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Abstract

We discuss the class of models for the term structure of forward interest rates when the dynamics
involve the following stochastic evolution equation:

dX(t) =
[
AX(t) + F (t)

]
dt + BdW (t), X(0) = X0,

where X takes values in a separable Hilbert space H. Here A is the generator of a semigroup,
B : H → H is a bounded linear operator, W (·) is an H-valued cylindrical Wiener process. This
model includes in particular the HJM model (in the parametrization of Musiela), second order
term structure models and generalizations.
Mathematics Subject Classification 2000: 91B28, 60H40, 60H30, 60G20, 47D06, 60J70

1 Introduction

We study models for the term structure of forward interest rates when the dynamics involve the
following stochastic evolution equation:

dX(t) =
[
AX(t) + F (t)

]
dt + BdW (t), X(0) = X0, (1)

where X takes values in a separable Hilbert space H. Here A is the generator of a semigroup,
B : H → H is a bounded linear operator, W (·) is an (infinite dimensional) H-valued cylindrical
Wiener process.

These models arise both when modelling forward interest rates in the real world sense (for use in
econometrics and risk analysis) and in the risk neutral formulation (for use in derivatives pricing).
We refer the reader to [3], [4], [7] for further discussion and note that the questions of consistency of
such models are discussed in [19]. The motivation for using the infinite dimensional noise in these
models can be summarized as follows:

(1) the non arbitrage conditions are too restrictive on drift when only finite number of Brownian
motions is used in modelling the noise;

(2) it is more natural to solve a model with an infinite dimensional noise and then to select for
appropriate purposes a model with a finite dimensional noise.

We focus on the following three examples.
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(a) HJM Model in Musiela Parametrization

Let X(t, ξ) be the forward rate function, where t ≥ 0 is time and ξ ∈ [0,M ] is time to maturity.
The Gaussian version of the Heath-Jarrow-Morton (HJM) model in Musiela parametrization under
the assumption of absence of an arbitrage strategy is described in risk neutral form by the following
equation [2]:

dX(t, ξ) =
[
∂X

∂ξ
(t, ξ) +

d∑
j=1

σj(t, ξ)
∫ ξ

0
σj(t, η)dη

]
dt +

d∑
j=1

σj(t, ξ)dβj(t), t ≥ 0, ξ ∈ [0,M ],

X(0, ξ) = X0(ξ),

where βj , j = 1, . . . , d, are independent Brownian motions. In the case of unbounded maturities
M = +∞ and X(t) has values in the Hilbert space H = L2

γ(0,∞) of measurable functions with

‖x‖2
γ =

∫ ∞

0
e−γξ|x|2dξ < ∞.

In the case of bounded maturities H = L2(0,M) and X(t, M) = l(t), t ≥ 0.

As in [10] we introduce the operator S on H by

(Sf)(x) := f(x)
∫ x

0
f(η)dη, x ≥ 0.

The following generalization of the HJM model to the case of infinite dimensional noise was studied
in [10]:

dX(t, ξ) =
[
∂X

∂ξ
(t, ξ) +

∞∑
j=1

Sσj(t, ξ)
]
dt + σ(t, ξ)dW (t), t, ξ ≥ 0,

X(0, ξ) = X0(ξ) ,

where σ =
∑∞

j=1 σj .

(b) LIBOR Model

Let L(t, ξ) be the LIBOR rate process: see [2], [8]. Then the process X(t, ξ) = log L(t, ξ) satisfies
the following equation on H = L2

γ(0,∞):

dX(t) =
[
AX(t) + F (t, X)

]
dt + Γ(t)dW (t), X(0) = X0 ,

for some Γ and F .

(c) Second Order Term Structure Models

Let again X(t, ξ) be the forward rate function. Then s(t) = X(t, 0), t ≥ 0, is the short rate and
l(t) = X(t, M), t ≥ 0, is the long rate. Let m(ξ) be the average profile of the term structure.
Note that m(·) is a deterministic function and also without loss of generality one can assume that
m(0) = 0 and m(M) = 1. Then the term structure can be represented in the form:

X(t, ξ) = s(t) +
(
l(t)− s(t)

)[
m(ξ) + Y (t, ξ)

]
, t ≥ 0, ξ ∈ [0,M ],
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where Y (t, ξ), t ≥ 0, ξ ∈ [0,M ], is the fluctuation (or deformation) process. Note that Y (t, 0) =
Y (t, M) = 0 as m(0) = 0 and m(M) = 1. As suggested in [4], it is natural to assume that the
fluctuation process Y (t) ≡ Y (t, ξ), t ≥ 0, has values in the separable Hilbert space H = L2(0,M),
and its dynamics is described by the following stochastic differential equation

dY (t, ξ) =
[
∂Y

∂ξ
(t, ξ) + b(t, ξ, Y ) +

κ

2
∂2Y

∂ξ2
(t, ξ)

]
dt + σ(t, ξ, Y )dW (t), t ≥ 0, ξ ∈ [0,M ],

Y (0, ξ) = Y0(ξ).

Here W (·) is an (infinite dimensional) H-valued cylindrical Wiener process, b and σ are some drift
and volatility functions, and κ > 0. The derivatives ∂Y

∂ξ and ∂2Y
∂ξ2 represent the steepness of the

term structure and its curvature, respectively. This is a ‘real world’ formulation. Its risk neutral
formulation was left as an open question by R. Cont [4]. It is also assumed here that process Y (·) is
independent from the short and long rate processes s(·) and l(·), and the process (s(·), l(·)) can be
modelled as a bivariate diffusion process [4].

In this paper we use the white noise approach for treating equation (1). White noise analysis was
developed extensively in the past three decades, see for example [12], [13], [15], [14] and references
therein. In the recent paper [9] we developed the H-valued white noise analysis (here H is a separable
Hilbert space), using the approach of [14], where the theory of RN -valued stochastic distributions is
presented.

2 Preliminaries

In this section we give a very brief summary of the abstract white noise calculus that was developed
in [9].

Consider the probability space (S′(Rd),B(S′(Rd)), µ) where S′(Rd) is the space of tempered distri-
butions, and µ is the unique probablility measure on (S′(Rd),B(S′(Rd)) satisfying∫

S′(Rd)
ei〈ω,φ〉dµ(ω) = e

−1/2‖φ‖2
L2(Rd) ,

where 〈ω, φ〉 denotes the action of ω ∈ S′(Rd) on φ ∈ S(Rd). We denote the space L2(S′(Rd), µ)
of square integrable functions on S′(Rd) with values in R by L2(µ). Let H be a separable Hilbert
space with an orthonormal basis {ei}∞i=1, and L2(H) denote the space L2(S′(Rd), µ;H) of square
integrable functions on S′(Rd) with values in H. The inner product in L2(H) is defined by

〈f, g〉L2(H) :=
∫

S′(Rd)
〈f, g〉H dµ.

We will use the classical Wiener-Itô chaos expansion of elements of L2(µ) in terms of Hermite
polynomials (see, for example, [14]):

hn(x) = (−1)ne1/2x2 dn

dxn
(e−1/2x2

), n = 0, 1, 2, . . . .

The Hermite functions are defined by

ξn(x) = π−1/4((n− 1)!)−1/2e−1/2x2
hn−1(x) , n = 1, 2, . . . ,
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are used to define the following orthonormal basis for L2(Rd), the family of tensor products

ηi := ξ
δ
(i)
1

⊗ . . .⊗ ξ
δ
(i)
d

, i = 1, 2, . . . ,

where δ
(i)
1 , . . . , δ

(i)
d ∈ N are chosen so that if i < j

δ
(i)
1 + δ

(i)
2 + . . . + δ

(i)
d ≤ δ

(j)
1 + δ

(j)
2 + . . . + δ

(j)
d .

The orthogonal basis for L2(µ) is constructed as the family of functions {Hα}α∈J defined by

Hα(ω) :=
∞∏
i=1

hαi(〈ω, ηi〉), ω ∈ S′(Rd) ,

where J = (NN
0 )c is the space of sequences α = (α1, α2, . . .), α1, α2, . . . ∈ N0, such that there are

only finitely many αi 6= 0. The L2(µ)-norm of these {Hα}α∈J is

‖Hα‖2
L2(µ) = α! := α1!α2! . . . .

Any f ∈ L2(µ) has the following representation

f = lim
k→∞

∑
index α≤k

cαHα = lim
n→∞

∑
α∈Γn

cαHα ,

where cα = (α!)−1〈f,Hα〉L2(µ), and we use the notation:

index α := sup{k | αk 6= 0}
Γn := {α ∈ J | αi ≤ n, ∀i ≤ n and αi = 0, ∀i > n} .

We also denote limk→∞
∑

index α≤k and limn→∞
∑

α∈Γn
by
∑

α∈J .

An orthogonal basis for L2(H) is constructed in the following lemmas.

Lemma 1 For a random variable f ∈ L2(H), there exists a sequence of random variables ai ∈ L2(µ)
so that the sum

f =
∞∑
i=1

aiei ,

converges in L2(H).

Lemma 2 The family of functions {Hα(ω)ei}i∈N,α∈J is an orthogonal basis for L2(H).

We now define the spaces S(H)ρ of H-valued stochastic test functions and the spaces S(H)−ρ of
H-valued stochastic distributions.

Definition 1 1. For ρ ∈ [0, 1], define S(H)ρ to consist of all

f(ω) =
∑
α∈J

∞∑
i=1

ciαHα(ω)ei , ciα ∈ R ,

in L2(H) such that for all k ∈ N

‖f‖2
ρ,k :=

∑
α∈J

∞∑
i=1

(α!)1+ρc2
iα(2N)kα =

∞∑
i=1

∑
α∈J

(α!)1+ρc2
iα(2N)kα < ∞ ,

where (2N)kα :=
∏∞

j=1(2j)kαj .
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2. For ρ ∈ [0, 1], define S(H)−ρ to consist of all formal expansions

F (ω) =
∑
α∈J

∞∑
i=1

ciαHα(ω)ei , ciα ∈ R ,

such that for some q ∈ N

‖F‖2
−ρ,−q :=

∑
α∈J

∞∑
i=1

(α!)1−ρc2
iα(2N)−qα =

∞∑
i=1

∑
α∈J

(α!)1−ρc2
iα(2N)−qα < ∞ .

Note that for ρ ∈ [0, 1]

S(H)1 ⊂ S(H)ρ ⊂ S(H)0 ⊂ L2(H) ⊂ S(H)−0 ⊂ S(H)−ρ ⊂ S(H)−1 .

For ρ ∈ [0, 1] and f(ω) and F (ω) belonging to S(H)ρ and S(H)−ρ respectively, we can write

f(ω) =
∑
α∈J

∞∑
i=1

ciαHα(ω)ei =
∑
α∈J

cαHα(ω) =
∞∑
i=1

fi(ω)ei , fi(ω) ∈ (S)ρ ,

F (ω) =
∑
α∈J

∞∑
i=1

ciαHα(ω)ei =
∑
α∈J

cαHα(ω) =
∞∑
i=1

Fi(ω)ei , Fi(ω) ∈ (S)−ρ ,

where cα =
∑∞

i=1 ciαei ∈ H. For k, q ∈ N

‖f‖2
ρ,k =

∑
α∈J

(α!)1+ρ‖cα‖2
H(2N)kα =

∞∑
j=1

|fj |2ρ,k ,

‖F‖2
−ρ,−q =

∑
α∈J

(α!)1−ρ‖cα‖2
H(2N)−qα =

∞∑
j=1

|Fj |2−ρ,−q .

In order to describe the topology of S(H)ρ and S(H)−ρ we consider the following spaces.

Definition 2 1. For ρ ∈ [0, 1] and k ∈ N, define S(H)ρ,k to consist of all

f =
∑
α∈J

cαHα, cα ∈ H ,

in L2(H) such that ‖f‖ρ,k < ∞.

Define the inner product of two elements

f =
∑
α∈J

cαHα , g =
∑
α∈J

dαHα ,

belonging to S(H)ρ,k by

〈f, g〉ρ,k :=
∑
α∈J

〈cα, dα〉H(α!)1+ρ(2N)kα .

2. For ρ ∈ [0, 1] and q ∈ N, define S(H)−ρ,−q to consist of all formal expansions

F =
∑
α∈J

cαHα, cα ∈ H ,

such that ‖F‖−ρ,−q < ∞.
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We can see that for ρ ∈ [0, 1]

S(H)ρ = ∩∞k=1S(H)ρ,k , S(H)−ρ = ∪∞q=1S(H)−ρ,−q .

The following results are proved in [9].

Proposition 1 For ρ ∈ [0, 1] and k ∈ N, S(H)ρ,k equipped with 〈·, ·〉ρ,k is a separable Hilbert space.

Proposition 2 For ρ ∈ [0, 1], the system of inner products 〈·, ·〉ρ,k on S(H)ρ is compatible.

Corollary 1 For ρ ∈ [0, 1], S(H)ρ equipped with the countable collection of inner products 〈·, ·〉ρ,k

is countably Hilbert.

Proposition 3 For ρ ∈ [0, 1] and k ∈ N, S(H)−ρ,−k is the dual of S(H)ρ,k.

Corollary 2 For ρ ∈ [0, 1], S(H)−ρ is the dual of S(H)ρ.

Proposition 4 Consider F =
∑

α∈J cαHα ∈ S(H)−ρ and f =
∑

α∈J aαHα ∈ S(H)ρ, ρ ∈ [0, 1].
The action of F on f is

〈F, f〉 =
∑
α∈J

α!〈aα, cα〉H .

Proposition 5 If Fn → F strongly in S(H)−1, then there exists a q ∈ N so that Fn, F belong to
S(H)−1,−q and ‖Fn − F‖−1,−q → 0.

Examples

Consider {βi(t)}, i ∈ N, t ≥ 0, defined by

βi(t)(ω) =
∞∑

j=1

∫ t

0
ξj(s)ds Hεn(i,j)

(ω) , (2)

where εn = (0, · · · , 1, 0 · · ·) with 1 on the n-th place, 0 otherwise and n(i, j) are chosen according to
the following table

j
i 1 2 3 4 5 6 7 · · ·
1 1 3 6 10 15 21 28 · · ·
2 2 5 9 14 20 27
3 4 8 13 19 26
4 7 12 18 25
5 11 17 24 n(i, j)
6 16 23
7 22

· · ·

This defines {βi(t)}, i ∈ N, t ≥ 0, a sequence of independent Brownian motions.

6



Note that different βi-s have disjoint families of Hεn(i,j)
in their representations. Now we rewrite (2)

as

βi(t) =
∞∑

k=1

θik(t)Hεk
, (3)

where

θik(t) =
{ ∫ t

0 ξj(s)ds , k = n(i, j)
0 , otherwise

.

Example 1 (H-valued cylindrical Wiener process)
If {βi(·)}∞i=1 is a sequence of independent R-valued Brownian motions, then the following formal
sum

W (t) :=
∞∑
i=1

βi(t)ei, t ≥ 0

is called an H-valued Wiener process. We can rewrite W (t) in the form

W (t) =
∞∑
i=1

βi(t)ei =
∞∑
i=1

∞∑
k=1

θik(t)Hεk
ei =

∞∑
k=1

( ∞∑
i=1

θik(t)ei

)
Hεk

=
∞∑

k=1

δn(i,j),k

(∫ t

0
ξj(s)ds ei

)
Hεk

=:
∞∑

k=1

θk(t)Hεk
, θk(t) = δn(i,j),k

∫ t

0
ξj(s)ds ei .

For all t ∈ [0,∞), this sum does not convergent in L2(H), but does in S(H)−0, as for q > 1
∞∑

k=1

(εk!)‖θk(t)‖2
H(2k)−q ≤

∞∑
k=1

δn(i,j),k

(∫ t

0
ξj(s)2ds

)
(2k)−q ≤

∞∑
k=1

(2k)−q < ∞ .

Example 2 (H-valued singular white noise process)
The following formal sum

W(t) :=
∞∑

k=1

δn(i,j),k (ξj(t)ei) Hεk
=

∞∑
k=1

κk(t)Hεk
, t ≥ 0, κk(t) = δn(i,j),kξj(t)ei ,

is called an H-valued singular white noise process. Similarly to the previous example we obtain that
W(t) ∈ S(H)−0−q, q > 1, for each t ≥ 0.

Example 3 (Q-Wiener process)
Let Q be a positive, trace class (i.e. finite trace) operator on H with eigenvalues λi > 0. We call
the following sum

WQ(t) :=
∞∑
i=1

√
λiβi(t)ei =

∞∑
k=1

δn(i,j),k

(√
λi

∫ t

0
ξj(s)ds ei

)
Hεk

=
∞∑

k=1

ϑk(t)Hεk
, t ≥ 0, ϑk(t) = δn(i,j),k

√
λi

∫ t

0
ξj(s)ds ei,

a Q-Wiener process. For each t ≥ 0, WQ(t) belongs to L2(H) as

‖WQ(t)‖2
L2(H) =

∞∑
k=1

(εk!)‖ϑk‖2
H =

∞∑
k=1

δn(i,j),k

(√
λi

∫ t

0
ξj(s)ds

)2

≤
∞∑
i=1

λi

∞∑
j=1

(∫
R

I[0,t](s)ξj(s)ds

)2

= ‖I[0,t]‖2
L2(R)

∞∑
i=1

λi < ∞ .
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Wick Product

Consider F,G ∈ S(H)−1, having forms

F =
∑
α∈J

∞∑
i=1

ciαHαei =
∑
α∈J

cαHα =
∞∑
i=1

Fiei , cα ∈ H, Fi ∈ (S)−1 ,

G =
∑
β∈J

∞∑
i=1

diβHβei =
∑
β∈J

dβHβ =
∞∑
i=1

Giei , dβ ∈ H, Gi ∈ (S)−1 .

Definition 3 The Wick product of elements F,G ∈ S(H)−1 is

(F �G)(ω) :=
∞∑
i=1

(Fi �Gi)(ω)ei =
∑
γ∈J

∞∑
i=1

 ∑
α+β=γ

ciαdiβ

Hγ(ω)ei =
∑
γ∈J

gγHγ(ω) ,

where

gγ =
∞∑
i=1

∑
α+β=γ

ciαdiβei =:
∞∑
i=1

giγei .

It is not difficult to show that the space S(H)−1 is invariant under Wick multiplication.

Proposition 6 If F,G ∈ S(H)−1, then F �G ∈ S(H)−1.

Proposition 7 If F ∈ S(H)−0, then F �W(t) ∈ S(H)−0.

Consider F ∈ (S)−1 and G ∈ S(H)−1, having forms

F =
∑
α∈J

cαHα ∈ (S)−1 , cα ∈ R , G =
∑
β∈J

∞∑
i=1

diβHβei ∈ S(H)−1 .

Definition 4 The Wick product of elements F ∈ (S)−1 and G ∈ S(H)−1 is defined by

(F �G)(ω) :=
∞∑
i=1

 ∑
α+β=γ

cαdiβ

Hγ(ω)ei =
∑
γ∈J

gγHγ(ω) ,

where

gγ =
∞∑
i=1

∑
α+β=γ

cαdiβei .

One can easily prove the following properties.

Proposition 8 (a) If F ∈ (S)−1, G ∈ S(H)−1, then F �G ∈ S(H)−1.

(b) If F ∈ (S)−0 then F �W(t) ∈ S(H)−0.

Example 4 Let F be deterministic, that is F = c0 =
∑∞

i=1 Fiei , Fi ∈ R, and let G ∈ S(H)−1.
Then

(F �G)(ω) =
∞∑
i=1

(FiGi) ei =
∞∑
i=1

∑
β∈J

FidiβHβ(ω)

 ei =
∑
β∈J

gβHβ(ω) .
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Hitsuda-Skorohod Integration

Definition 5 We say that a process F (t) : R → S(H)−0 is Pettis integrable if

〈F (t), φ〉 ∈ L1(R, dt) for all φ ∈ S(H)0 .

In this case the Pettis integral of F is the unique element of S(H)−0 defined by

〈
∫

R
F (t)dt, φ〉 =

∫
R
〈F (t), φ〉dt, φ ∈ S(H)0 .

The existence of the unique element
∫

R F (t)dt ∈ S(H)−0 follows from the fact that∫
R
〈F (t), ·〉dt

is a continuous linear operator on S(H)0.

Lemma 3 Consider F (t) =
∑

α∈J cα(t)Hα(ω) ∈ S(H)−0, cα(t) ∈ H, where

∑
α∈J

α!
(∫

R
‖cα(t)‖Hdt

)2

(2N)−qα < ∞ ,

for some q ∈ N. Then F (t) is Pettis integrable and∫
R

F (t)dt =
∑
α∈J

(∫
R

cα(t)dt

)
Hα(ω) .

Definition 6 Suppose F (t) : R → S(H)−0 (or (S)−0) is such that F (t) �W(t) is Pettis integrable.
Then we define the abstract Hitsuda-Skorohod integral of F by∫

R
F (t)δW (t) :=

∫
R

F (t) �W(t)dt ∈ S(H)−0 .

Proposition 9 Consider F (t) : R → S(H)−0 with form

F (t) =
∑
α∈J

cα(t)Hα ∈ S(H)−0 .

If

sup
α∈J

{
α!(2N)−qα

∫
R
‖cα(t)‖2

Hdt

}
< ∞ ,

for some q ∈ N, then F is Hitsuda-Skorohod integrable.

Example 5 We have∫ t

0
1δW (τ) =

∞∑
i=1

∞∑
k=1

(∫ t

0
κik(τ)dτ

)
Hεk

ei =
∞∑
i=1

∞∑
k=1

θik(t)Hεk
ei = W (t) ,

where 1 = H(0,...).
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In general, if F (·) is a deterministic H-valued function satisfying the assumption in proposition 9,
then ∫ t

0
F (τ)δW (τ)

=
∫ t

0
F (τ) �W(τ)dτ =

∞∑
k=1

(∫ t

0

∞∑
i=1

Fi(τ)κik(τ)eidτ

)
Hεk

=
∞∑

j=1

(∫ t

0
F1(τ)ξj(τ)e1dτ

)
Hεn(1,j)

+
∞∑

j=1

(∫ t

0
F2(τ)ξj(τ)e2dτ

)
Hεn(2,j)

+ · · ·

=:
∫ t

0
F1(τ)e1δβ1(τ) +

∫ t

0
F2(τ)e2δβ2(τ) + · · · =

∞∑
i=1

∫ t

0
Fi(τ)eiδβi(τ) ,

where we naturally introduced the integrals with respect to Brownian motions:∫ t

0
Fi(τ)eiδβi(τ) :=

∞∑
j=1

(∫ t

0
Fi(τ)ξj(τ)eidτ

)
Hεn(i,j)

∈ S(H)−0 .

If F (t) is a deterministic R-valued function, then we have∫ t

0
F (τ)δW (τ) =

∞∑
i=1

∫ t

0
F (τ)eiδβi(τ) .

Example 6 Consider a Hitsuda-Skorohod integrable process F (t) : R → S(H)−0 with form

F =
∑
α∈J

∞∑
i=1

ciαHαei =
∑
α∈J

cαHα =
∞∑
i=1

Fiei ∈ S(H)−0 , cα ∈ H, Fi ∈ (S)−0 .

We define the Hitsuda-Skorohod integral of Fi with respect to the Brownian motion βi by∫ t

0
Fi(τ)δβi(τ) :=

∑
γi∈J

∑
α+εn(i,j)=γi

(∫ t

0
ciα(τ)ξj(τ)dτ

)
Hγi .

Then the Hitsuda-Skorohod integral of F can be written in the form∫ t

0
F (τ) �W(τ)dτ =

∑
γ∈J

( ∞∑
i=1

∑
α+εk=γ

∫ t

0
ciα(τ)κik(τ)ei

)
Hγ

=
∞∑
i=1

∑
γi∈J

∑
α+εn(i,j)=γi

(∫ t

0
ciα(τ)ξj(τ)eidτ

)
Hγi

=
∞∑
i=1

∫ t

0
Fi(τ)eiδβi(τ) .

The Hermite Transform

HC will denote the complexification of H.

10



Definition 7 For q ∈ R+, define the infinite-dimensional neighborhoods of 0 in CN as

1. Kn
q :=

{
z ∈ (CN)c ; |zi| < (2i)−q, i ≤ n and zi = 0, i > n

}
Kq :=

{
z ∈ CN ; |zi| < (2i)−q, i ∈ N

}
.

2. Kn
q :=

{
z ∈ (CN)c ; |zi| ≤ (2i)−q, i ≤ n and zi = 0, i > n

}
Kq :=

{
z ∈ CN ; |zi| ≤ (2i)−q, i ∈ N

}
.

We can regard Kn
q and Kn

q as subsets of Cn.

Definition 8 Define the Hermite transform of F (ω) =
∑

α∈J cαHα(ω) ∈ S(H)−1 as

HF (z) = F̃ (z) :=
∑
α∈J

cαzα ,

for z ∈ CN so that limit exists in HC.

Proposition 10 For F =
∑

α∈J cαHα ∈ S(H)−1, there exists a q ∈ N \ {1} so that for all z ∈ Kq,
H(F )(z) converges absolutely and∑

α∈J
‖cα‖HC |z

α| ≤ ‖F‖−1,−q (A(q))1/2 .

Here
A(q) :=

∑
α∈J

(2N)−qα

converges if and only if q > 1 [20].

Proposition 11 Consider X(z) : Kq → HC, q ∈ N \ {1} having form

X(z) =
∑
α∈J

cαzα, cα ∈ H ,

bounded by some M < ∞. Then the formal sum

F (ω) :=
∑
α∈J

cαHα(ω) ,

belongs to S(H)−1,−4q and hence to S(H)−1. Also HF (z) = X(z) and ‖F (ω)‖−1,−4q ≤ MA(q).

Proposition 12 (a) Consider F, G ∈ S(H)−1. Then for all z such that both HFi(z) and HGi(z)
exist

H(F �G)(z) =
∞∑
i=1

HFi(z) HGi(z) ei .

(b) Consider F ∈ (S)−1, G ∈ S(H)−1. Then for all z such that both HF (z) and HG(z) exist

H(F �G)(z) = HF (z) HG(z) .

11



Definition 9 Consider F =
∑

α∈J cαHα ∈ S(H)−1. Define the generalized expectation of F as

E[F ] := c(0,...) = F̃ (0) ∈ H .

If F ∈ Lp, p > 1, then this coincides with the usual expectation. Clearly we have for all F,G ∈
S(H)−1

E[F �G] =
∞∑
i=1

E[Fi] E[Gi] ei ,

and for all F ∈ (S)−1 and G ∈ S(H)−1

E[F �G] = E[F ] E[G] .

3 Main Results

For a bounded operator B on H, define the action of B on any element F =
∑

α∈J cαHα belonging
to S(H)±ρ, ρ ∈ [0, 1] or L2(H) as

(BF )(ω) :=
∑
α∈J

(Bcα)Hα(ω) .

Since ‖Bcα‖H ≤ ‖B‖ ‖cα‖H , BF is an element of the same space as F .

Now let A be an unbounded operator on H with D(A) ⊆ H. We now define action of A on S(H)−1.

Definition 10 Define the domain of A in S(H)−1 as

D(A)−1 :=

{
F =

∑
α∈J

cαHα ∈ S(H)−1 :
∑
α∈J

‖Acα‖2
H(2N)−qα < ∞

}
, for some q ∈ N ,

and the action of A on F ∈ D(A)−1 by

(AF )(ω) :=
∑
α∈J

(Acα)Hα(ω) .

Similarly we can define action of A on any S(H)±ρ, ρ ∈ [0, 1] with the corresponding domains
D(A)±ρ. If there is no confusion about the space where operator A acts, we will write simply D(A)
for the domain of A.

Lemma 4 If A is a closed operator on H and F ∈ D(A)−1, then there exists a q ∈ N \ {1} such
that F̃ ≡ HF (z) and H(AF )(z) exist for all z ∈ Kq and

H(AF )(z) = AF̃ (z) , z ∈ Kq .

12



Generalized Stochastic Convolution

Let {Y (t), t ≥ 0} be a family of bounded strongly continuous linear operators on H. For any
F (t) ∈ S(H)−1 we define the Wick product

Y (t) � F (t) := Y (t)F (t) = Y (t)
∞∑
i=1

Fi(t)ei =
∞∑
i=1

Fi(t)Y (t)ei =
∑
α∈J

(Y (t)cα)Hα . (4)

Now if Y (t− s)W(s) is Pettis integrable on [0, t], satisfying lemma 3, the integral∫ t

0
Y (t− s)δW (s) :=

∫ t

0
Y (t− s) �W(s)ds =

∫ t

0
Y (t− s)W(s)ds

=
∞∑

k=1

(∫ t

0
Y (t− s)κk(s)ds

)
Hεk

=
∞∑
i=1

∫ t

0
Y (t− s)eiδβi(s) ,

is called the generalized stochastic convolution. We obviously have that its generalized expectation
is equal to zero.

Proposition 13 Suppose that for some T ∈ (0,∞)∫ T

0
‖Y (t)‖2dt < ∞ .

Then Y (t)W(t) is Pettis integrable on [0, T ] and for all t ∈ [0, T ]∫ t

0
Y (s)δW (s) =

∞∑
k=1

(∫ t

0
Y (s)κk(s)ds

)
Hεk

(ω) ∈ S(H)−0 .

Note that since
∞∑

k=1

∥∥∥∥∫ t

0
Y (t− s)κk(s)ds

∥∥∥∥2

H

≤ C
∞∑

k=1

∫ t

0
‖Y (t− s)ek‖2

H ds ,

then under the additional assumption
∞∑

k=1

∫ t

0
‖Y (t− s)ek‖2

H ds < ∞ ,

or equivalently, that the linear operator

Ltx :=
∫ t

0
Y (s)Y ∗(s)xds , x ∈ H ,

is of trace class, we obtain that the generalized stochastic convolution is an element of L2(H). This
agrees with the results of [5] , where it is also shown that in this case the generalized stochastic
convolution is a Gaussian random variable with mean 0 and covariance operator Lt. In this case we
have the equality ∫ t

0
Y (s)δW (s) =

∞∑
i=1

∫ t

0
Y (s)eidβi(s),

where ∫ t

0
Y (s)eidβi(s) = lim

N→∞

N∑
k=1

Y (t∗k)ei [βi(tk+1)− βi(tk)]

is the usual Ito integral and the limit is in L2(H).
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Stochastic Differential Equations

Consider the following differential equation in S(H)−1

dX(t)
dt

= AX(t) + BW(t), t ∈ [0, T ], X(0) = X0 ∈ D(A)−1 ⊆ S(H)−1 , (5)

where A is the generator of a C0-semigroup {S(t), t ≥ 0} on H and B is a bounded operator on H.

We say that continuously differentiable process X(·) is a S(H)−1 solution of (5) if X(t) ∈ D(A)−1

for all t ∈ [0, T ] and satisfies the equation for t ∈ [0, T ].

Taking Hermite transforms in (5), we obtain the equation

dX̃(t, z)
dt

= AX̃(t, z) + BW̃(t, z) t ∈ [0, T ], X̃(0) = X̃0 ∈ D(A) ⊆ H . (6)

The function

X̃(t, z) = S(t)X̃0(z) +
∫ t

0
S(t− s)BW̃(s, z)ds .

is a solution of (6) for z ∈ Kq, for q ≥ 4. This implies that the process

X(t) = S(t)X0 +
∫ t

0
S(t− s)BW(s)ds = S(t)X0 +

∫ t

0
S(t− s)BδW (s) (7)

satisfies (5) in S(H)−1. Here the generalized stochastic convolution
∫ t
0 S(t− s)BδW (s) =: WA(t) is

an element of S(H)−0, and we have E[WA(t)] = 0 and E[X(t)] = E[S(t)X0] = S(t)E[X0].

Thus, we have the following result.

Theorem 1 Suppose that A is the generator of a C0-semigroup {S(t), t ≥ 0} on H and B is a
bounded linear operator on H. If X0 ∈ S(H)−1, then the stochastic differential equation (5) has a
unique continuously differentiable S(H)−1 solution

X(t) = S(t)X0(ω) +
∫ t

0
S(t− s)BδW (s) , X0 ∈ D(A) ,

with E[X(t)] = S(t)E[X0].

Corollary 3 If X0 /∈ D(A), then the process (7) is the unique continuous S(H)−1 solution for the
equation

X(t) = X0 + A

∫ t

0
X(s)ds + BW (t) .

Theorem 2 If a process F (t) : R → S(H)−0 is Pettis integrable, then the process

X(t) = S(t)X0(ω) +
∫ t

0
S(t− s)F (s)ds +

∫ t

0
S(t− s)BδW (s) , X0 ∈ D(A) ,

is a unique continuously differentiable S(H)−1 solution of the equation

dX(t)
dt

=
[
AX(t) + F (t)

]
+ BW(t), t ∈ [0, T ], X(0) = X0.

Proof follows from (4), lemma 3 and theorem 1.
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Second Order Term Structure Models

To illustrate the white noise approach to second order term structure models we consider the simplest
case of constant volatility. Then the dynamics of the deformation process is described by the following
equation

dY (t, ξ) =
[
∂Y

∂ξ
(t, ξ) +

κ

2
∂2Y

∂ξ2
(t, ξ)

]
dt + σ0dW (t), t ≥ 0, ξ ∈ [0,M ], (8)

Y (0, ξ) = Y0(ξ),

on the separable Hilbert space H = L2
κ(0,M) with the norm

‖f‖2
κ =

∫ M

0
e

2ξ
κ |f(ξ)|2dξ .

The operator

A =
∂

∂ξ
+ +

κ

2
∂2

∂ξ2

with the domain D(A) = H2(0,M) ∩ H1
0 (0,M), where H2(0,M) and H1

0 (0,M) are the following
Sobolev spaces

H1
0 (0,M) =

{
u ∈ L2

κ(0,M)
∣∣∣ ∂u

∂ξ
∈ L2

κ(0,M), u(t, 0) = u(t, M) = 0
}

,

H2(0,M) =
{

u ∈ L2
κ(0,M)

∣∣∣ ∂2u

∂ξ2
∈ L2

κ(0,M)
}

,

is self-adjoint on H. The eigenfunctions and eigenvalues of −A can be obtained by solving

κ

2
d2en

dξ2
+

den

dξ
= −µnen, en(0) = en(M) = 0, n ∈ N,

which gives

µn =
1
2κ

(
1 +

n2π2κ2

M2

)
> 0, en =

√
2
M

e−
ξ
κ sin

nπξ

M
, n ∈ N.

Since {en}∞n=1 forms an orthonormal basis in H, any f ∈ H can be written in the form

f =
∞∑

n=1

fnen, where fn = 〈f, en〉H ,

and we have

‖f‖H =
( ∞∑

n=1

|fn|2
)1/2

.

For each t ≥ 0, define a bounded linear operator on H by

S(t)v :=
∞∑

n=1

e−µntvnen, v ∈ H.

The operators S form a C0-semigroup {S(t), t ≥ 0} whose generator is A. Therefore the process

Y (t) = S(t)Y0 +
∫ t

0
S(t− s)σ0δW (s)

=
∞∑

n=1

(
e−µntY0nen + σ0

∫ t

0
e−µn(t−s)endβn(s)

)
.

is the unique solution to equation (8). We also note here that this solution belongs to L2(H).
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HJM Model in Musiela Parametrization

Consider the Hilbert space H = L2
γ(0,∞) of measurable functions with

‖x‖2
γ =

∫ ∞

0
e−γξ|x|2dξ < ∞.

The general HJM equation in Musiela parametrization with infinite dimensional noise can be written
in the form:

dX(t)
dt

= AX(t) + F (t) + σ(t) �W(t), t ≥ 0, (9)

X(0) = X0,

where F and σ are S(H)−0 processes, W is H-valued white noise. The operator A = ∂
∂ξ with the

domain
D(A) =

{
u ∈ L2

γ(0,∞)
∣∣∣ ∂u

∂ξ
∈ L2

γ(0,∞)
}

,

is the generator of a C0-semigroup {S(t), t ≥ 0} defined by

S(t)f(ξ) = f(t + ξ), t, ξ ≥ 0

on H. If F is Pettis integrable and σ =
∑∞

n=1 σnen is Hitsuda-Skorohod integrable, then the unique
S(H)−0 solution to equation (9) is given by

X(t) = S(t)X0 +
∫ t

0
S(t− s)F (s)ds +

∫ t

0
S(t− s)

(
σ(s) �W(s)

)
ds

= S(t)X0 +
∫ t

0
S(t− s)F (s)ds +

∞∑
n=1

∫ t

0
S(t− s)σn(s)enδβn(s) .

Note that under the assumption of absence of an arbitrage strategy one has that F ≡ FHJM =∑∞
n=1 Sσn, see [10], [8] for details. We also note that under some additional assumptions on σ and

F (for example see assumptions in [10], [8]) the process X constructed above will belong to L2(H).

4 Final Remarks

1. In the final version of this paper we will also discuss the HJM, the LIBOR and the second order
term structure models in the case of multiplicative infinite dimensional noise, i.e. functions σ,
F , Γ, b will depend on the unknown X, e.g. σ = σ(t, ξ,X), etc.

2. In our worthcoming paper White noise approach to stochastic invariance and consistency of
financial models we use the white noise technique to address the problem of consistency of
these models.

3. The second order term structure models can be modified to involve higher order derivatives of
Y , so the operator A will not necessarily be the generator of a C0-semigroup. Our approach
allows one to solve the corresponding equations in the case when A is the generator of an
integrated semigroup (see [9]).

4. It is noted in [5] that the stochastic integration with respect to a Brownian sheet can be
reformulated in terms of stochastic integration with respect to a cylindrical Wiener process
(d ≥ 2).
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