0 such that for all n > 1, t € (0,1] and z,y € R¢,

1
8gayﬁpn(taxay) o 83352?(?575’57@ — Eaa?ayﬁw(taxay) + rn(taxay)

and

ralt,2,y)] < e 211 BIHE072 0 (g gy 1)
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J. Guyon Mathematical results

Polynomially growing (non-smooth) f’s

Corollary. Assume (B) and (C). Let f : R — R be a measurable
function such that there exists ¢/ > 0 and ¢ € N such that for all z € R¢,
|f(z)| < (14 ||z||Y). Then there exists ¢ > 0 such that for all n > 1,
t € (0,1] and z € RY,

1

E[f(X,7)] - E[f (X)) = . fyrt,z,y) dy +ra(t,z)  (4)

and
ra(t, )| < en?t72 (14 ||2)|9) .
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J. Guyon Mathematical results

Exponentially growing (non-smooth) f’s

E,.: the set of all measurable functions f : R? — R such that there
exists c1, ca > 0 such that for all y € RY,

[f(y)| < crexp (e2[lyll")

Corollary. Under (B) and (C), for all u € (0,2) and f € &, there
exists ¢q1,co > 0 such that foralln > 1, t € (0,1] and = € R, f(XF) and
f(X;"") are integrable and

1

BLF(X])] - BIf (X)) = -

LSOz ) dytraltz) o (5)
ra(t, 2)| < cint % exp (e ||2]|*) .
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J. Guyon Mathematical results

Rate of convergence of 0%E[f(X;"")]

Corollary. Under (B) and (C), for all & € N?, i, € (0,2) and f € &,,
there exists c¢1,co > 0 such that foralln > 1, ¢t € (0,1] and = € R?

OB (X)) ~ OB (X7)] = 5 [ f@)2n(t.a,9) dy+ ra(t.) (6)

n

with

~2,—(la| +4)/2

7 (t, 2)] < e1n exp (cz2 ||z||") .
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Euler scheme and tempered distributions

Theorem. Under (B) and (C), for all S € S'(R?), there exists ¢ > 0
such that for all n > 1, ¢t € (0,1] and z,y € R?,

<S>pn(t7$7 )> _ <S,p(t,£6, >> — <S,7T(t,$, )> + T%(t,ﬂf),

S|~ 3|~

<Sapn(t7 7y>> R <Sap(t7 7y)> — <S,7T(t, 7y)> + T;z/(tay>a

and
7! (8, )|+ | (¢, z)| < en~ 2t (dHAT#S)/2 (1 + H:L‘H#S) .

Conclusion: (1) is valid for f's being only tempered distributions provided
we define E [S(Y)] = (S, py).
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J. Guyon Option pricing and hedging

Part 3: Rate of convergence of the Euler scheme for the
deltas and gammas of a european option with general
payoff

Setting and objective

S = (Sv1,...,8%9): a basket of assets satisfying

ds;

_ = 4, (S dt+ ) 0, :(SY)dBI, SV = >0,
v 1i(Sy) Z 4(5¢) dB; 0

=1

with p, 0 € C°(R?) and o satisfying (C).
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J. Guyon Option pricing and hedging

Purpose

Given a measurable and polynomially growing function ¢, we try to
estimate the price Price = E[¢(S})], the deltas Delta; = 05E|[¢(S7)] and
the gammas Gamma; ; = 5‘5i+6jE[q§(S§’)] of the european option of maturity
t and payoff ¢ ((e1,...,eq) is the canonical base of R?).
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J. Guyon Option pricing and hedging

Change of variables

We set z = lnwv (i.e. ° = Inv?) and Xf’i = ln(Sf’i)
X is the solution of the initial SDE with b = p — ||o|® /2 € C®(RY),
where ||o|7(z) = 37_; 02 ().

If we set exp(z) = (exp(z!),...,exp(z?)) and f(z) = ¢(exp(x)), we
define a function f € &; and Price = E[f(X[)].
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J. Guyon Option pricing and hedging

Results

Price” — Price = C}"“¢(v)/n 4+ O (n™?t % exp (c2 |[Inv]|)),
where Price”™ stands for the approximated price E[f(X,"")] and

7(t,Inv, Inu)

O (v) = /( o) du.

ulo..ud
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J. Guyon Option pricing and hedging

If we set Delta? = J8%E[f(X/"™")] and Gamma}, =
85i+ej]E[f(X?’an)], (6) shows that

Delta” — Delta = CP™¢(v)/n+ O (n_2t_5/ ?exp (c IIInUH)) ,
Gamma”™ — Gamma = C*™™¢(v)/n+ O (n_2t_3 exp (c2 HIH’UH)) ;
where
1 Oyim(t,Inwv,1
o), = L[ g TbinnY 4,
V; (Rj—)d U1 -+ Ug
- 1 8ei+ej7r(t,lnfu,lnu) — 1= 05w (¢, Inv, Inu)
cemoiy = o [ 0w (=)% du.
Vil5 J (% )d Uq---Ug
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QMF 2005

Explosion at maturity

principal part | remainder
price t—1/2 t—2
delta ¢t t—5/2
gamma t—3/2 t—3

Option pricing and hedging

23



J. Guyon Option pricing and hedging

Article

e to appear in Stochastic Processes and Their Applications

e available online at http://cermics.enpc.fr/“guyon/home.html
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