
SOME NEW RESULTS ON THE INTEGRAL OF GEOMETRIC

BROWNIAN MOTION AND THE PRICING OF ASIAN OPTIONS

ANDREW LYASOFF

Abstract: The subject of the talk is the distribution law of
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taken to be some standard Brownian motion,

for certain choices for the parameter µ ∈ R and for the function V : R 7→ R. These laws
play an important role in many areas of analysis, physics, probability theory, statistics
and, in the special case V (x) := eσ x, x ∈ R, mathematical finance and actuarial science.
Somewhat unexpectedly, integrals of exponential Brownian motion feature also in the
analysis of hyperbolic spaces – see [3]. The most intriguing aspect of the “theory” of such
functionals is that it connects some seemingly unrelated domains – for example, it allows
one to develop some useful exponential counterparts of Levy’s and Pitman’s theorems
(see [4]). Furthermore, this “theory” leads to some striking identities about exponential
functionals of Brownian bridge and Brownian motion processes (see [1]).

While the distribution laws of integral functionals of Brownian motion have been stud-
ied for quite some time (see [5] and [2]), tractable expressions for the associated densities
are still difficult to obtain (usually the densities are characterized in terms of the inverse
Laplace transform in the time domain, which, by way of Lamperti’s representation, leads
to the renowned integral formula obtained by M. Yor [7]). The main objective of the
talk is to present a new approach to the study of the distribution law of the integral of
geometric Brownian motion. In particular, we will show that M. Yor’s formula [7] is the
least tractable member of a cluster of integral formulas. In addition, we will give an in-
dependent (and considerably simpler) proof of some striking identities about exponential
functionals of Brownian motion and Brownian bridge and will obtain even more identities
of the same “striking” type. Finally, we will present an explicit formula for the price of a
generic Asian option.
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