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Abstract

We discuss the class of models for the term structure of forward interest rates when the dynamics
involve the following stochastic evolution equation:

dX(t) = [AX(t) + F(t)]dt + BdW (t), X(0) = Xo,

where X takes values in a separable Hilbert space H. Here A is the generator of a semigroup,
B : H — H is a bounded linear operator, W(-) is an H-valued cylindrical Wiener process. This
model includes in particular the HIM model (in the parametrization of Musiela), second order
term structure models and generalizations.

Mathematics Subject Classification 2000: 91B28, 60H40, 60H30, 60G20, 47D06, 60J70

1 Introduction

We study models for the term structure of forward interest rates when the dynamics involve the
following stochastic evolution equation:

dX(t) = |[AX(t) + F(t)|dt + Baw (1), X(0) = Xo, (1)

where X takes values in a separable Hilbert space H. Here A is the generator of a semigroup,
B : H — H is a bounded linear operator, W(-) is an (infinite dimensional) H-valued cylindrical
Wiener process.

These models arise both when modelling forward interest rates in the real world sense (for use in
econometrics and risk analysis) and in the risk neutral formulation (for use in derivatives pricing).
We refer the reader to [3], [4], [7] for further discussion and note that the questions of consistency of
such models are discussed in [19]. The motivation for using the infinite dimensional noise in these
models can be summarized as follows:

(1) the non arbitrage conditions are too restrictive on drift when only finite number of Brownian
motions is used in modelling the noise;
(2) it is more natural to solve a model with an infinite dimensional noise and then to select for

appropriate purposes a model with a finite dimensional noise.

We focus on the following three examples.



(a) HIM Model in Musiela Parametrization

Let X (t,&) be the forward rate function, where ¢t > 0 is time and £ € [0, M] is time to maturity.
The Gaussian version of the Heath-Jarrow-Morton (HJM) model in Musiela parametrization under
the assumption of absence of an arbitrage strategy is described in risk neutral form by the following
equation [2]:
0X a ¢ d
dX(tv 5) = [%(t’ 6) + Z gj (ta 6) /0 Uj(tv ﬁ)dﬁ} dt + Z gy (tv é)d/ﬁj (t)a t>0,¢§¢€ [Oa M],
j=1

j=1
X(0,€) = Xo($),

where 3j, 7 = 1,...,d, are independent Brownian motions. In the case of unbounded maturities
M = +o00 and X (t) has values in the Hilbert space H = L2(0, 00) of measurable functions with

(o]
Joll2 = [ e Sfaf?de < o
0

In the case of bounded maturities H = L?(0, M) and X (t, M) = I(t), t > 0.

As in [10] we introduce the operator S on H by

(SF)(@) = f(x) /0 " f)dn, x>0,

The following generalization of the HJM model to the case of infinite dimensional noise was studied
in [10]:

dX(t,€) = [%)g(t,g) + Zsaj(t,g)} dt+o(t,§)dW(t), t,&>0,
X(0,€) = Xo(¢)

where o = >>22, ;.

j=1

(b) LIBOR Model

Let L(t,&) be the LIBOR rate process: see [2], [8]. Then the process X (¢,&) = log L(t,§) satisfies
the following equation on H = L2(0, c0):

dX (1) = [AX(t) + F(t, X)|dt + T()dW (£), X(0) = Xo,

for some I and F'.

(c) Second Order Term Structure Models

Let again X (¢,£) be the forward rate function. Then s(t) = X (¢,0), ¢ > 0, is the short rate and
I(t) = X(t,M), t > 0, is the long rate. Let m(§) be the average profile of the term structure.
Note that m(-) is a deterministic function and also without loss of generality one can assume that
m(0) = 0 and m(M) = 1. Then the term structure can be represented in the form:

X(t.6) =s(t)+ (1) = s)) [m© +Y(£.9)| . =0, ¢elo.M),
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where Y (¢,€), t > 0, € [0, M], is the fluctuation (or deformation) process. Note that Y'(¢,0) =
Y(t,M) = 0 as m(0) = 0 and m(M) = 1. As suggested in [4], it is natural to assume that the
fluctuation process Y (t) = Y (¢,€), t > 0, has values in the separable Hilbert space H = L%(0, M),
and its dynamics is described by the following stochastic differential equation

)4 Kk 0%Y

dY(t,§) = aig(tvéj + b(tvé-uy) + 5 8762(

Y(0,8) = Yo($)-

L) |dt+ ot & Y)W (), 20, ¢ e [0,M],

Here W(-) is an (infinite dimensional) H-valued cylindrical Wiener process, b and o are some drift
and volatility functions, and x > 0. The derivatives %% and %QT% represent the steepness of the
term structure and its curvature, respectively. This is a ‘real world’ formulation. Its risk neutral
formulation was left as an open question by R. Cont [4]. It is also assumed here that process Y'(-) is
independent from the short and long rate processes s(-) and (), and the process (s(-),l(-)) can be

modelled as a bivariate diffusion process [4].

In this paper we use the white noise approach for treating equation (1). White noise analysis was
developed extensively in the past three decades, see for example [12], [13], [15], [14] and references
therein. In the recent paper [9] we developed the H-valued white noise analysis (here H is a separable
Hilbert space), using the approach of [14], where the theory of R™V-valued stochastic distributions is
presented.

2 Preliminaries

In this section we give a very brief summary of the abstract white noise calculus that was developed
in [9].

Consider the probability space (S'(R%), B(S'(R%)), u) where S’(R?) is the space of tempered distri-
butions, and s is the unique probablility measure on (S’(R%), B(S'(R?)) satisfying

. _ 2
/ 0 () = ¢ VA 2y
S'(R%)

where (w, ¢) denotes the action of w € S’'(RY) on ¢ € S(R?). We denote the space L%(S'(R%), )
of square integrable functions on S’(R?) with values in R by L?(x). Let H be a separable Hilbert
space with an orthonormal basis {e;}°;, and L?(H) denote the space L?(S’(RY), u; H) of square
integrable functions on S’(R%) with values in H. The inner product in L?(H) is defined by

(fs9) 2 32/ (f,q)u dp.

S’(R4)

We will use the classical Wiener-It6 chaos expansion of elements of L?(y) in terms of Hermite
polynomials (see, for example, [14]):

hn(z) = (71)%1/2%%(6_1/%2)’ n=012,....
X

The Hermite functions are defined by

Eo(z) =7 VY (n— D)) V2 V2 (z), n=1,2,...,



are used to define the following orthonormal basis for L?(R?), the family of tensor products
;= i i)y .:1,2,...,
i =6 ® . @&,
where 5?), el 56(;) € N are chosen so that if 1 < j
8 460+ 480 <69 469 4 469
The orthogonal basis for L?(u) is constructed as the family of functions {H, }acs defined by

= Hh&i«wvm»v w € S,(Rd) ’

where J = (N}),. is the space of sequences a = (a1, as2,...), ai,as,... € Np, such that there are
only finitely many «; # 0. The L?(u)-norm of these {Hy}ac 7 is

HHO(H%2(M) =qal = 041!042! e

Any f € L?(u) has the following representation
f= lim Z caHy = nh_}ngo Z caHy

k—oo
index a<k a€ly,

where ¢, = (a!)71(f, H, a)r2(u), and we use the notation:

index o := sup{k | o # 0}
I'y={aeJ|a;<n, Vi<nand a; =0, Vi > n}.

We also denote limg o0 Y Jindex a<k a0d liMp—oo D oper, DY D qe 7
An orthogonal basis for L?(H) is constructed in the following lemmas.

Lemma 1 For a random variable f € L?(H), there exists a sequence of random variables a; € L*(p)

so that the sum -
=Y aei,
i=1
converges in L?(H).
Lemma 2 The family of functions {Hy(w)e;}ien.acs is an orthogonal basis for L?(H).

We now define the spaces S(H), of H-valued stochastic test functions and the spaces S(H)_, of
H-valued stochastic distributions.

Definition 1 1. For p € [0,1], define S(H), to consist of all

oo
- Z ZciaHa(w)eiv Cia €R,

acJ i=1

in L?(H) such that for all k € N

”f”Q,k Z Z o 1+pcza 2N Z Z a' 1+pc 2N)ka

acJ 1=1 =1 a€J

where (2N)F := H;’;I(Qj)kaj.



2. For p € (0,1}, define S(H)_, to consist of all formal expansions

o0
=3 > ciaHalw)ei, cia €R,

acJ i=1

such that for some q € N

||F\|2,p,,q Z Z a)l=Pc2 (2N)~ Z Z al)'=Pc2 (2N) 79 < oo .

acJ 1=1 =1 a€J

Note that for p € [0,1]
S(H); c S(H), C S(H)o C L*(H) C S(H)—o C S(H)_, C S(H)_4

For p € [0,1] and f(w) and F(w) belonging to S(H), and S(H)_, respectively, we can write

= Z ZCiQHa(w)ei = Z Zfz 67, ) l ) ( )P ’

aeJ i=1 aceJ
o0
= Z ZcmHa(W)ez = Z caHal ZF wle; , Fi(w) € (S)-p ,
aceJ i=1 acJ

where cq =) 7 ¢iae; € H. For k,q € N

1176 = D (@) *leall (2N)" Z filow

aced
IFI12, g = D (@) |lcallF (2N) Z|F -
aceJ

In order to describe the topology of S(H), and S(H)_, we consider the following spaces.

Definition 2 1. For p € [0,1] and k € N, define S(H), 1 to consist of all
f:ZCaHou ca € H,
acJ
in L*(H) such that ||f| ,x < co.

Define the inner product of two elements
f:ZCaHaa g:ZdaHom
acJ acJ
belonging to S(H), i by

(fo 9ok = Y {carda)m(al) 7 (2N)"

acJ

2. For p € [0,1] and q € N, define S(H)_, —q to consist of all formal expansions
F=)Y coHa ca€H,
acd
such that || F| -, —q < 00.



We can see that for p € [0, 1]
S(H), = M2, S(H) e, S(H)_p = U2, S(H)

The following results are proved in [9].

Proposition 1 For p € [0,1] and k € N, S(H), 1, equipped with (-,-), is a separable Hilbert space.
Proposition 2 For p € [0,1], the system of inner products (), on S(H), is compatible.

Corollary 1 For p € [0,1], S(H), equipped with the countable collection of inner products (-,-),
is countably Hilbert.

Proposition 3 For p € [0,1] and k € N, S(H)_, _}, is the dual of S(H), .
Corollary 2 For p € [0,1], S(H)—, is the dual of S(H),.

Proposition 4 Consider ' = ) . ;cala € S(H)—, and f = ) c;aaHo € S(H),, p € [0,1].
The action of F on f is
(F,f)y=)_ alaa, ca)t -

aceJ

Proposition 5 If F,, — F strongly in S(H)_1, then there exists a ¢ € N so that F,, F belong to
S(H)-1,-q and |[Fa — F| 1,4 — 0.

Examples

Consider {8;(t)}, ¢ € N,t > 0, defined by

0t
8.0) = 3 [ &ds ) @)
j=1
where ¢, = (0,--+,1,0---) with 1 on the n-th place, 0 otherwise and n(i, j) are chosen according to
the following table
J
) 1 2 3 4 9 6 7
1 1 3 6 10 15 21 28
2 2 5 9 14 20 27
3 4 8 13 19 26
4 7 12 18 25
5 |11 17 24 n(i, §)
6 16 23
7 22

This defines {3;(t)}, i € N, t > 0, a sequence of independent Brownian motions.



Note that different (;-s have disjoint families of H, , . in their representations. Now we rewrite (2)

as
Z sz sk 5 (3)

sz( { f() fj ) k:n(l,j)

where
, otherwise

Example 1 (H-valued cylindrical Wiener process)
If {Bi(-)}2, is a sequence of independent R-valued Brownian motions, then the following formal

W(t) := Zﬁi(t)ei, t>0
=1

is called an H-valued Wiener process. We can rewrite W (t) in the form

D Bit)er =D Ou(t) Hepei = Z (Z O (t) )
i=1

i=1 k=1 k=1

sum

W (t)

t t
= Z(Sn(ivj),k (/0 fj(S)dS €i> Hsk = Zek(t)Hgk 5 Gk(t) = 5n(i,j),k:/0 §j(s)ds € .
k=1 k=1

For all t € [0, 00), this sum does not convergent in L*(H), but does in S(H)_o, as for ¢ > 1

o0

Z&g )0k (1) )74 < Zén(w </ &i(s ds) (2k)~ Z
k=1

Example 2 (H-valued singular white noise process)
The following formal sum

Z 511(1,] Z Rk €k7 t> 07 Hk(t) = 5n(i,j),k§j (t)ei 3

is called an H -valued singular white noise process. Similarly to the previous example we obtain that
W(t) € S(H)-o—q, ¢ > 1, for each t > 0.

Example 3 (Q-Wiener process)
Let @ be a positive, trace class (i.e. finite trace) operator on H with eigenvalues \; > 0. We call
the following sum

Wo(t) = i VAiBi(t)e; = iisn(i,j),k <\/>\7/0t &j(s)ds 61) He,

=1 k=1
o0 t

= Z’ﬁk(t)ﬂek, t>0, U(t) = 5n(i,j),k\/)\7i/ §i(s)ds e;,
k=1 0

a Q-Wiener process. For each t > 0, W (t) belongs to L?(H) as

WOl = 3 (e wkug—zcsm (f / (s )
k=1

2
Z)\ Z (/ Ij,1(s)&;(s) 8) = Hf[o,t]H%z(R)Z)‘i <oo.
=1

IN



Wick Product

Consider F,G € S(H)_1, having forms

F = Z icmHaei = anHa :iﬂei , ca € H Fy€(9)

acJ i=1 acJ i=1
0o )

G = Z ZdiﬁHﬁei = Z d@H/g = ZGlez , dﬁ € H, G; € (S)_l
BeJ i=1 BeJ i=1

Definition 3 The Wick product of elements F,G € S(H)_1 is

(FoG)(w) := Z(F o Gy) ZZ Z Ciadig Hy(w)ei:ngH w
i=1

veJ i=1 \a+B=y yeJ

where

o0 o0
gy = Z Z Ciadige; =: ngei-
=1

i=1 a+f=y
It is not difficult to show that the space S(H)_; is invariant under Wick multiplication.
Proposition 6 If F,G € S(H)_1, then FoG € S(H)_;
Proposition 7 If F' € S(H)_o, then FoW(t) € S(H)_o

Consider F' € (5)_; and G € S(H)_1, having forms

F=> caHo€(S)1,ca€R, G=)" idmﬂgei € S(H)_4

aeJ peJ =1

Definition 4 The Wick product of elements F € (S)_1 and G € S(H)_1 is defined by

(FoG)(w) = Z Z cadig | Hy(w)ei = Z gyHy(w)
i=1 \a+pB=y veJ
where -
gy = Z Z cadige; .

i=1 a+p=y
One can easily prove the following properties.
Proposition 8 (a) If F € (5)_1,G € S(H)_1, then FoG € S(H)_
(b) If F € (S)—¢ then FoW(t) € S(H)_o

Example 4 Let F' be deterministic, that is FF = ¢y = > ooy Fie; , F; € R, and let G € S(H)_1
Then

(FoG)(w) = > (FG)ei=> | FdigHpw) | ei=Y_ gsHp(w)
=1 =1 \BeJ Beg



Hitsuda-Skorohod Integration

Definition 5 We say that a process F(t) : R — S(H)_¢ is Pettis integrable if
(F(t),¢) € L'(R,dt) for all $ € S(H)g

In this case the Pettis integral of F is the unique element of S(H)_q defined by

( / F(t)dt, ¢) = / (F(1),)dt, & S(H)

The existence of the unique element [, F'(t)dt € S(H)_o follows from the fact that

/ (F (1), )t
R

is a continuous linear operator on S(H)o.

Lemma 3 Consider F(t) =} c 7 ca(t)Ha(w) € S(H)-0, calt) € H, where

> at ([ leatt |Hdt>2<2N> " <o

for some q € N. Then F(t) is Pettis integrable and

/RF(t)dt => (/R ca(t)dt) Ho(w) .

acJ
Definition 6 Suppose F(t) : R — S(H)_o (or (S)—o) is such that F(t) o W(t) is Pettis integrable.
Then we define the abstract Hitsuda-Skorohod integral of F by

a'
aeJ

/ F(t)SW (t) == / F(t) o W(t)dt € S(H)_g
R R

Proposition 9 Consider F(t) : R — S(H)_o with form

F(t)= ca(t)Hs € S(H)_g

aced

sup {a!<2N>—qa / ||ca<t>||%1dt} <oo,
acJ R

for some q € N, then F' is Hitsuda-Skorohod integrable.

If

Example 5 We have
t oo 00 0o o0
/ W) = 3% ( / (T dT> Hoper = 33 0(t) Hoper = W(t) |
0 i=1 k=1 i=1 k=1

where 1 = H(O,..‘)‘



In general, if F(-) is a deterministic H-valued function satisfying the assumption in proposition 9,

then
/ F(r)oW (r)
0

= [roewe (/ W)Hsk

- ;(/Ot F(r)&(r )eldT> encr ) Z(/O Fa(r)E; >62d7> Hepp 4o

t Fi(1)eidfi(r) + | Fa(r)e2dBa(r Z T)eidBi(T)
0

where we naturally introduced the integrals with respect to Brownian motions:

/Ot Fy(1)eidBi(t) == i (/{:FZ-(T)@-( )eldT> ey € S(H) g .

=1

If F(t) is a deterministic R-valued function, then we have

o) =3 [[reress

Example 6 Consider a Hitsuda-Skorohod integrable process F'(t) : R — S(H)_o with form

F:Zicz‘aH@elianHafZFezeS , ca€H, F;e (59

aceJ =1 acJ

We define the Hitsuda-Skorohod integral of F; with respect to the Brownian motion 3; by

/Ot TG =Y > < /Otcm(T)gj(r)dT>H

V€T oten(i =i

Then the Hitsuda-Skorohod integral of F' can be written in the form

/Otpmow(f)df _ Z(Z 5 / o >H

veJ Ni=1 ater=y

- iz > (/Otcz‘a(T)fj(T)eidT>Hw

i=1ved O‘+£n(i,j) =%

= ; /O Fi(1)ei053;()

The Hermite Transform

H¢ will denote the complexification of H.

10



Definition 7 For ¢ € R, define the infinite-dimensional neighborhoods of 0 in CN as

1. Kg::{ze((CN)c; |zi] < (20)79, i <n and z; = 0, i>n}

( —
Kg:={zeC"; |z < (20)79, i e N} .
2. KZ ={z€(C)c; |z <(20)79, i<nand z =0, i >n}
Ky :={z€C"; |z < (20)7% ie N} .

We can regard K and KZ as subsets of C".

Definition 8 Define the Hermite transform of F(w) =) c 7 cala(w) € S(H)-1 as

aceJ

for z € CN so that limit exists in Hc.

Proposition 10 For F =% ;cqHy € S(H)_1, there exists a ¢ € N\ {1} so that for all z € K,
H(F)(z) converges absolutely and

> lleallael 2 < 1Fll-1,—q (A(@)'* .
acJ

Here

Alg) =) _(2N)

acJ
converges if and only if ¢ > 1 [20].

Proposition 11 Consider X (z) : K, — Hc, ¢ € N\ {1} having form

X(z) = Z caz®, co € H,
acd

bounded by some M < oo. Then the formal sum

F(w):= Z caHa(w) ,

acd
belongs to S(H)—_1,—4q and hence to S(H)_1. Also HF(z) = X (2z) and |F(w)||-1,—4¢ < M A(q).
Proposition 12 (a) Consider F, G € S(H)_1. Then for all z such that both HF;(z) and HG;(z)
exist

H(FoG)(z) =Y HFi(z) HGi(2) e; .
i=1

(b) Consider F € (S)_1,G € S(H)_1. Then for all z such that both HF(z) and HG(z) exist

H(FoG)(z) =HF(z) HG(z) .

11



Definition 9 Consider F = Zaej caHy € S(H)_1. Define the generalized expectation of F as

E[F] =C0,.) = F(O) €H.
If F e LP, p > 1, then this coincides with the usual expectation. Clearly we have for all F,G €
S(H)
E[FoG) =) E[F] E[Gi] e ,
i=1
and for all F € (S)_; and G € S(H)_;

E|F ¢ G] = E[F] E[G] .

3 Main Results

For a bounded operator B on H, define the action of B on any element F'= )", coH, belonging
to S(H)+p, p €1[0,1] or L?(H) as

(BF)(w) := Y _(Bca)Hq(w) .
acJ

Since ||Beal|lm < ||B]| ||callz, BF' is an element of the same space as F.

Now let A be an unbounded operator on H with D(A) C H. We now define action of A on S(H)_;.

Definition 10 Define the domain of A in S(H)_1 as

D(A)_q := {F = Z caHo € S(H)-1 Z | Aca /% (2N) 79 < oo} , for some g€ N,
acJ acd

and the action of A on F € D(A)_1 by

(AF)(w) = > (Aca)Ha(w) -

acJ

Similarly we can define action of A on any S(H)+,, p € [0,1] with the corresponding domains
D(A)+p. If there is no confusion about the space where operator A acts, we will write simply D(A)
for the domain of A.

Lemma 4 If A is a closed operator on H and F' € D(A)_1, then there exists a ¢ € N\ {1} such
that F = HF(z) and H(AF)(z) ezist for all z € K, and

H(AF)(z) = AF(2) , z €K, .

12



Generalized Stochastic Convolution

Let {Y(t), ¢
F(t) e S(H)-

Y(t)o F(t) = YOF®) =Y(®) Y Ee: =3 B@OYHei = S (Ve Ha - ()
=1 =1

acJ

> 0} be a family of bounded strongly continuous linear operators on H. For any
1 we define the Wick product

Now if Y (t — s)W(s) is Pettis integrable on [0, ¢], satisfying lemma 3, the integral
t t t
/ Y(t— )W (s) = / Yt — 5) 0 W(s)ds = / Y (t— 5)W(s)ds
0 0 0

i (/OtY(t - s)mk(s)ds> H,, = Zf;/otY(t — 5)eidBi(s)

is called the generalized stochastic convolution. We obviously have that its generalized expectation
is equal to zero.

Proposition 13 Suppose that for some T € (0, 00)

T
/ 1V (8)||2dt < oo .
0

Then Y (t)W(t) is Pettis integrable on [0,T] and for all t € [0, T
t

</ Y(s)mk(s)ds> H., (w) € S(H)—o
0

2

o0

/OtY(s)(WV(s) =

k=1

Note that since

o0

D

k=1
then under the additional assumption

o0 t
Z/ 1Y (t = s)ep |2 ds < oo |
k=10

or equivalently, that the linear operator

t
/ Y (t — s)ki(s)ds
0

<CZ/ 1Y (¢ — s)ex||3 ds

th—/Y s)xds , x € H ,
is of trace class, we obtain that the generalized stochastic convolution is an element of L?(H). This

agrees with the results of [5] , where it is also shown that in this case the generalized stochastic
convolution is a Gaussian random variable with mean 0 and covariance operator L;. In this case we

have the equality
/ Y (s)6W (s Z / Y (s)eidf;(s

where

/ Y(s)eidfi(s) = lim ZY tr)ei [Bi(thr1) — Bi(tr)]

is the usual Ito integral and the limit is in L? (H ).
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Stochastic Differential Equations

Consider the following differential equation in S(H)_

d);'t(t) =AX(t)+ BW(t), te€l0,T], X(0)=XoeD(A)-1CS(H)-1, (5)

where A is the generator of a Cy-semigroup {S(¢), t > 0} on H and B is a bounded operator on H.

We say that continuously differentiable process X(-) is a S(H)_1 solution of (5) if X(t) € D(A)_4
for all t € [0, 7] and satisfies the equation for ¢ € [0, T.

Taking Hermite transforms in (5), we obtain the equation

dX(t,z)

= AX(t,2)+BW(t,z) te[0,T], X(0)=Xo,€D(A) CH. (6)

The function .
R(t,2) = S(H)Xo(2) + / S(t— ) BW(s, 2)ds .
0

is a solution of (6) for z € K, for ¢ > 4. This implies that the process
t t
X(1) = S(t)Xo + / S(t — 5)BW(s)ds = S(t)Xo + / S(t — s)BsW(s) (7)
0 0

satisfies (5) in S(H)_1. Here the generalized stochastic convolution f(f S(t—s)BoW (s) =: Wa(t) is
an element of S(H)_g, and we have E[W4(t)] = 0 and E[X (t)] = E[S(t)Xo] = S(t)E[Xo].

Thus, we have the following result.

Theorem 1 Suppose that A is the generator of a Cy-semigroup {S(t), t > 0} on H and B is a
bounded linear operator on H. If Xg € S(H)—_1, then the stochastic differential equation (5) has a
unique continuously differentiable S(H)_1 solution

X(t) = S(H) Xo(w) + /0 "S(t_ $)BSW(s) . XoeD(A) .

with E[X(t)] = S(t)E[Xy).

Corollary 3 If Xy ¢ D(A), then the process (7) is the unique continuous S(H)_1 solution for the
equation

X(t)=Xo+ A /t X(s)ds + BW(t) .
0

Theorem 2 If a process F(t) : R — S(H)_q is Pettis integrable, then the process
t t
X(t) = S(t)Xo(w) +/ S(t—s)F(s)ds + / S(t—s)BoW(s), XoeD(A),
0 0
is a unique continuously differentiable S(H)_1 solution of the equation
dX(t)

S = [AX@®) + F(t)] + BW@), te(0.T), X(0) = Xo.

Proof follows from (4), lemma 3 and theorem 1.
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Second Order Term Structure Models

To illustrate the white noise approach to second order term structure models we consider the simplest
case of constant volatility. Then the dynamics of the deformation process is described by the following
equation

oY %Y
dY (t,§) = [85(@5) + g e
Y<O7§) = YO<§)7

on the separable Hilbert space H = L2(0, M) with the norm

(t,g)] dt + oodW (t), t>0, €€ [0, M), (8)

M 2.
12 = /0 K1 F(O)Pde.

The operator

- O¢ 2 0&2
with the domain D(A) = H?(0, M) N HE(0, M), where H?(0, M) and HZ(0, M) are the following

Sobolev spaces

Hy(0,M) = {ue L2(0,M) gz € L2(0, M), u(t,0) = u(t, M) =0},
5?2
#0,M) = {ue L20,M) | 5o € L0M)}.

is self-adjoint on H. The eigenfunctions and eigenvalues of —A can be obtained by solving

k d%e, de,
2 de2 + de - —Hnén, €n(0)=en(M)=0, n€N,

1 n2r2k2 2 _& . nm
Hn:ﬂ(1+w)>07 €n = Me “Slnﬁfa n € N.

Since {e,}72 ; forms an orthonormal basis in H, any f € H can be written in the form

which gives

f=Y" fnen, where f,={(f en)n,

n=1

£ = (S 152) "
n=1

For each t > 0, define a bounded linear operator on H by

and we have

oo
S(t)v = Ze*“”tvnen, v e H.

n=1

The operators S form a Cp-semigroup {S(t), t > 0} whose generator is A. Therefore the process

Y(t) = St)Yo+ /Ot S(t — s)ogdW(s)

[e.o]

¢
= Z (e“”tYOnen —l—ao/ e“”(ts)endﬂn(s)>.
0

n=1

is the unique solution to equation (8). We also note here that this solution belongs to L?(H).
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HJM Model in Musiela Parametrization
Consider the Hilbert space H = L,2y (0, 00) of measurable functions with

[o.¢]
Joll2 = [ e Sfafde < o
0

The general HJM equation in Musiela parametrization with infinite dimensional noise can be written
in the form:

—— L = AX(t) + F(t) + o(t) o W(t), t>0, (9)
X(0) = Xo,

where F' and o are S(H)_¢o processes, W is H-valued white noise. The operator A = 8% with the

domain
U

0
_ 2 2
D(A) = {u € L5(0,00) % € L3(0, oo)},
is the generator of a Cy-semigroup {S(¢), t > 0} defined by

S fE) =ft+¢), t,£=0
on H. If F is Pettis integrable and o = > °° | o€, is Hitsuda-Skorohod integrable, then the unique

n=1

S(H)_o solution to equation (9) is given by

X(t) = S(t)Xo+ /O tS(t—s)F(s)ds—i— /0 tS(t—s)(a(s)oW(s))ds

S(t)Xo + /0 S(t—s)F(s)ds + Y /0 S(t — 58)0n(5)endBn(s).
n=1

Note that under the assumption of absence of an arbitrage strategy one has that F' = Fyjy =
Y02 Soy, see [10], [8] for details. We also note that under some additional assumptions on ¢ and
F (for example see assumptions in [10], [8]) the process X constructed above will belong to L?(H).

4 Final Remarks

1. In the final version of this paper we will also discuss the HJM, the LIBOR and the second order
term structure models in the case of multiplicative infinite dimensional noise, i.e. functions o,
F, T, b will depend on the unknown X, e.g. 0 = o(t,&, X), etc.

2. In our worthcoming paper White noise approach to stochastic invariance and consistency of
financial models we use the white noise technique to address the problem of consistency of
these models.

3. The second order term structure models can be modified to involve higher order derivatives of
Y, so the operator A will not necessarily be the generator of a Cy-semigroup. Our approach
allows one to solve the corresponding equations in the case when A is the generator of an
integrated semigroup (see [9]).

4. Tt is noted in [5] that the stochastic integration with respect to a Brownian sheet can be
reformulated in terms of stochastic integration with respect to a cylindrical Wiener process

(d>2).
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