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Literature Review

Merton (1971) first studied the optimal investment and
consumption problem without transaction costs using
continuous stochastic models.

Magill and Constantinides (1976) introduced (proportional)
transaction costs to Merton’s model.

Davis and Norman (1990) and Shreve and Soner (1994)
studied the problem with transaction costs for an infinite time
horizon.

Lui and Loewenstein (2002) considered finite horizon optimal
Investment problem with transaction costs.
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Asset market

Two assets

d FPo:
dP1+

T‘P()tdt,
Pi; [adt + odBy],

where o > r

An investor holds X; and Y:; in bank and stock, respec-
tively.

dX; = rXudt— (1 +N)dL,+ (1 — p)dM,
dY; = aYidt+ oYidB: + dL: — dM,,

L;: cumulative dollar value for buying stock

M,;: cumulative dollar value for selling stock

A € [0,00): proportion of transaction costs for purchase
1 € [0,1): proportion of transaction costs for sale



Solvency region

The investor's net wealth in monetary terms

X+ (1-p)Y, ifY%>0,
W, = , J’
Xed (LHNY: FY<0.
Define the solvency region .
S={@y e R a+1+Ny>0, e+ QL -my>0}. o L,

An adimssible investment strategy: (L:, M;)

A(zo,yo): the set of admissible investment strategies.



Optimal problem and value function

The investor’s problem:

sup E>% [U(Wr)]
(L, M) € A(z0,y0)

where the utility function

W~
UW)=-—— ify<1, v#0,
0

Value function

@(wtaytat) — Sup Eft,yt [U(WT)] ) (mtayt) S ya t € [OaT)
(Lo, M)Az y)



‘AL No transaction costs (Merton)

) (@ )

p(z,y,t) = al

2021 ifvy<1, v#0.
Y
Optimal policy
T a—1r—(1—7)o° A
- — — — Tp-
Y o—r

Here z;; is called “Merton line”. w{l-glp-0 s

X +(1+i)y =0



Proportional transaction costs

min{—¢t — 2o, —(1 — )z + oy, (1 + Az — ¢y} =0,
(z,y) €S, t€[0,T)

_J U@+ -py) ify>0,
90(:13,?/, T) - { U(.CE _|_ (1 _|_ )\)y) If y < O, x+(‘1\‘—\ﬂ‘]}’=0 / 5

where Zp = %UQyzgoyy + ayp, + ree;.

Due to homotheticity of utility function, for any p > 0,

ooz, py,t) = plp(z,y,t)  iFy <1, y#0.
I_et V(:E, t) — SO(.T, ]., t). x+(1+/f}y:0



i Reduced problem

min{-V,—LiV,-(z+1-p)Va +V,(x + 1+ )V, -4V} =0,
V(e T)=(zt1-p) inQ

where Q = (- (1-p),4o0) X [0,T),
_1oo
£1V — 20' XD vm‘|'/8233v5(;‘|'/81v

with f; :7(&—%02(1 —7)) and §, = - (oz—r—UQ(l —7)).



i A parabolic double obstacle problem

( — : 1 1
—u— Lu=0 |fx+1+)\1<u<x+1_”,
) —Ut—£U20 |f’U,:m, —(1—/L)<37<OO,
—ut—ﬁuSO |fU:m, O§t<T
— 1
\ U(ZC,T) - +1-p
where

1
Lu = 502m2um—(04 —r—(2- 7)02) 2 —(a—r—(1-7)o? )utyo? (mQuux + :L'uQ)

Proposition u(z,t) € W', 1 <p < 4oco .Moreover,
ut(ma t) 2 0.



i Three regions

( 1
SR = <\(az,t).u(m,t)—w+1_ﬂ},
( 1
BR = <\(a:,t).u(zv,t)—m+1+)\},
NT = <\(:13,t):w+1_|_)\<u(a:,t)<m_|_1_u}.

Proposition
(i) SRC {(z,t) ' < (1 — )z}

(i) BRC {(z,t) : 2 > (1L 4+ Mz}



i Free boundary (1): selling policy

T heorem There is a continuous, monotonically increas-
ing function z%(t), t € [0,T), such that

SR ={(z,t) :x<z.(t), t€[0,T)}.
Moreover,

(i) z*(t) is strictly monotone if a —r— (1 —~v)o? # 0, and
¥(t) =0 ifa—r—(1—7v)o?=0;
(i) z3(t) € C*°[0,T),

e N L . *
:ES(T ) — tl_lgj Lg (t) — (1 _ l’b)va

lim (T —1t) =z .
T—t—+to0 Lg ( ) ms,oo



i Free boundary (2): buying policy

Theorem Let tg =

(i) When t € [to,T), BR= 0. When t € [0,tg), there is a
strictly monotonically increasing function z;(t) s.t.

BR = {(z,t) : x> x;(t), 0<t <to}.

lim x; (t) = o0,
t—t,

im x (T —1t) =a; .
T—t——o0 b( ) ;00

(iii) When a—r—(1—v)0? > 0, z; > 0; When a—r—(1—

7)o® >0, z; (t1) = 0, where t1 =T — ——i——log %







Asymptotic behavior as time to expiry
i tends to infinity
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i Numerical methods

Denote
Fr=a—-r—(1—-9)c?and g=2(a—r) — (3 —27)5%

Then

1
Lu = 502:13211,;,;3; + (7 — 9) zus — Fu + yolzu (zus + u)



i Conclusion

= Derivation of the double obstacle problem

= Completely characterize the optimal
Investment policy

= An efficient numerical algorithm



i Future work

= Consider multi-risky assets, consumption, fixed
proportional transaction costs, etc.



