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Abstract

In this paper� we survey time�series models allowing for conditional heteroscedas�
ticity and autoregression� like AR�GARCH�type models� These models reduce to
a white noise model� when some of the conditional heteroscedasticity parameters
take their boundary value at zero� and the autoregressive component is in fact not
present� We reproduce the asymptotic distribution of the pseudo�log�likelihood ratio
statistics for testing the present conditional heteroscedasticity models on reduction
to white noise� The theoretical results are applied to �nancial data� i�e� log�returns
of stock prices� We estimate the parameters for all models presented and further on�
we test on reduction to white noise� The impact of these results on risk measure�
ment is discussed by comparing Value�at�Risk calculations under alternative model
speci�cations�
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� Introduction

The classical Black	Scholes model turned out to be a very e
ective basis for risk man	

agement and for the valuation of derivative securities� see Hull �����
 and Jorion �����
�

In recent years� a class of discrete time processes which allow for conditional heteroscedas	

ticity received growing attention� The ARCH and GARCH models were introduced by

Engle �����
 and Bollerslev �����
� Their impact on both Value	at	Risk calculation and

option pricing is well understood and has been topic of empirical investigations� see Boller	

slev et al� �����
� Duan �����
� and Frey and McNeil �����
�
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Conditional heteroscedasticity models incorporate the Black	Scholes model� as a special

case and therefore� they provide a more general framework than white noise models� But

the generality of the conditional heteroscedasticity models demands more sophisticated

methods in Value	at	Risk calculation and option pricing and of course more computa	

tional e
ort� For this reason� testing conditional heteroscedasticity models for reduction

to the Black	Scholes model becomes an important subject� From the point of view of

mathematical statistics� testing on model reduction is a challenging task� since standard

tests like Lagrange multiplier test and likelihood ratio tests in their general form fail� The

reason for this is that the null hypothesis of conditional homoscedasticity corresponds to

a boundary value of the parameter space with respect to the general model� Nevertheless�

this topic has been studied in recent years and results on various conditional heteroscedas	

ticity models have been carried out� see Demos and Sentana �����
� Andrews �����b
�

and Kl�uppelberg et al� �����
�

In this paper� we survey time	series models allowing for conditional heteroscedasticity

and autoregression� In particular� we study the ARCH��
� GARCH����
� and AR��
	

GARCH����
 model� These models reduce to white noise� i�e� the Black	Scholes model�

when some of the conditional heteroscedasticity parameters take their boundary value at

zero� and the autoregressive component is in fact not present� We state the asymptotic

distribution of pseudo	log	likelihood ratio statistics for testing the presented conditional

heteroscedasticity models for reduction to white noise�

The theoretical results studied in this paper are applied to �nancial data� i�e� log	returns

of stock prices� We estimate the parameters for all models presented and further on�

we test on reduction to white noise� The empirical observations indicate whether the

time	series exhibits conditional heteroscedasticity or the data corresponds to white noise

and therefore� the Black	Scholes framework is appropriate� We show examples where the

test accepts the model reduction and hence� the more feasible Black	Scholes framework

is su�cient� The impact of these results on risk measurement is discussed by compar	

ing Value	at	Risk calculations under alternative model speci�cations� i�e� the conditional

heteroscedasticity model and the Black	Scholes approach�

The paper is organized as follows� Section � gives a survey on conditional heteroscedastic	

ity models allowing for autoregression including the asymptotic distribution of the likeli	

hood ratio statistics for testing on conditional homoscedasticity� Estimation and testing

results are given in Section �� In Section �� the impact of the estimation and testing results

on Value	at	Risk calculation is discussed� Section � concludes and gives an outlook�

�We remark� that in this paper� we name those models �Black
Scholes model� that are of iid type�

i�e� the log
returns of the asset price process are iid� implying that the accumulated return process is a

random walk� Hence� the iid models are given by the class of discrete time L�evy processes and not only

by a discrete time Brownian motion like the term �Black
Scholes model� would suggest�
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� AR�GARCH Models and the LR Statistics

In this section� time	series models allowing for conditional heteroscedasticity and auto	

regression are presented� Additionally� for each model� we reproduce the form of the

Maximum Likelihood Estimator �MLE
� and the asymptotic distribution of the Likelihood

Ratio �LR
 statistics for testing on conditional homoscedasticity� This is carried out for an

AR	GARCH model studied by Kl�uppelberg et al� �����
� and the well known ARCH and

GARCH models �see Bera and Higgins� ����� and Bollerslev� ����
� where in the two latter

cases testing on conditional homoscedasticity is discussed in Demos and Sentana �����


and Andrews �����b
�

First� we specify the probabilistic setting where the time	series is placed in and recall

the form of the maximum likelihood estimator and the deviance for testing on model

reduction in a general framework� Let ��� P�F � �Ft
t��
 be a �ltered probability space

in discrete time� The innovations driving the time	series are given by an i�i�d� family

of random variables ��t
t�� with zero expectation and unit variance� and a �nite fourth

moment� The �ltration �Ft
 is the natural �ltration of the innovation process ��t
�

The time	series �Xt
t�� with initial value X� � R is de�ned by

Xt � �Xt�� � �t�t� for t � �� ����� ��


where � � ���� �� and ��t
t�� is a positive predictable process� i�e� �t is Ft���measurable�

With et � �t�t for t � �� we can write Equation ��
 in the form

Xt � �Xt�� � et� for t � �� ���� � ��


Thus� the process �Xt
t�� is autoregressive with innovations �et
t�� showing conditional

variance E fe�t jFt��g � ��t � for t � ��

The pseudo	log likelihood function for a �nite sample of length T � N is given by

LT ��
 � ��

�

TX
t��

ln��t �
�

�

TX
t��

��t �
�

�
�T � �
 ln���
� ��


where � is a vector describing the model� hence � parametrizes �t and �t in Equation ��
�

For testing purposes� we assume that the true model is given by � � �� For a given subset �

of �� we can test the null hypothesis � � � versus the alternative � � � n � � The test

utilized in this paper is the likelihood ratio test� therefore� we de�ne the deviance

dT � ��
�
LT ����
� LT ���


�
� ��


where ��� � � is the maximum likelihood estimator on the null hypothesis� and �� is the

corresponding estimator on the alternative �n� � Later on� we specify the conditional het	

eroscedasticity models and reproduce the asymptotic distribution of the deviance statis	

tics� It is worth mentioning that the derivation of the asymptotic distribution of the
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deviance statistics is a non	trivial mathematical task� Testing on conditional homoscedas	

ticity transfers to the problem of testing a boundary hypothesis� since the conditional

heteroscedasticity parameters take their boundary value at zero in the conditional ho	

moscedastic case�

Kl�uppelberg et al� �����
 discuss conditional heteroscedasticity models allowing also for

autoregression as given in Equation ��
 by specifying a AR��
	GARCH����
 model� The

conditional variance of the innovations is determined by

��t � 	 � 
e�t�� � ���t�� � 	 � 
��t���
�
t�� � ���t��� for t � �� ����� ��


where 	 � � and 
 � � and � � �� and � � ��� 	� 
� �
 � � � ���� ���R� �R�
� �R�

� �

The log likelihood function reads as in Equation ��
 with

��t � 
� �t������ � 

 � 

t��X
i��

�i�� �Xt�i � �Xt���i

� � and ��


��t � �Xt � �Xt��

�

�

 � �t������ � 

 � 


t��X
i��

�i�� �Xt�i � �Xt���i

�

���
��


for t � �� ���� where 
 � �

���
� and �� � �� and ��� � 	 � ���� and ��� �

�X���X��
�

�����
�

�

The null hypothesis of conditional homoscedasticity and the absence of autoregression is

given by the set � � f�g�R��f�g�f�g� i�e� � � 
 � � � �� For � � � � the log likelihood

function stated in Equations ��
 and ��
 simpli�es to

��t � 	 and ��t �
X�
t

	
� for t � �� ����� ��


Kl�uppelberg et al� �����
 computed the asymptotic distribution of the deviance statistics

for testing the null hypothesis � versus the alternative � n � � Under the null � �

dT
D� N� � Z��fZ��g� for T ��� ��


where �� and �	 are the third and fourth moment of the innovations ��t
t��� and

Z �
���q

���	 � �

N �

vuut ��	 � �
� � �	�
���	 � �


fN
with N and fN independent standard normal random variables�

Assuming the innovations ��t
t�� are standard normal� yields �� � � and �	 � �� The

asymptotic distribution of the deviance statistics becomes

dT
D� N� � fN��

f eN��g� for T ��� ���


where N and fN are independent standard normal random variables�
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We remark that the hypothesis of conditional homoscedasticity is formulated by 
 � �

and � � �� However� if 
 � �� the variance process ���t 
t�� is a deterministic function

converging to 
 � �

���
� For su�ciently large sample size� conditional homoscedasticity

appears though � � �� Accordingly� conditional homoscedasticity can be speci�ed by 
 � �

and � � �� This causes a nuisance parameter � to appear that cannot be identi�ed under

the null hypothsesis� Andrews �����b
 covers this problem for GARCH����
� Here� we

restrict ourselves to the approach considered by Kl�uppelberg et al� �����
� hence the

hypothesis of conditional homoscedasticity is given by 
 � � and � � ��

An approach frequently applied for modeling �nancial time	series is a GARCH����
 model�

see Bollerslev �����
� Within this framework� the conditional heteroscedasticity is speci	

�ed� but no autoregression is taken into account� hence � � �� and Equation ��
 reduces

to Xt � �t�t for t � �� The conditional heteroscedasticity is given by

��t � 	 � 
e�t�� � ���t��� for t � �� ����� ���


where ��� � � is given� and 	 � �� 
 � �� and � � �� and � � �	� 
� �
 � � � R��R�
� �R�

� �

By setting 
 � �

���
� the log likelihood function in Equation ��
 is determined by

��t � 
 � �t������ � 

 � 

t��X
i��

�i��X�
t�i � and ���


��t � X�
t

�

� �t������ � 

 � 


t��X
i��

�i��X�
t�i

���
� for t � �� ���� ���


Following the approach we presented for the AR��
	GARCH����
 model� the null hypoth	

esis of conditional homoscedasticity could read 
 � � and � � �� As mentioned before� the

parameter � appears to be a nuisance parameter for this formulation of the null hypothesis�

since we can not identify 
 and � simultaneously under the null� Andrews �����b
 shows

a way to control this problem� In his framework� he applies stationarity arguments and

therefore� he assumes � � � apriori� where � � ��� �u� with �u � �� With this assumption�

the parameter space � is of the form � � R��R�
� ��� Furthermore� he formulates the

null hypothesis of conditional homoscedasticity by 
 � �� hence � � R� � f�g ���

On the parameter space � describing the alternative� the information matrix becomes

singular under the null hypothesis� hence we cannot identify 
 and � simultaneously�

Andrews �����b
 overcomes this problem by �xing � � � in a �rst step� i�e� the parameter

space is restricted to �� � R� �R�
� � f�g� for each � � �� On each restricted space ���

a maximum likelihood estimation is carried out�what is now possible� since � is �xed�

This results into LT ����� �
� where ��� is the maximizer of the log likelihood function on ���

In a second step� the supremum is taken over all � � �� and Equation ��
 becomes

LT ���
 � sup
��


LT ����� �
� ���


where �� is the maximizing argument�that needs not to be unique� When the initial

condition is �� � 
 � �

���
� the log likelihood does not depend on � for any � � � � Hence�
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the estimator on the hypothesis � is still given by Equation ��
 and does not depend on

the nuisance parameter ��at least asymptotically� for large T and arbitrary � � �� With

this speci�cation� Andrews �����b
 obtains the asymptotic distribution of the deviance

statistics dT under the null hypothesis�

dT
D� �	 � �

�
sup
��


Z�
��fZ���g� for T ��� ���


where �	 is the fourth moment of the innovations and �Z�
��
 is a Gaussian process with

covariance structure

cov�Z�� �Z��
 �
��� ���
��� ���


�� ����
� for ��� �� � ��

For computational purposes� we can write Equation ���
 as

dT
D� c sup

��

Y �
� �fY���g� for T ��� ���


where c � ����
�

and Y� �
p
�� ��

P�
i�� �

i eZi� with
� eZi

�
i��

are iid standard normal random

variables� Furthermore� we can replace c by the estimator �cT � where

�cT �
�

�

�B� �
T

PT
t��X

	
t�

�
T

PT
t��X

�
t

�� � �

�CA � ���


and de�ne a rescaled test statistics

dT
�cT

D� sup
��


Y �
� �fY���g� for T ��� ���


where the asymptotic distribution under the null hypothesis is preserved� Andrews �����b


generated the asymptotic critical values by simulation� For � � ��� ������ for signi�cance

levels ���� ��� and ��� the critical values are ����� ����� and ���� respectively�

Finally� we consider the ARCH��
 model� Properties of this model� and estimation and

testing are surveyed in Bera and Higgins �����
� The conditional variance is speci�ed by

��t � 	 � 
e�t��� for t � �� ����� ���


where 	 � � and 
 � �� and � � �	� 

 � � � R� �R�
� � The log likelihood function in

Equation ��
 is determined by

��t � 	 � 
X�
t�� � and ���


��t �
X�
t

	 � 
X�
t��

� for t � �� ��� � ���


The null hypothesis of conditional homoscedasticity is given by 
 � �� or � � R� � f�g�
The maximum likelihood estimator on the null hypothesis is given by Equation ��
� The

�



asymptotic distribution of the deviance for testing � versus � is deduced in Demos and

Sentana �����
 for Gaussian innovations�

dT
D� N��fN��g� for T ��� ���


where N is standard normal� This result can be generalized for non Gaussian innovations

by setting � � f�g in the GARCH����
 model�see Equation ���
� and hence Equa	

tion ���
 becomes

dT
D� �	 � �

�
N��fN��g� for T ��� ���


Applying the result of Andrews �����b
 for the case � � �� we can rescale the deviance

by cT � ����
�

� The estimate of cT is given by �cT in Equation ���
�

dT
�cT

D� N��fN��g� for T ��� ���


with critical values of ����� ����� and ���� corresponding to signi�cance levels of ���� ���

and �� respectively� see Demos and Sentana �����
�

Alternative �� � �� � �

ARCH��
 �d�
 ���� ���� ����
GARCH��
 �d�
 ���� ���� ����

AR��
	GARCH����
 �d�
 ���� ���� ����

Table �� Critical values for testing the Black	Scholes model vs� various alternatives�

The required critical values for testing purposes are given in Table �� We remark that

the statistics d� and d� are rescaled statistics� hence the asymptotic distribution does not

depend on the characteristics of the innovations� Unfortunately� the LR statistics d� for

testing white noise versus the AR��
	GARCH����
 alternative cannot be rescaled� The

critical values depend on the third and fourth moment of the innovation process� see

Equation ��
� In Table �� the critical values for d� are listed for  normal! innovations�

i�e� �� � � and �	 � �� In the  non	normal! situation� the critical values have to be

computed by simulation in each individual case� In this paper� we use the standardized

residuals for estimating �� and �	 of the innovation process�

Using the theoretical results presented in this section� we analyze log	returns of stock

prices observed at the European market and the US market� The statistical analysis in	

cludes parameter estimation and testing for conditional homoscedasticity� Furthermore�

the impact on applications in �nance is discussed� where we focus on Value	at	Risk cal	

culation�

� Parameter Estimation and Testing

Choosing an appropriate model is an important and di�cult task�not only for applica	

tions like Value	at	Risk calculation� In this section� we compare the models presented in

�



Section � empirically� In particular� we examine log	returns of stock prices observed at

the German market and the US market for conditional heteroscedasticity� We estimate

the parameters of the models� and proceed by testing for reduction to the Black	Scholes

model� We explicitly show the impact of the size of the alternative on the test result� The

more alternatives are o
ered� the more likely is the rejection of the null hypothesis�

In the following� we analyze the daily log	returns of Allianz� BASF� Deutsche Telekom�

VW� Apple� and IBM� The observed time period ranges from Sep� �� ���� to Sep� �� �����

with exception of Deutsche Telekom that was �rst listed Nov� ��� ����� This includes ����

data points for the entire � year horizon� In addition� we examine the most recent � years

and the �nal year of the given time horzion� including ��� data points and ��� data points

respectively� Detailed estimation results are reported in the Appendix� We focus on testing

the null hypothesis of white noise� where the critical values are reported in Table ��

Test results �Allianz
 cd� cd� cd�
���� 	 ���� ����� ����� �����
���� 	 ���� ���� ���� �����
���� 	 ���� ���� ���� �����

Test results �VW
 cd� cd� cd�
���� 	 ���� ����� ����� �����
���� 	 ���� ����� ����� �����
���� 	 ���� ���� ���� �����

Table �� Deviance and rescaled deviance statistics for Allianz and VW� �������� denotes
acceptance of the null hypothesis for the signi�cance level of ��������

The log	returns of Allianz and VW show strong evidence for conditional heteroscedasticity�

We observe signi�cant ARCH and GARCH e
ects� see Table � and Table � in the Ap	

pendix� The low standard errors indicate that the data �ts into the time	series framework�

The interpretation of the estimation results is validated by the test on model reduction

to white noise versus various alternatives� For all investigated time horizons and both

stocks�Allianz and VW� the null hypothesis of white noise is rejected for all admissible

alternatives� see Table ��

The test results of Deutsche Telekom and Apple are given in Table �� Deutsche Telekom

shows conditional heteroscedasticity� For the �	year and �	year horizon� we estimate a low

ARCH e
ect that is not even very signi�cant� However� the GARCH coe�cient appears to

be important� since the likelihood clearly improves for the model enhanced by the GARCH

parameter �� see Table � in the Appendix� Accordingly� we expect the result of the test

for reduction to white noise to depend signi�cantly on the set of given alternatives� The

ARCH��
 alternative is not matching the conditional heteroscedasticity e
ects of Deutsche

Telekom� hence the null hypothesis of white noise is accepted even for the ��� signi�cance

level� The GARCH����
 model provides the more appropriate set of alternatives� Here�

the null hypothesis of white noise is clearly rejected in all cases� The same holds of course

for the AR��
	GARCH����
 alternative�

�



Test results �D� Telekom
 cd� cd� cd�
���� 	 ���� ���� ����� ������
���� 	 ���� ������� ����� �����
���� 	 ���� ������� ���� �����

Test results �Apple
 cd� cd� cd�
���� 	 ���� ����� ����� �����
���� 	 ���� ����� ����� �����
���� 	 ���� ������� ������� �����

Table �� Deviance and rescaled deviance statistics for Deutsche Telekom and Apple�
�������� denotes acceptance of the null hypothesis for the signi�cance level of ��������

For Apple� we also notice that the acceptance or rejection of the white noise null hypothesis

is in"uenced by the set of alternatives� The ARCH parameter 
 is slightly signi�cant�

whereas � is estimated with a remarkable high standard error� especially for the �	year and

�	year horizon� see Table �� Thus� the hypothesis of white noise tends to be rejected when

the set of alternatives captures autoregression� This fact becomes apparent particularly

for the �	year horizon� where the likelihood increases substantially when introducing the

autoregression parameter�

Test results �BASF
 cd� cd� cd�
���� 	 ���� ����� ����� �����
���� 	 ���� ������� ����� �����

���� 	 ���� ������� ������� �������

Test results �IBM
 cd� cd� cd�
���� 	 ���� ������ ����� ������

���� 	 ���� ������� ������� �������

���� 	 ���� ������� ������� �������

Table �� Deviance and rescaled deviance statistics for BASF and IBM� �������� denotes
acceptance of the null hypothesis for the signi�cance level of ��������

Finally� we observe the BASF and IBM data� see Table �� The null hypothesis of white

noise cannot be rejected for almost all time horizons and signi�cance levels� Thus BASF

and IBM are standard examples for log	returns of Black	Scholes type� For this kind of

data� parameter estimation becomes complicated� since the information matrix is asymp	

totically singular for the presented models incorporating GARCH e
ects� i�e� � � ��see

the discussion in Andrews �����b
� If the data is white noise� we have to apply the pro	

cedure proposed in Section �� For �xed �� we maximize the likelihood function� and this

is carried out for � � �� where we of course choose a �nite set� i�e� � � f�� ����� ���� ����g�
We take the supremum of the maximized likelihood function depending on � and compute

the deviance statistics� In this case� the parameter � is reported with no standard error of

course� since it is more a nuisance parameter than an estimate� see Table �� and Table ���

�



Nevertheless� we are able to run the maximum likelihood estimation procedure for some

data close to iid� despite of the theoretical and also numerical problems that result from

an �almost
 singular information matrix�e�g� Apple� see Table ���

Dealing with  white noise! data� the numerical procedure often overextends the estima	

tion tools for GARCH of standard software packages� Brooks et al� �����
 discuss the

accuracy of GARCH����
 model estimation�even in a  friendly setting!� In this paper�

we computed the Maximum Likelihood by a Newton	Raphson scheme� where we use the

analytic gradient and Hessian matrix� what is close to the benchmark given by Brooks et

al� �����
 in the sense of estimation accuracy�

The discussed LR tests are appropriate methods for model choice� but the computation of

the asymptotic distribution of the deviance may become challenging� what was shown in

Section �� Besides� there exist other �weaker
 criteria for selecting a model in the  best!

way� Akaike#s Information Criterion �AIC
 is the most commonly used and is given by

AIC � ��L���
 � � p � ���


where L���
 is the maximized log likelihood funtion and p denotes the number of parame	

ters� see Chat�eld �����
� We cross	check the LR test results with respect to the AIC� see

Table �� AIC prefers the Black	Scholes model exactly� when the LR	test results accepts

the null hypothesis of white noise on the ��� level� In all other cases AIC suggests to

choose the alternative time	series model subject to the LR test�

In the following section� we employ the results carried out here� Especially� we study

the impact of model choice�of course within the presented framework�on Value	at	Risk

calculation� where we are not only concerned with the VaR qualitity in terms of prediction

accuracy� but also tackle the issue of computability of the estimates�

� VaR under di�erent Model Speci�cations

The focus of this application is to illustrate the test results of the previous section by

studying the performance of the di
erent models with respect to Value	at	Risk calculation�

Here� VaR calculation is a one	day prediction of a conditional quantile for a �xed level ��

Generally� the quality of the VaR calculation can be measured by standard backtesting

according to Basle� see Jorion �����
� By this� we are enabled to evaluate each model due

to the backtesting result� On the other hand� the Likelihood Ratio test results in Section �

indicate which model to choose for �tting the data most adequately� In this section� the

task is to compare the results of the backtesting procedure and the likelihood ratio test�

For each log	return series analyzed in Section �� we perform a standard backtest� We use

a ���	day history to estimate the parameter of each speci�c model in order to calculate

the one	day VaR prediction on the ��� level� For the time	series� we now assume normal

distributed innovations� hence the �	VaR is given by

VaR��
 � ��t�� � �t��$
����
 � ���


��



where $ is the standard normal distribution function� and �t�� is the mean value pre	

diction� and �t�� the standard deviation prediction both based on the preceding ���

observations Xt� ���� Xt�	��� and � � ���� This is carried out for the last ��� days within

the sample period� and for that period� we count the number of VaR exceptions� The

Basle tra�c light evaluates the backtesting result�the number of exceptions�by assign	

ing  Green!�  Yellow! or  Red!� For the ��� level� the Green Zone ranges from � to ��

the Yellow Zone from � to ��� and the Red Zone starts with ���

AR	GARCH GARCH ARCH Black	Scholes

Allianz � �G
 % ������ � �G
 % ������ � �G
 ������ � �G
 % ������
VW � �G
 % ������ � �G
 % ������ � �G
 ������ � �G
 % ����	�
D� Telekom � �G
 % ������ � �G
 % ������ �� 
Y� ������ �� 
Y� % ������
Apple �� 
Y� % ������ � �G
 % ������ � �G
 ������ � �G
 % ������
BASF � �G
 % ������ � �G
 % ������ � �G
 ������ � �G
 % ������
IBM 	 
G� % ������ � 
G� % ������ � �G
 ������ � �G
 % ������

Table �� Backtesting results� i�e� number of exceptions including tra�c light according to
Basle �Green�Yellow�Red
 and average Value	at	Risk�

The backtesting result is given in Table �� With respect to VaR calculation� the number of

exceptions together with the Basle tra�c light characterize the quality of the model from

the regulator#s point of view� As well� we report the average VaR� A competing interest

of �nancial institutions is to minimize the VaR as much as possible� since they have to

keep a certain amount of their own capital proportional to the VaR� Roughly speaking� we

examine each model for its risk in the sense of Basle and for its cost� where we interpret

cost as own capital requirement�

For data with non negligible conditional heteroscedasticity e
ects�Allianz� VW� Deutsche

Telekom�the backtesting results suggest to choose the more complex models like AR��
	

GARCH����
 and GARCH����
� In the case of VW� the number of exceptions is equal to

� for all models� but the price in form of the average VaR increases considerably for the

more simple models� e�g� the average VaR of the Black	Scholes model exceeds the average

VaR of AR��
	GARCH����
 by ���� The Black	Scholes model and the ARCH��
 model

have a signi�cantly lower average VaR for Deutsche Telekom� however they also exhibits

a clear  Yellow! tra�c light with �� and �� exceptions�

Reviewing the test results for Apple� BASF� and IBM�the data close to white noise�the

more simple Black	Scholes and the ARCH��
 model should be chosen� The average VaR

attains for all models approximately the same value for each stock� but the number of

exceptions tends to increase for the more complex models� The larger number of exceptions

for the models incorporating the GARCH	component arises primarily from the numerical

problems within the estimation procedure� For data close to white noise� the information

matrix may become singular and consequently� the MLE is not reliable� The estimation

procedure occasionally creates arti�cial and misleading e
ects that result in poor VaR

predictions� For data close to white noise� the more complex models involving a GARCH	

��



component are not advisable�

� Summary and Outlook

This paper compares �nancial time	series models allowing for conditional heteroscedas	

ticity and autoregression� Primarily� we utilize the likelihood ratio test for the comparison

of the di
erent models� and cross	check the LR result by applying the AIC concept� and

also� we perform standard backtests according to Basle� In general� we can not �nd evi	

dence for preferring a speci�c model for all observed log	returns� We are suggested to use

the more simple Black	Scholes model for data close to white noise� and we ought to rely

on GARCH	type models� whenever the data exhibits conditional heteroscedasticity� This

result is striking� especially in the case of backtesting� since the largest model�the AR��
	

GARCH����
 model�incorporates all other models discussed in this paper� And hence�

we would not expect heterogeneous test results� since the largest model should cover all

possible e
ects� The reason for this can be found in the numerics of the estimation� i�e�

the information matrix becomes singular when we apply GARCH models to white noise

data� Finally� we believe that it is not possible to �nd a  benchmark model! for describing

�nancial time	series� In the end� the problem of model choice has to be discussed in each

speci�c case�

The presented LR tests are sophisticated statistical tools� In contrast to the AIC� the

LR test allows for a calculation of the power function�at least� this can be carried out

by a simulation study� This issue should be topic of further research� particularly for the

AR��
	GARCH����
 model when testing for reduction to white noise� Furthermore� the

results of Kl�uppelberg et al� �����
 o
er the opportunity of testing for mean	reversion�

This is also an important subject� especially for interest rates�
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Table �� AIC for Allianz� VW� Deutsche Telekom� Apple� BASF� and IBM�

��



Sep� ��� ���� 	 Sep� ��� ���� b� b	 ������ b
 b� ML

Black	Scholes 	 ������ 	 	 �������
s�e� �	
 �������
 �	
 �	


ARCH��
 	 ������ ������ 	 �������
s�e� �	
 �������
 �������
 �	


GARCH����
 	 ������ ������ ������ �������
s�e� �	
 �������
 �������
 �������


AR��
	GARCH����
 ������ ������ ������ ������ �������
s�e� �������
 �������
 �������
 �������


Sep� ��� ���� 	 Sep� ������� b� b	 ������ b
 b� ML
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ARCH��
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 �������
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	GARCH����
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	GARCH����
 	������ ������ ������ ������ ������
s�e� �������
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 �������


Table �� Parameter estimates with standard errors �s�e�
 in parentheses� and the maximum
log likelihood �ML
 for Allianz�

��
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ARCH��
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ARCH��
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Sep� ��� ���� 	 Sep� ������� b� b	 ������ b
 b� ML

Black	Scholes 	 ������ 	 	 ������
s�e� �	
 �������
 �	
 �	


ARCH��
 	 ������ ������ 	 ������
s�e� �	
 �������
 �������
 �	


GARCH����
 	 ������ ������ ������ ������
s�e� �	
 �������
 �������
 �������


AR��
	GARCH����
 ������ ������ ������ ������ ������
s�e� �������
 �������
 �������
 �������


Table �� Parameter estimates with standard errors �s�e�
 in parentheses� and the maximum
log likelihood �ML
 for VW�
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Sep� ��� ���� 	 Sep� ��� ���� b� b	 ������ b
 b� ML

Black	Scholes 	 ������ 	 	 �������
s�e� �	
 �������
 �	
 �	


ARCH��
 	 ������ ������ 	 �������
s�e� �	
 �������
 �������
 �	


GARCH����
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 �������
 �������
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	GARCH����
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s�e� �������
 �������
 �������
 �������


Sep� ��� ���� 	 Sep� ������� b� b	 ������ b
 b� ML

Black	Scholes 	 ������ 	 	 �������
s�e� �	
 �������
 �	
 �	


ARCH��
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Sep� ��� ���� 	 Sep� ������� b� b	 ������ b
 b� ML
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ARCH��
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Table �� Parameter estimates with standard errors �s�e�
 in parentheses� and the maximum
log likelihood �ML
 for Deutsche Telekom�
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Sep� ��� ���� 	 Sep� ��� ���� b� b	 ������ b
 b� ML
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Table ��� Parameter estimates with standard errors �s�e�
 in parentheses� and the maxi	
mum log likelihood �ML
 for Apple�
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Table ��� Parameter estimates with standard errors �s�e�
 in parentheses� and the maxi	
mum log likelihood �ML
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Table ��� Parameter estimates with standard errors �s�e�
 in parentheses� and the maxi	
mum log likelihood �ML
 for IBM�

��


