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Fe(t,T,U):

Basic interest rates

. price attime t € [0, T] of a default-free zero coupon bond

with maturity T € [0, T*] (B(T,T)=1)

. instantaneous forward rate

B(t,T) = exp (f ftT f(t,u) du)

. default-free forward Libor rate for the interval T to T + § as

oftimet <T (o-forward Libor rate)
B(t,T
L(t,T) = 3 (B(t(,T+)6) - 1)

forward price process for the two maturities T and U

Fe(t,T,U) := 20D

B(t,U)
B(t,T)

= 1+ = 5y

=Fg(t,T,T +9)
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Dynamics of the Libor rate

Introduction

Tenors: To<Ty1 <---<Th=T%, & := Txy1 — Tk (accrual periods)

1 1 1
1 1 1
L T T, T=T

~ T

L
I
T,
Dynamics in the classical Gaussian case

dL(t,Ti) = L(E,Ti)A(E,Ty) dWe
solution

L(t,Tk)

L(0,TO)& < /0 AT dWs>

t t
L(0, Ty) exp ( / AT dWs — - / A, Te)? ds)
0 0



Forward measures

Introduction

Forward measures associated with the dates Ty:

. dPr, . 1 dPr, _ B(t,Tk)
Density P = BTkB(O,Tk) or Ep~ {dP* | Fi| = m
d]P)Tk _ B(t,Tk) B(O,Tk+1) _ l—|—§kL(t,Tk)
dPr ., | 5 B(t,Tk1) B(O,Tk)  1+4dl(0,Tk)

FB (t 7Tk 7Tk+l)
FB (07Tk 7Tk+1)



Caplet implied volatility surface
February 19, 2002
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The driving process

L =(L%,...,L% is a d-dimensional time-inhomogeneous Lévy process,
i.e. L has independent increments and the law of L; is given by the
characteristic function

E[exp(i{u,Lt))] = exp /Ot 0s(iu) ds with

6(2) = <Z,bs>+%<z,csz>+/

Rd

(e<z’x> -1- <z,x)) Fs(dx),

where by € RY, ¢ is a symmetric nonnegative-definite d x d-matrix and
F: is a Lévy measure.

Integrability: ~ sup (|bs| + [lcs|| +/ |x|2FS(dx)) < oo
0<s<T* {Ix|<1}

sup / exp(u, x)Fs(dx) < oo (U € [—(1+e)M,(1+e)M]%)
0<s<T* J{|x|>1}

Introduction



Description in terms of modern
stochastic analysis

Introduction

L = (L) is a special semimartingale with canonical representation

t t t
Lt:/ bsds+/ csl/de5+// x(u" — v)(ds, dx)
0 0 0 JRd

and characteristics
t t
A= / bs ds, C = / Cs ds, v(ds,dx) = Fs(dx) ds
0 0

W = (W,) is a standard d-dimensional Brownian motion,

1" the random measure of jumps of L, and v is the compensator of j.*.

L is also called a process with independent increments and absolutely
continuous characteristics (PIIAC).
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Simulation of a Brownian motion
mean =0, sd = 0.1
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Simulation of a Lévy process
NIG(10,0,0.1,0)
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Simulation of a Lévy process
NIG(10,0,0.100,0) on [0,1]
NIG(10,0,0.025,0) on [1,3]
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The Lévy Libor model

The Lévy
Libor model

Tenor structure: To<T1<---<Tp=T~
Assumptions :

(LR.1): For any maturity Ty there is a bounded deterministic function
A(-,Tk) : [0, T*] — RY, which represents the volatility of the
forward Libor rate process L(-,Tk). In addition

n—1
SDINETIIEM  (se0, T, 1<j<d)
k=1

(LR.2): The initial term structure B(0,Ty) (1 < k < n) is strictly positive
and strictly decreasing (in k).

Consequently the initial term structure of forward Libor rates is given by

1 B(O,T )
L(0, Tie) = O (B(Okail) B 1) '



Backward Induction

The Lévy

Given a stochastic basis (Q, Fr, Pr+, (Ft)o<t<7+) Libor model

| ] ] ] ]
I I I I I 1
T, T T T T, T, T=T

n—.

We postulate that under P«

L(t,Th—1) = L(0,Th_1 exp</ bt (s,Tn=1,Tn) ds+/ A(S, Tz 1)dLT )

where LI / c/Zdwl” + //x(u —v"7)(ds, dx)
Rd

is a non-homogeneous Lévy process. Here W' is a standard Brownian
motion, 7" (ds, dx) = F{ " (dx) ds is the PPr--compensator of the random
measure of jumps u- and FJ" satisfies the integrability conditions from
above.



Backward Induction (2)

The Lévy

In order to make L(t,T,_1) a Pr+-martingale, specify the drift term Hbor model

b“(s,Tn_1,Tn) such that
b (sTo 1, Tn) = — %@(s,TH), CaA(S.Ta 1))
_ /Rd (e“(S -0 g ()\(s,Tn_l)7x>) Fd(dx).
Transform L(t,Tn_1) into a stochastic exponential
L(t,Tn-1) = L(0,Tn_1)E(H(t,Th-1))

where

t
H(tTo1) = / c2\(s, Toos) AW

t
+// (e““”n-l”> —1) (1" — " )(ds, dx).
0 JRd



Backward Induction (3)

The Lévy
Libor model

Equivalently

dL(t,Ta_y) = L(t_,Tn_l)<c3/ZA(t,Tn_1)de*

+/ (eW‘*Tnfl)’x> - 1) (- — VT*)(dt,dx)>
Rrd
with initial condition

1 (B(0,Ty-1)
wom =5 (5o 1)

Recall FB(t,Tnfl,T*) =1+ (SL(t,Tn,]_)



Backward Induction (4)

The Lévy
Libor model

dFs(t,Ta_1,T*) = S dL(t,Tn1)

SnaL(t—Tn 1)
T+ 00 1L(t— T 1)

=a(tTh-1,T*)

On-1L(t=Tn-1) (oonem 0x) Lo
M- _ 1) (i — 7" ) (dlt, d
+/Rd 1+§n71L(t7,Tn,1) ( )(N’ v )( ) X)

=B(tx,Th_1,7*)—1

At Toog) dw

= FB(t77Tnfl7T )(Ctl/z

Define the forward martingale measure associated with T,,_; by

dPr, N
P =¢&r,_,(M7)  where
t
My = / e/ 2 (s, Tao1, T¥) dWS
0

4—/t (B(s,x,Tn_1,T )—1)(p - )(ds,dx).
0



Backward Induction (5)

The Lévy
Libor model

t
Then WlT”‘1 =w," —/ csl/za(s,Tn_l,T*)ds is the forward Brownian
0

motion for the date T,_; and the Py, ,-compensator of u* is given by
pIn=1(dt, dx) = B(t, X, To_, T*)v" (dt, dx).

Second step

~ L
~N 4
:“-ﬂ ——
~

|
I
1,

We postulate that under Pr,_,

L(t,Tn_2) = L(0,Tn_2) exp (/b (s, Tn2,Tn_1)ds + /\(s To_2)dLi"™ 1)

with LIT"*:/ e/ dwg -t // (i — v™-1)(ds, dx).
Rd



Backward Induction (6)

The Lévy
Libor model

L(t,Tn—2) is a Py,_,-martingale if b"(s,Tn_2,Ta—_1) is chosen appropriately.

dpr
Second measure change: deLZ = &r,_,(M?)
n—1
where

t
MZ = /csl/za(s,,Tn_z,Tn_l)dWsT"—1
0

4—/0t /}Rd (B(s,X,Ta—2,Tn1) — 1) (" — v""~1)(ds, dx)

This way we get for each maturity Ty in the tenor structure a Libor rate
process which is under the forward martingale measure Pr,,, of the form

t t
L(t.Te) = L(0.T) exp ( [T as + A(s,Tk)dLZkH) .
(0] 0



The Lévy Libor model with
default risk

BY(t,Ty): time-t price of a defaultable zero coupon bond with zero
recovery and maturity Ty

7. time of default

B(t,Tx): pre-default value of the defaultable bond

= Bt,Tx) = 1= B(t,Tk), B(Tk,Tk)=1 (k=1,...

Terminal value of the defaultable bond

B(Tk,Tk) = I o1 B(Tk, Tk) = Aprary

The Lévy
Libor model
with default



The Lévy Libor model with
default risk (2)

The defaultable forward Libor rates for the interval [Ty, Tx11] are

given by
B(t,Tk)
e = (sney )

The forward Libor spreads are given by
S(t,Tk) = L(t,Tx) — L(t,Ty).
The default risk factors or forward survival processes are given by

_ B(t.Ty)
D(t.Ti) : B(t, Tt)

The discrete-tenor forward default intensities are given by

1 D(t,Tk) _ S(t,Tk)
(LT =5, <D(t,Tki1) B ) = Th el

The Lévy
Libor model
with default



Canonical construction of the
time of default

Let [:N(rt)tzo be an (ﬁ)-adapted, right-continuous, increasing process
on (Q,F,Pr«), To =0, lim_ ' = 0.

Let » be a random variable on (ﬁ, F, @) uniformly distributed on [0, 1].
DefineQ:=QxQ, G:=F®F, Qr:=Pr.xP

(F) trivial extension of (F) to (22, G, Qr+)

Ti=infit Ry e <}
Denote Hi := o (I;<u}|0<u<t), G :=FVH
= s a(G:)-stopping time

Qre{r >s|Fr+} =Qre{r >s|FK}=e" (0<s<TY

= (I) is the(Ft)-hazard process of underQr-  (and also under allr, )

The Lévy
Libor model
with default



Consequences for the price of a
defaultable bond
Payoff at maturity: B%(Ty,T) = 1(r>7,}
= Bo(thk) = B(thk)EQTk []l{‘r>Tk}|gt]

Eor [Mir>m |7
et

B(t7Tk)Jl{T>t}
Therefore, define
Eor [Ar>7y 17
e~ N
1< Eqq [e”| 7] 1>

— H (t,Tk) = = — -
EQTk+1 [e M | F]

B(t,Ty) := B(t,Ty)

Ok

(M7, Jk=1,...,n can be chosen such that H(t,Ty) has the form
t t

H(t,Tx) = H(O,Tk)exp(/ bH(s,Tk,Tk+1)ds+/ ci/zw(s,Tk)dWSTk*1
0 0

* / / (7(8, Tie), ) (e — vT42)(ds, dx))'

The Lévy
Libor model
with default



Defaultable forward measures

The defaultable forward measure (or survival measure) @T. for the
settlement day T; is defined on (2, Gr,) by

dQr,  B(O,Ti) nor —y BO.T)
dQr, BO(0.T) " (T 1) = B(0,T)) Tesmy-
= Qn(A)=Qr(A{r>Ti}) (Aegn),

forward measure conditioned on survival until T; — survival measure

Denote Pr, := Qr, \fTi

The restricted defaultable forward measure @Ti for the settlement day T;
is defined on (Q, Fr,) by

dPr,  B(0,T)) B(0,T)) tr 1
dpr, (OT)Q n(r> T = o) H]HékH(Tk,Tk)

The Lévy
Libor model
with default



Pricing contingent claims with
defaultable forward measures

The Lévy

X promised payoff at day T; with zero recovery upon default Libor model

7 its price at time t € [0, Tj]

7rtX = ]l{f>t}B(t7Ti)E@Ti [X:II{T>Ti}‘gt] (t € [OfTi])

The defaultable forward measures @Ti and P, are the appropriate tools.

If X is Gr,-measurable

o= ]l{'r>l}§(t7Ti)E@Ti [X|Gt] = |30('ff|'i)E@Ti [X|Gt].

If X is Fr,-measurable

= U BLT)Es, [X|A] = BO(LT)E, [XI7].



Recovery rules and bond prices

Defaultable zero coupon bonds

— fractional recovery of treasury value scheme The Lévy
At maturity of the bond VLV'.?r? rdr:f(;iﬁl

Bﬂ(T,T) = :“{7.>-|—} + TI':“{.,.ST} =7+ (1 — TI'):“{T>T}
Time-t value (t € [0,T])

B™(t,T) =aB(t,T) + (1 — 7)1~ B(t,T)

Defaultable coupon bonds ——  recovery of par scheme
Recovery of par: If default occurs in the time interval (T, Tk-1], recovery
is given by the recovery rate 7 times the sum of the notional and the
accrued interest over (T, Tx+1]. Itis paid at Tyq.
Corresponding cashflow pattern

e atTya (k=0,....m—1) cl oy .3 +7(1+C)lr <remn)

e atTm: Tirorny



Pricing of defaultable coupon

bonds
The Lévy
. . Libor model
Fixed coupon of ¢ to be paid at dates Ty,...,Tm with default
— m_li
Bea(0) = B(O.Tm) + 3 B(OTewr) (¢ + (1 +C)0Es, [H(TT)]).
k=0

Floating coupon bond that pays Libor plus a constant spread x
Promised payoff at the date Ty1: Sk (L(Tk,Tk) + X)

m—1

Bhmirs(0) = BOTw)+ Y 8BOT)(x + Ery LTT)]
k=0

+ 7T(1 + 5kX)E@Tk+1 [H (Tk ,Tk)]

+ ok E@Tk“ [H (Tk ,Tk)L(Tk Tk )]> .



Credit default swaps (CDS)

fixed periodic payments

A — B

Standard default swap: Default of a coupon bond Credit

derivatives

Areceives: 1—m(1+c) (fixed coupon)
1 —7(1+ ok(L(T,Tk) +x)) (floating coupon)

Time-0 value of the fee payments: s>, B(0,Tk—1)
s default swap rate

_ 1-7m(1+c) <
Sfixed = m Z:; ( 0 Tk)(sk 1E]P> [H (Tk 1,Tk l)])

Sfloating = 0 Tk)ék 1 — 71'(1 + (Sk_1X))

s g

X E@Tk H(Tk—1,Tk—1)] *775k—1E§Tk [H (Tk—laTk—l)L(Tk—th—l)]))



Credit default swaptions (1)
Assumption: The volatility structures factorize in the following way:

As,Ti)=Xio(s) and (s, T)) =vo(s) (0<s<T).

Payoff of a credit default swaption that is knocked out at default with dcé‘reieglives
strike S and maturity T; on a CDS that terminates at Tm:

Aoty ((S(Ti;Tinm - Z (Ti, Tw) )
k=i

where s(Ti; Ti, Tm) denotes the default swap rate at T;.

Price at time O:

750 B0, T)E, (1 —7(14¢))om_1C"™ "H(Ti, Tm_1)
A+ ALTL T+ GH(TLTY))

T2 (1- L+ )ACHHTLT) =S o)
+§ [T (2 + LT, T)) (X + 6H(Ti, T)) S) ]



Credit default swaptions (2)

Forward Libor rates and default intensities can be written as

A
L(T,T) = L(O,Ti)exp (U "X, +BF),
sum
H(Ti,T)) = H(O, T|)exp( - Xt + B ) Credit
derivatives
with osum:= S (A +7), X, :=0sum fy ' o(s) dLI~ and constants B}, B}

Assume the distribution of Xy, w.r.t. @Ti has a Lebesgue-density ¢, then

752 = B0.T) [ o(-x)e(x)dx = B(0.T)(g *£)(0)
for some (explicitly given) function g.

Performing Laplace and inverse Laplace transformations and denoting by
—X7. — . . .
MTiT' the Pr,-moment generating function of X+, yields

x5S —B(0,T))* /OO§R<L[g](R iUV (R — iu)) du.



Further credit derivatives

Total rate of return swaps
Asset package swaps
Options on defaultable bonds
Credit spread options

Credit
derivatives
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