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1.1 Motivation: Dependent Defaults

Dependence between defaults is key issue in credit risk management.

e In large balanced loan portfolios main risk is occurrence of many
joint defaults — this might be termed extreme credit risk.

e Dependence between default critically affects performance of many
basket credit derivatives

Sources for dependence between defaults

e Dependence caused by common factors (eg. interest rates and
changes in economic growth) affecting all companies

e Default of company A may have direct impact on default probability
of company B and vice versa because of direct business relations,
a phenomenon known as counterparty risk or contagion.



Empirical Evidence
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Standard and Poor’s default data from 1980 to 2000 show clear evidence of cycles;

we expect within-year and between-year dependence.



1.2 Bernoulli Mixture Models

These provide a way of capturing the dependence among Bernoulli
events (i.e. defaults/non-defaults) occurring in a fixed time period.

Notation. We consider m credit risks and a vector of default
indicators Y = (Y1,...,Y,,)’, where Y; = 1 if counterparty i
defaults in the time period and Y; = 0 otherwise.

Definition. (Bernoulli mixture model). Given some p < m and a
p-dimensional random vector ¥ = (V,,...,¥,)" | the default
indicator vector Y follows a Bernoulli mixture model with factor
vector W if there are functions p; : RP — (0, 1), such that

conditional on W the components of Y are independent Bernoulli
rvs with P(Y; =1 | ¥ =) = p;(¢).



Distribution of Defaults
Fory = (y1,...,ym) in {0,1}™ we get
P(Y=y|¥=1)= sz )¥i(1 — pi(yp))' Y,

and the unconditional distribution is given by

=P =y)= [ _sz P~ () g(ap) e,

where g(1)) is the probability density of the factors.

By adding exposures and assumptions about losses given default we
complete the specification of a one-period model.



1.3 The KMV /CreditMetrics Model

These industry models belong to the class of structural or firm-value
models descending from Merton's influential credit risk model.

[ ]

They can be shown to be equivalent to Bernoulli mixture models
with conditional default probabilities

¢ (pi) — Z£¢>
V1= 0 |

where p; is the unconditional default probability of company 1,

¥ ~ N,(0,£2) is a normally distributed factor vector, z; are factor
loadings and 3; = z'Q)z; is the systematic risk component of
company 1.

pi(h) =@ (



Special Cases

One-Factor Model

=0 (SU)

where W is a standard normally distributed factor.
Homogeneous Correlation Model
O (pi) — /Y
() = ( el
vV1i—p

where p is known as the asset correlation.

These are influential simple models, which have played a role in
Basel |l capital formulas.

(1)



1.4 Industry Approaches to Model Calibration

Industry models generally separate the problems of estimating (i)
default probabilities and (ii) model parameters describing the
dependence of defaults.

1. Default probabilities are usually estimated by a historical default
rate for “similar’ companies, where the similarity metric may be
based on ratings (CreditMetrics) or a proprietary measure like
distance-to-default (KMV).

2. Dependence is usually described by a macro-economic or
fundamental factor model. Parameters of factor models are often
simply “assigned” by economic argument or derived from factor
analyses of proxy variables (e.g. equity returns for asset value
returns in the firm-value models).
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Ad Hoc Calibration and Model Risk

The ad hoc nature of some of the attempts to model dependence in
particular raises the issue of model risk.

For example, in KMV /CreditMetrics, how confident are we that we
can correctly determine the size of the systematic component of risk
(determined by the common factors and loadings)?

Misspecification of the asset correlation parameter p in (1) can have
a drastic impact on any calculations that are made with this model,
for example determination of VaR.

This talk is about using historical default and migration data to
estimate model parameters by proper statistical means.
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2. Modelling Dependent Defaults

1. Bernoulli Mixture Models as GLMMs
2. Estimation of Models

3. Empirical Analysis of S&P Default Data
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2.1 Bernoulli Mixture Models and GLMMs

We consider Bernoulli mixture models that have the structure of
generalized linear mixed models (GLMMs). Conditional on factors W

(known in GLMMs as random effects) we assume a one-period
model of form:

pi() =PYi=1[¥ =9) =g(x;8+z9), (2)

e where g(-) is a link function, typically a mapping from R to (0, 1)
like a distribution function (e.g. g = ®);

e X; and z; are explanatory variables (covariates) for ith company,

such as indicators for rating category or sector, or firm-specific
information from balance sheet;

e (3 are unknown parameters (generally including an intercept).
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GLMM as DAG (Directed Acyclic Graph)

.

/%

N.B. the factors W are represented here by b and 6 are
hyperparameters of the distribution of W.
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A Multi-Period Model

Given factors W; in time period ¢t we assume that individual default
indicators Yi1, ..., Y, are conditionally independent with

}/;57; | lIlt — "pt ~ Be(pti(wt))7 L= 17 ey Mg, where
pei(,) = Q(Mﬁ;(t,z‘) — X8 — zyy). (3)

Note some slight notational changes:

e 1(t,7) returns the credit rating of company i,

® [l1,..., [t are unknown intercepts.
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The Asset Value Interpretation

Let €1, ..., €:m, be iid rvs with distribution function g, which are
also independent of W,. Set V;; := x}.3 + 2}, W, + €;; for
1= ]_, e ey TNt

Observe that (3) corresponds to a model in which company i in
period ¢ defaults iff Vi; < p,.(4,4). The rv Vi; can be interpreted as
the asset value and g, ;) as the critical liability level.

The implied asset correlation of firms ¢ and j in period ¢ is
cov(z;, Wy, z;j\Ilt)

v/ var(z,, W) + w2\/var(z;j\11t) + w?

where w? := var(es;). Probit link: w? = 1. Logit link: w? = 72/3.
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Multi-Period Model

t+1

t yt+1
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Multi-Period Model With Serial Dependence

t+1
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Serial Dependence

Serial dependence in default probabilities can be modelled using
correlated latent factors W4, ..., ¥r. We assume that

1. conditional on (¥,)._, the default indicator vectors Y1,...,Yr
are independent. Moreover, Y; depends on W, only.

2. the latent factors (W;)._, form a Markov chain.

Remark: The above assumptions define a state space model
(hidden Markov model) for the sequence Yq,..., Y.
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2.2 Estimation of Models

Il ID random effects

The unconditional mass function of Y; = (Y1, ..., Yim,)' is

m

fvl B.6) = [ (

1=

P(Yy =y | ¥y = ¢75)> g( | 0)dy
1

where p = dim(4)) and g(v | 8) is the density of W;. The likelihood

function with ¥, ..., ¥ independent is
T
L(3,0 | observed data) = Hf(yt | 3,0). (4)
t=1

There is no between-period dependence.
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Dependent Random Effects

Let ¥q,..., Wy have joint density g(¥¢,...,%¥4 | 0). The
likelihood function L(3, 0 | observed data) now takes the form

Tmt

/"'/HHP(Y;ﬁi:yti‘q’taﬁ)g(wla---a¢T|9)d¢1°°°d¢T°

t=11=1

To evaluate this expression we have an integral over RY*?, which
makes standard maximum likelihood difficult.
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Bayesian Inference

We distinguish between observed quantities D := (xy, z¢, y:)1_, and
unobserved quantities ¥ := (0,8, %, ..., ¥ ).

The prior distribution p(1)) expresses a state of knowledge (or

ignorance) about the unobserved elements v before the data D are
obtained.

Inference in our model is based on the posterior distribution p(¥ | D)

pD|9)p@)  p(D]|I)p(V)
PUIDY =" D) = Tp(D ] 0)p(9) do

Problem: finding p(d | D)!
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Markov Chain Monte Carlo (MCMC)

Assume we want to simulate from a (multivariate) distribution p(x).

Idea: Construct an ergodic Markov chain with p as its stationary
distribution. Regard a sample of the Markov chain (possibly after a
certain burn-in) as a sample from p. Constructing such a Markov
chain turns out to be surprisingly simple:

o Metropolis-Hastings algorithm

o Gibbs sampler (special case)

MCMC can be used to simulate p(¥ | D) even in complex cases.

[ , ]
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Advantages of MCMC

calibration of complex models with multivariate, serially correlated
latent factors; implementation straight-forward; simulation fast;

point estimates, standard errors and (joint) confidence sets of
parameters ¢} are inherent in the output;

inference about derived model parameters (e.g. default correlations,
implied asset correlations) as easy as for primary parameters;

posterior path of latent factors (¥;) can be compared with other
macro-economic variables;

prior information about parameters governing portfolio dependence
can be entered in the analysis.
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2.3 Empirical Analysis of S&P Default Data

Homogeneous portfolio: x;; = x; for all companies.
Observed data collected on a six-month basis:

Muk 2= D i ot.iy=k Yti (number of defaults for rating class k),
my = #{1: k(t,7) =k} (number of companies for rating class k),

M; := (My1,..., M) (vector of default count variables).

We fit several models to S&P default data (rating classes CCC, B,
BB, BBB, A) by Gibbs sampling with non-informative priors. The
sequence (W,) of scalar latent factors satisfies an AR(1) process:

Uy = aWi_1 + ¢e, bo = peo/V' 1 — a?,

where €g, €1, ... are iid N(0,1).
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Empirical Analysis

Given (U;)!_,, we assume My,..., Mt conditionally independent.
Model 1: My | Uy = 9y ~ B(my, g(pk — ¥r)),

where g(z) = 1/(1 4+ exp{—=x}) is the logit response.

i el I —
M, | M, My M\
AN
N /

\

State space model for the sequence (M;) of default counts.



Results

UA  UBBB UBB UB  Hccc ¢ o

mean —9.097 —-7.144 —-5.712 —-3.872 —1.593 0.396 0.649

(std.) (0.654) (0.356) (0.276) (0.239) (0.245) (0.083) (0.169)
n ¢

00 02 04 06 08

iteration

frequency
100 200 300

0

aaaaa
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Extended models

Time heterogeneity: (x;) denotes the Chicago Fed National
Activity Index:

Model 2: My \ Uy = by ~ B(mtk7 g(ﬂk — By — ¢t))
Heterogeneity among rating classes:

Model 3: My | ¥y = ¥y ~ B(myg, g(pk — ¢rr)).

Sector heterogeneity: Consider S industry sectors, and denote by
Misk (mysk) the number of defaults (companies) for rating class k,
period ¢, and sector s. Set W, = (Uyq,...,Vsg)’, where

U, s := W, + s with (U;) as before and 741, ..., ms iid Gaussian.

Model 4: Mgy, | ®y ~ B(mysk, g(pr — Vis)).

The covariance matrix of b; is of compound symmetry type.
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Some Empirical Conclusions

e Residual, cyclical, latent component in the systematic risk; even
after accounting for observed business cycle covariates.

e Implied asset correlations for companies sharing industry sector is
10.5 %, whereas the across-sector counterpart is only 6.0 %. 1

e Implied asset correlations do not appear to fall monotonely with
increasing probability of default.

!A model without sector-specific latent factors yields an overall implied asset correlation of
6.9 % for the same dataset.
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3. Modelling Dependent Migrations

1. Migration Models in GLMM Framework

2. Empirical Analysis of S&P Migration Data
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3.1 Migration Models in GLMM Framework

Consider a latent factor (random effect) W, (vector/scalar). Given
W, we assume that Ry, ..., Ry, are conditionally independent with

P(th' </ ‘ W, = "Pt) — g (Mn(t,i),e — X:Si/B — Z;iwt)

where

e g: R — (0,1) is an increasing response function,
e.g. ®(x) (ordered probit) or 1/(1 + e~*) (ordered logit),

e 1(t,7) is the rating of obligor ¢ at the outset of period ¢,

e the intercepts (ug¢) and regressor coefficients 3 are unknown
parameters satisfying —00 = pr, —1 < pro < -+ < pgp Kk = 00,
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GLMMs for Ordered Categorical Responses

P(th‘ </ ‘ W, = ¢t) —Jg (Mm(t,z'),e — Xfwﬂ — Z;iwt)

e x;; and z;; are additional covariates other than rating,

e W, are latent factors with hyperparameters 6.

This defines a generalized linear mixed model (GLMM) for the
ordered, categorical responses Ry, ..., Rim,. We refer to
x,.(3 + z;, ¥, as the systematic risk of obligor i.

Conditional transition probabilities:

PRy =10 |,) = P(Ry </l |v,) — PRy <L —1]1,).
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Rating Transitions as Multinomial Trials

Define the rating indicator Yy; := (I{Rm:()}? . 7I{th:K}),'

Conditional on ¥y, we have Y;1,..., Ys,, conditionally
independent with

Y | ¥, = 1, ~ Multinomial (17 pm(t,i)(X:ﬁiB + Zéﬂ#t)) ;
where

Pr(2) = (Pro(2),...,pe.x(2))  with
pk,ﬁ(z) — Q(Mk,e — Z) — g(uk,g_l — Z)

The elements of the matrix corr(Yy;, Y¢;) are migration correlations
of obligors ¢ and j.

33



Interpretation as an Asset Value Model

A

BB

! o I -+ >
D CCC B BB BBB A AA" AAA

Let €41, ..., Etm, be iid rvs with df g (independent of W;). We define
Viii=x,.0+2,, W, +¢c4,1=1,...,my, and notice that

Ri=L4 <= Vi€ (fuwi)i—1, Br(ti)e] -

Interpretation: V;; is the asset value and (fi,(¢,4),¢) are critical
liability levels. We refer to corr(Vi;, Vi) as the implied asset
correlation between obligors ¢z and j.
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Homogeneity within Rating Classes

Denote by K = {1,..., K} the set of non-default credit ratings.
Assume that x;; := Xy and zy; := z4 for all obligors with rating
k(t,7) = k. The obligors in rating class k are thus modelled
exchangeably. Introduce

mi
My = (M0, - -, Mg k) = Z]{n(t,i):k}Yti-
i—1

Let myp = Z:’gl I (t.i)=k) be the number of k-rated obligors in
period t. Clearly, we have M;q, ..., M;k conditionally independent,
given W, with

My | ¥y = 1, ~ Multinomial (myg, pr(X.0 + Z.20,)) .
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3.2 Empirical Analysis of S&P Migration Data

Data from S&P: 5,651 US and Canadian firms from 12 industry
sectors. The rating classes under consideration are

IC = {CCC, B, BB, BBB, A, AA, AAA}

Transition count vectors are collected on a three-month basis during
20 years (i.e. T" = 80 time periods).

We fit several GLMM-type models of increasing complexity by Gibbs
sampling with non-informative priors. The latent factors are
assumed to follow autoregressive time series.

Our study employs the logit response function g(x) = 1/(1 4+ e 7).
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Practical Example

Given (U;), we assume that {M;x : k€ K,1 <t < T} are
conditionally independent with

M,y | ¥y = ¢y ~ Multinomial (myg, pr(z:0 + ¥¢)) ,

where x; is the Chicago Fed National Activity Index (CFNAI) for the
first month of period t.

The latent factors (U;) are assumed first-order autoregressive
(AR(1)):
Uy =a¥; 1+ g6, by = geg/V1—a?,

where €q, €1,... are iid N(0,1).

Parameters to estimate are: threshold values (px ¢), regression
coefficient 3 and hyperparameters ¢ and «a.
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Results

Threshold parameters ¢

k M, D HE,CcCC HE,B Ui, BB M1k, BBB
AAA —28.94 (4.78) —22.61 (5.70) —16.32 (5.04) —8.61 (.84)
AA —11.28 (1.38) —9.79 (.80) —8.08 (.38) —7.66 (.32)
A —10.08 (.68) —9.75 (.60) —7.62 (.24) —6.48 (.15)
BBB —8.15 (.34) —7.73 (.28) —6.18 (.16) —4.22 (.11)
BB —6.60 (.20) —5.88 (.15) —3.67 (.10) 4.13 (.11)
B —4.69 (.12) —3.72 (.11) 4.25 (.11) 6.35 (.17)
CCC —2.04 (.12) 3.29 (.15) 4.93 (.27) 5.71  (.39)
Remaining parameters
o) o
0.060 (.051) 0.256 (.030) 0.672 (.113)

Posterior mean (standard deviation). Gibbs sampling with 2,000

iterations (burn-in 5,000). Implied asset correlation: 3.5 %.
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Three-month Transition Probability Matrix (%)

k\/¢ AAA AA A BBB BB B CCC D

AAA 9773 204 017 003 0.02 0.00 0.00 0.00
AA 0.1/ 9789 182 0.0/ 002 0.03 0.00 0.00
A 0.02 049 9791 142 0.11 0.05 0.00 0.00
BBB 000 006 127 97.13 131 0.17 0.02 0.03
BB 0.01 002 012 154 09570 233 0.15 0.14
B 0.00 002 008 0.09 130 96.01 1.54 0.96
CCC 001 001 009 024 041 3.03 8424 1197
D 0 0 0 0 0 0 0 100.00




General Empirical Conclusions of Paper

e Residual, cyclical, latent component in the systematic risk; even
after accounting for observed business cycle covariates.

e Evidence of heterogeneity between industry sectors. (Multi-factor
models can address such concentration risk.)

e Implied asset correlations do not appear to fall monotonically with
decreasing credit quality.

e Implied asset correlations intrinsic in transition data appear to be
lower than those intrinsic in pure default data.
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