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Abstract

Working in a binomial framework, Boyle and Vorst derived self-financing strategies
perfectly replicating the final payofls to long positions in European call and put options,
assuming proportional transactions costs on trades in the stocks. The initial cost of such
a strategy yields, by an arbitrage argument, an upper bound for the option price. A lower
bound for the option price is obtained by replicating a short position.

It is known that no super replicating portfolio for positions in long calls and puts can
have a lower cost than the replicating portfolio. However, even when a short call or put
has a unique replicating portfolio, there may exist super replicating portfolios of lower cost
when transactions costs are sufliciently large. The negative of the least possible cost of such
a super replicating portfolio would be a lower bound for the call or put price. Now the cost
of the replicating portfolio can easily be calculated by backward recursion. However, as
there are possibly infinitely many super replicating portfolios, it is not immediately obvious
how the least possible cost of a super replicating portfolio can be efficiently calculated. The
aim of this paper to to describe progress towards the development of an efficient method to
calculate this least cost.
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1. Introduction

The Black-Scholes model (conf. Black and Scholes (1973)) for option pricing
assumes that markets are frictionless, in particular that there are no transactions
costs. Since 1973 many authors have attempted to develop option pricing models
incorporating transactions costs, the first major work being that of Leland (1985)
who works in a continuous-time framework. Further work on option pricing with
transactions costs in the continuous-time framework has been done by, for example,
Hodges and Neuberger (1989), Davis, Panas and Zariphopoulou (1992), Grannan
and Swindle (1996), Toft (1996). However, in this paper we work in the discrete
framework.

Boyle and Vorst (1992) work in the framework of the binomial model and derive
self-financing strategies perfectly replicating the final payoffs to long and short posi-
tions in call and put options, assuming proportional transactions costs on trades in
the stock and no transactions costs on trades in the bonds. By the usual arbitrage
argument, the cost of replicating a long position (that is, the initial value of the repli-
cating portfolio) gives an upper bound for the option price whereas the negative of
the cost of replicating a short position gives a lower bound for the option price.

In Palmer (2001) we clarified the conditions under which there is a unique repli-
cating strategy in the Boyle-Vorst model for an arbitrary contingent claim. Actually,
following Stettner (1997) and Rutkowski (1998), we worked in the framework of asym-
metric proportional transactions costs, which includes not only the model of Boyle and
Vorst but also the slightly different model of Bensaid, Lesne, Pages and Scheinkman
(1992). In the one-period case we showed that under a very mild condition, replicat-
ing portfolios always exist and we determined their exact number. In particular, we
determined when they are unique.

Even when the market is arbitrage-free and a given contingent claim has a unique
replicating portfolio, there may exist super replicating portfolios of lower cost. How-
ever, Bensaid, Lesne, Pages and Scheinkman give conditions under which the cost of
the replicating portfolio does not exceed the cost of any super replicating portfolio.
These results were generalised by Stettner and Rutkowski to the case of asymmetric
transactions costs. In Palmer (2001) we provided a further slight generalisation and
gave what seems to be a simpler proof. These results have the consequence that
there is no super replicating portfolio for long calls and puts of lower cost than the
replicating portfolio. However, this is is not true for short calls and puts. Since the
negative of the cost of the least cost super replicating portfolio for such a position is
a lower bound for the call or put price, it is important to determine this least cost.

In this paper we determine the least cost super replicating portfolio in the one-
period case for any contingent claim. Here it is assumed that the current stock price
is S and that in the next period it either rises to Su or falls to Sd, where



0<d< R <u,

R being the value of one unit of bond after one period. We also assume that buying
one share incurs a transaction cost of AS and that selling one share incurs a transaction
cost of uS, where

A>0, 0<u<l.

A contingent claim consists of holdings (A, By) of A, shares and B, units of bonds
in the upstate when the share price is Su and holdings (A4, Bg) of A, shares and
By units of bonds in the downstate when the share price is Sd. A super replicating
portfolio for this contingent claim consists of current holdings (A, B) of A shares
and B bonds which can be rebalanced at the next period so as to “dominate” the
contingent claim, that is, there exist (A,, B,) and (Ay, By) such that

K’u 2 A’LL) E’LL 2 Bu,

ANy > Ay, By> By

and

ASu+ BR
ASd+ BR

u+ By + (

B+ (Ba — A)Suey(A),
d+ Bq+ (A4

_ AJSdea(A), (1)
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where
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e.(A) = —u ifAZ@u (A
cu(A) {)\ A <Al

The cost of this super replicating portfolio is

:{—,u lfAZZd
AOfA<Ay

AS + B.

(Note that (A, B) is a replicating portfolioif A, = A,, B, = By, Ay = Ay, By = By.)

Without loss of generality we can assume that
K’u = Aua Kd = Ad
for if the equations (1) hold, the equations

ASu+ BR = A,Su+ B, + (A, — A)Sue,(A)
ASd+ BR = AySd+ By + (Ag— A)Sdeqg(A)
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also hold, where

[ =p fA>A, _{_M ifA> A, .
€u(A)—{)\ ifA<A,’ ca(A) = A A< A, @)

and it is easily verified that
Bu Z Eu; Bd Z Ed-

We determine the least cost super replicating portfolio in two steps. In Theorem 1,
we show that if the least cost super replicating portfolio is not a replicating portfolio,
then there are just two other possibilities. Then in Theorem 2, we determine the
situations in which each possibility arises.

2. The First Theorem.

In this section we consider a one-period model with contingent claim {(A,, B,),
(A4, Bq)} and show that a least cost super replicating portfolio exists and it is either

a replicating portfolio or a super replicating portfolio with holdings either (A,, B,/ R)
or (Ad, Bd/R)

Theorem 1. Consider a one-period model with contingent claim (A, By) in the up
state and (A4, Bq) in the down state. Then a least cost super replicating portfolio exists
and it is either a replicating portfolio or a super replicating portfolio with holdings

either (Ay, By/R) or (Ag, Ba/R).

Proof. We begin by fixing A, the share holdings, and we determine all bond holdings
B such that (A, B) are the holdings in a super replicating portfolio for the contingent
claim {(Ay, By), (Ag4, Ba)}.

Suppose first that (A, B) are the holdings in a super replicating portfolio. Then
there exist B, and By such that

E’u 2 Bu; Ed Z Bd
and

ASu+ BR = A,Su+ B, + (A, — A)Sue,(A),
ASd+ BR = AySd+ By + (Ay — A)Sdey(A),

where e,(A) and e4(A) are given in (2). It follows that
B, = BR+ (A —A)Su(l+¢,(A)), Bs= BR+ (A —Ay)Su(l+es(A)) (3)
and that B satisfies

BR > (A, — A)Su(l + eo(A)) + Ba, BR > (Ag— A)Su(l + ea(A)) + Ba. (4)
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Conversely, if we choose B satisfying (4) and define B, By by (3), then it follows by
reversing the argument that (A, B) are the holdings in a super replicating portfolio.

Hence, for the chosen A, (A, B) are the holdings in a super replicating portfolio
for the contingent claim {(A,, By), (A4, Bg)} if and only if B satisfies (2).

It follows that the minimum possible value for AS + B with this A is

h(A) = AS + B(A),

B(A) = %max{(Au — A)Su(l + e(A)) + Bu, (Ag— A)Sd(L + ea(A)) + By}

Then the cost of the least cost super replicating portfolio is just the minimum of h(A)
over all real A.

Now we show this function does have a minimum. Note if A is large positive

max{(A, — A)Su(l — u) 4+ By, (Ag — A)Sd(1 — p) + Ba}

h(A) =AS+ 0
:AS—I— (Ad—A)Sd(l—IM)—}—Bd
AS Ade(l — ,U,) + Bd
= ——[R—d(1-
o (R —d(l—p)] + - ,

which — o0 as A — oo, and if A is large negative,

(A, — A)Su(l+X) + B,

h(A) = AS
(&) + R
AS AySu(l + X))+ By

which — oo as A — —oo. Since h is clearly continuous, this implies that its minimum
is attained at some value Ag, which may or may not be unique.

Suppose first that
B(Ag)R = (Ay — Ag)Su(l + €,(Ao)) + By = (Ag — Ag)Sd(1 + e4(Ao)) + Ba
so that

AOSu + B(Ao)R = AUSU + Bu + (Au — Ao)Sueu(Ao),
AoSd+ B(Ag)R = AySd + By + (Mg — Ao)Sdeg(Ag).
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This means that (Ag, B(Ayg)) are the holdings in a replicating portfolio so that in this
case a replicating portfolio is a least cost super replicating portfolio.

The second possibility is that
B(Ag)R = (A, — Ag)Su(l + €,(Ag)) + By > (Ay — Ag)Sd(1 + €4(Ao)) + Ba.  (5)

If Ag = A, then this means
B(Ao)R = B,

and so (A, B,/R) are the holdings in a least cost super replicating portfolio. Oth-
erwise Ag # A, and it follows from (5) that for A in an open interval containing

AOv
h(A) = AS + %[(Au — A)Su(l + eu(Ag)) + B,]

which defines a straight line with slope

s (1t et20D),

This is certainly nonzero if Ag < A, in which case Ag could not be a minimum. It
could only be zero if Ag > A, and R = u(l + €,(Ag)) = u(l — g). In this case we
define

o=inf{A > A, : (Ay — A)Su(l — p) + B, > (Ag — A)Sd(1 + eq(A)) + Ba}.
Clearly A, <o < Agand if o0 <A < Ay,
h(A) = h(Ay).

This means that for 0 < A < Ay, (A, B(A)) are the holdings in a least cost super
replicating portfolio. So if o = A,, then (A, B,/R) are the holdings in a least cost
super replicating portfolio. If ¢ > A,, then

B(o)R= (A, —0)Su(l + e,(0)) + By = (Ay— 0)Sd(1 + eq(0)) + By

and so (o, B(o)) are the holdings in a replicating portfolio. Hence when o > A,, a
replicating portfolio is a least cost super replicating portfolio.

The third possibility is that
B(Ag)R = (Ag — Ag)Sd(1 + eq(Ao)) + B > (Ay — Ag)Su(l + e,(Ag)) + By (6)

If Ag = Ay, then this means
B(Ao)R = By
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and so (Ay, Bq/R) are the holdings in a least cost super replicating portfolio. Other-
wise Ag # Ay and it follows from (6) that for A near Ay,

and hence for the same A

)= (1 Akt

This is certainly nonzero if Ag > Ay in which case Ag could not be a minimum. It
could only be zero if Ay < Ay and R = d(1 + €4(Ag)) = d(1 + A). In this case we
define

o=sup{A <Ay: (A, —A)Su(l +e,(A))+ B, < (Ag —A)Sd(1 + X) + Ba}.
Clearly Ag <o <Ay and if Ag <A <o,
h(A) = h(Ay).

This means that for Ay < A < o, (A, B(A)) are the holdings in a least cost super
replicating portfolio. If o = Ay, then (Ag4, By/R) are the holdings in a least cost
super replicating portfolio. If o < Ay, then

B(o)R= (A, —0)Su(l + e,(0)) + By, = (Ay — 0)Sd(1 + eq(0)) + By

and so (o, B(0)) are the holdings in a replicating portfolio. Hence when o < Ay, a
replicating portfolio is a least cost super replicating portfolio.
Thus the proof of the theorem is completed.

3. The Second Theorem.
In this section we determine exactly when the different cases given in Theorem 1
arise.

Theorem 2. Consider a one-period model with contingent claim (A, By) in the up
state and (A4, Bq) in the down state and define

0 — {(Ad—Au)Su(l—l—)\)—l—Bd—Bu if Ay > Ay
v (Ad—Au)Su(l —/,L)—I—Bd—Bu if Ay < Ay
and
a _{(Ad—Au)Sd(l—,u,)—l-Bd—Bu ZfAuZAd
T A= A)SAL+ N+ Bi— B, if A <Ay
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(a) When the replicating portfolio is unique, it is a least cost super replicating
portfolio unless
R>u(l —p), ag<0
when (Ay, By/R) are the holdings in a least cost super replicating portfolio, or if

R<d(l+2X), a,>0
when (Ag, By/R) are the holdings in a least cost super replicating portfolio.
(b) When the replicating portfolio is not unique, it is necessary that
Ay <Ay, d(l4+X) > u(l — p).
If

R>d(1+)),

there exists at least one replicating portfolio with share holdings A satisfying A < A,
and all such replicating portfolios are least cost super replicating portfolios. If

A1+ > R > u(l - p),

there exists at least one replicating portfolio with share holdings A satisfying
A, < A < Ay and all such replicating portfolios are least cost super replicating
portfolios. If

R< u(l - /u)a

there exists at least one replicating portfolio with share holdings A satisfying A > Ay
and all such replicating portfolios are least cost super replicating portfolios.

Proof. From the proof of Theorem 1, we see that in order to determine the least

cost super replicating portfolio, we need to find the values of A which minimise

h(A) = AS + B(A),

B(A) = %max{(Au — A)Su(l + e(A)) + B, (Ag— A)Sd(L + ea(A)) + By}

Then the holdings in the least cost super replicating portfolio are (A, B(A)).
Note that



aqg > a, when Ay, > Ay,

ay > aq when Ay> A, u(l —p) >d(1+ M),

ay <aqg when Ag>A, u(l —p)<d(l+A)

and

ay =aq when Ay> A, u(l —p)=d(1+X).

So there are the following cases:

Case 1 : Ay >0y, ay, >0
Case 2 © Ay > Ay, ag>02>a,
Case 3 @ Ay > Ay, ag<0

Case 4+ Ay <Ay, u(l —p) >d(1+X),
Case 5 + Ay <Ay, u(l —p) >d(1+X),
Case 6 : Ay, <Ay, u(l —p)>d(1+X),
Case 7 1 Ay <Ay, u(l —p) <d(l+X),
Case 8 © A, <Ay u(l —p) <d(l+X),
Case 9 © Ay <Ay u(l —p) <d(l+X),
Case 10 : A, < Ay, u(l —p) <d(14 M),
Case 11 : A, <Ay, u(l —p) <d(14 M),
Case 12 : A, <Ay, u(l —p) =d(1+ M),
Case 13 : A, <Ay, u(l —p) =d(1+ M),
Case 14 : Ay <Ay, u(l —p) =d(14+ M),

It follows from Palmer (2001) that in Cases 1-8 and 12, 13 there is a unique replicating
portfolio. In Cases 9, 10 there are two replicating portfolios, in Case 11 there are three

and in Case 14 there are infinitely many.
We give detailed proofs for cases 1, 10, 11 and 14.

Case 1
Au > Ad, a, >0

To determine B(A), we consider

(Ag—A)Sd(1+ea(A))+Bi—(Ay—A)Su(l4e,(A)) =By = S[u(1+e,(A))—d(1+ea(A))](A—a(A)),

9

aqg >0
ay 202> ay
a, <0
a, >0
ag <0
a, =0 < ay
ag =0 > ay
ag >0 > a,
ay =ag >0
ay, = ag <0
a, = ag = 0.



where

_ ASu(l+ eu(A)) = AgSd(1 + eq(A)) + B, — By

A
() Su(l + e, (A)) — Sd(1 + eq(A))
IfA>A,,
A —a(A) > A, —a(A)
_ A _ AuSu(l—u)—Ade(l—,u)—I—Bu—Bd
T Su(1—p)=Sd(1-p)
— (Aa—A4)5d(1—p)+Bg—Bu
o Su(l-p)=Sd(1-p)
— ag
T Su(1—p)-Sd(1-p)
> 0.
If Au 2 A Z Ada

A—a(A) > Az —a(A)
— A, — AuSu(140)=AgSd(1—p)+Bu—Bg
- =d Su(1+))—=Sd(1—p)
_ (Ag—Ay)Su(14A)+B4=B,
- Su(14+X)—Sd(1—p)

= Su(iP) -5
> 0.

However, if A < Ay,

CASu(1+ X)) = AgSd(1 + A) + B, — By
a Su(l+ ) — Sd(1+ A ’

a(A) =«

where

_ _ _ AuSu(14))-AgSd(1+2)+Bu—Bqg
Ag—a Ag Su(1+A)—Sd(1+2)
_ (Ad—Au)Su(l-I—A)-}—Bd—Bu
- Su(14+X)—Sd(1+))
— Ay

= Su(1+\)—Sd(1+))
> 0.

So
>0 ifA>a

A—a(A){:o fA=a,
<0 ifa>A

where
a < Ag.

It follows that
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B(A) = (Ag—A)Sd(1+ XN+ By ifA;>A>a .
(A, —A)Su(l+ XN+ B, ifa>A

Note that, since A = a(A) if A = a, it follows that

B(a)R = (Ay— a)Sd(1 + eq(@)) + By = (A, — a)Su(l + ey (a)) + By

and so

aSu+ B(a)R =A,Su+ B, + (A, — a)Su(l + e,(a))
aSd+ B(a)R = AySd+ By + (Ag — a)Sd(1 + eq(a)).

Thus (o, B(«)) is the replicating portfolio.

With a view to determining the least cost super replicating portfolio, we observe

that the function A(A) is continuous piecewise linear with slope

54 R—dl+)) A >A>a .

G [R—dl—p)>0 ifA>A,
{RuO+M<OiHM>A
So if
R>d(1+\),
the minimum is unique and occurs at A = o if
R=d(1+\),
the minimum is not unique and occurs at A between a and Ag; if
R<d(l+\),

the minimum is unique and occurs at A = Ay.

Case 10
Ay <Ay u(l—p)<dl4+A), ag=0>a,.

This time to determine B(A), we consider

(Ag — A)Sd(1 4+ eq(A)) + Bs — (A, — A)Su(l + e,(A)) — By, = SB(A)(A — a(A)),

11



where a(A) is as in Case 1 and

BA) = ull + eu(A)) — d(1 + ca(A)).

If A <Ay (resp. =A,),

BA)=u(l+A)—d(1+X) >0

and
A —a(A) < (resp. =)A, —a(A)
_ A _ AuSu(1+))-AySd(140)+By-By
- Su Su(1+2)—Sd(1+N)
_ (Ag—A,)Sd(14))+Ba=B.
- Su(1+2)—Sd(1+))
= Su(l-i—/\)—de(1+/\)
0
so that
A—a(A)<0
if A< A, and
A—a(A)=0
if A=A,
fA; >A>A,,
BA)=wu(l—p)—d(l+X)<0
and
A—a(A) >A, —a(A)
— A _ AuSu(l-p)=AgSd(14+N)+By-By
- u Su(l—p)—Sd(1+X)
 (Ag—AW)Sd(14))+By—B.
- Su(l—p)—Sd(14+X)
= Su(l—,u)—de(l—I—/\)
= 0.
IftA> A
B(A) = u(l —p)—d(l —p)>0
and

12



ASu(l = p) = AgSd(1 — p) + By — By

A) =
a(A) =a Su(l — p) — Sd(1 — p) :
where AuSu(l—p)—AySd(1—p)+Bu—B
Ad—a = Ba = = Sl
_ (Ad—Au)Su(l—u)-}—Bd—Bu
Su(1-p)=Sd(1-p)
= Su(l=p)-Sd(i—n)
< 0.
So
>0 fA>a
=0 fA=a«
Bla)(A—a(A) <0 ifa>A>A, ,
=0 ifA=A,
<0 ifA,>A
where
a > Ag.

It follows that

1

B(A):E (A, —A)Su(l —p)+ B, ifa>A>A, .

(Ag— A)Sd(1 —p)+ By ifA>a
(Ay — A)Su(l+A) + B, ifA, > A

Note that, since A = a(A) if A = o or A,, it follows as in Case 1 that (a, B(«))
and (A, B(A,)) = (Ay, B,/ R) are replicating portfolios.

The function h(A) is continuous piecewise linear with slope

— < R—u(l—p) ifa>A>A, .

G (R—d(l—p)>0 fA>a
BlR-uwleN) <0 ifA, >A

So if
R > u(l - Iu’)7

the minimum is unique and occurs at A = A,; if
R= u(l - /“L)7

the minimum is not unique and occurs at all A between o and A,; if
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R < u(l - ILL)7
the minimum is unique and occurs at A = «a.

Case 11
Ay <Ay, u(l—p) <d(l4+A), ag>0>a,.

As in Case 10, we consider

(Ag— A)Sd(1 + €a(A)) + By — (Ay — A)Su(l + eu(A)) — By, = SBA)(A — a(A)).

IfA<A,
BA)=u(l+A)—d(1+X) >0
and
AySu(l+ M) —AgSd(1+ M)+ B, — B
a(A) = ay = Su(l +A) — AgSd(1 +A) + i
Su(l+ ) — Sd(1+ )
where Ay Su(142)—AySd(1+)\)+B,—B
Ay —op =0y — = Su(1+/\c)l—Sd(1+/\) —
_ (Ag=A,)Sd(14+M)+ By~ Ba
Su(1+3)—Sd(1+))

= Su(l-i—/\)a—de(l-l—/\)

> 0.
fA; > A=A,

BA)=wu(l—p)—d(l+X) <0
and
AySu(l —p) —AgSd(1+ M)+ B, — B
a(A) = ap = Su(l — p) = AaSd(1 +A) + ¢
Su(l —p) — Sd(1+ )
where
A, —ay = A, — AuSull-n)-Ag5d(1+))+Bu=Bq

Su(l—p)—Sd(1+X)
_ (Ag—AW)Sd(14N)+By—By
- Su(l—p)—Sd(1+X)

- Su(l—,u)—de(l—}-)\)
<0

14



and

Ay Su(l—p)—AyzSd(14+X)+Bu—B
Ag—oy =A4q- : sf()1_u3l_s(d(1+)x) :
. (Ad—Au)Su(l—u)-}—Bd—Bu
- Su(l—p)—Sd(14+X)

= Su(l—,u)a—uSd(l—}-)\)

> 0.
If A> Ay,
BA) =u(l—p)—d(l—p) >0
and
a(A) = a5 = AySu(l —p) — AgSd(1 — p) + By — de
Su(l — p) — Sd(1 — p)
where N
Ad—as =RAg— Sf(l—pjl—Sd(lfu) —
_ (Ag—Au)Su(l-p)+Bya—Bu
Su(l—p)~Sd(1-p)
= Sut-w)-Sd(i-n)
< 0.
So
>0 ifA> 3
=0 fA=oqo3
BIA)A=a(A)§=0 if A=a 7
=0 A=
where

ap < Ay < ag <Ay < as.

It follows that

(Ag—A)Sd(1 —p)+ By if A>as
B(A)zl (A, —A)Su(l—p)+ B, ifas>A>a
Rl (Ai—=A)Sd(14+A)+ By ifaz>A>ay
(A, —A)Su(l4+A)+ B, ifa; >A

Note that, since A = a(A) if A = «;, where t = 1,2, 3, it follows as in the previous

cases that (a;, B(ay)) for ¢ = 1,2,3 are replicating portfolios.

The function h(A) is continuous piecewise linear with slope

15



R—d(l—p)>0 ifA>as
S R—u(l—pu) ifay, <A<as
RYR—d(14)) ifa, <A<ay
R—u(l+X) <0 ifag > A

So if
R < u(l - /’L)7

the minimum is unique and occurs at A = ag; if
R =u(l —p),

the minimum is not unique and occurs at all A between a3 and ag; if

d(14+X) > R>u(l —p),

the minimum is unique and occurs at A = ay; if
R=d(1+4)),

the minimum is not unique and occurs at all A between «; and ay; if
R>d(14 M),

the minimum is unique and occurs at A = aj.

Case 1/
Ay <Ay u(l=—p)=d(l1+X), a,=as=0.

To determine B(A), we consider
(Ag— A)Sd(1 + eg(A)) + By — (Ay — A)Su(l + e(A)) — B,
which equals
4y = a4 =0

if

and equals
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SBA)A = a(A)),
if
A<A, or A>Ay

where a(A) and B(A) are as in the previous cases.

IfA > Ay,

and

A—a(A) >A;—a(A)
— A, — Ay Su(l—p)—AyzSd(1—p)+Bu—Bg
T od Su(1=p)=Sd(1—p)
(Ad—Au)Su(l—u)+Bd—Bu
Su(l—p)=Sd(1-p)

= S-S0

IfFA<A,
BA)=u(l4+A)—d(1+X) >0

and

A—a(A) <A, —a(A)
— A — AuSu(1+))=AgSd(14))+By—Bq
—Tu Su(142)—Sd(1+))
_ (Ay=Ay)Sd(14N)+By=B.
- Su(1+X)—Sd(1+))
agq

Su(14+2)—Sd(1—p)
= 0.

So
>0 ifA>Ay

ﬂ(a)(A—a(A)){ZO A, <A<A
<0 ifA,>A

It follows that

B(A)= —{ (A, —A)Su(l—p)+ B, A, <A<A,.

(Ay — A)Su(l+A) + B, if A, >A

R
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Note that, since
(Ag — A)Sd(1 + eq(A)) + By = (A, — A)Su(l + e,(A)) + B,

if A = o, where a is any number between A, and A, it follows that (a, B(«)) is a
replicating portfolio for all « in [Ay, A,].
The function h(A) is continuous piecewise linear with slope

g [R=d(l—p)>0 ifA > Ay
FYR-ul—p=R—dl+)) ifA2A2A,
R—u(l+A) <0 if A, > A

So if
R<u(l—p)=d(1+4+ M),

the minimum is unique and occurs at A = Ay; if
R=u(l— ) = d(1+ )
the minimum is not unique and occurs at all A between A, and Ay; if
R>u(l—p)=d(l1+4+X),
the minimum is unique and occurs at A = A,,.
Now we summarize the results in the remaining cases.

Cases 4, 7,9, 12

These are like case 1. In all the cases there is a replicating portfolio with share
holdings « to the left of both A, and A,. This replicating portfolio is unique except
in Case 9 when (Ay, By/R) is also a replicating portfolio. The conclusion is that if

R>d(14 M),
the minimum is unique and occurs at A = a; if
R=d(1+4)),
the minimum is not unique and occurs at all A between a and Ay; if

R<d(1+\),

the minimum is unique and occurs at A = Ay.
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Cases 3, 6 , 8, 13

These are like case 10. In all the cases there is a replicating portfolio with share
holdings « to the right of both A, and Ay. This replicating portfolio is unique except
in Case 10 when (A,, B,/R) is also a replicating portfolio. The conclusion is that if

R <u(l—p),

the minimum is unique and occurs at A = «; if
R =u(l —p),

the minimum is not unique and occurs at all A between o and A,; if
B> u(l —p),

the minimum is unique and occurs at A = A,,.

Case 2

In this case the minimum is unique and occurs at A = «, where
Au Z « Z Ad
and (a, B(«)) is the unique replicating portfolio.

Case 5

In this case there is a unique replicating portfolio (o, B(«)), where
A, <a <Ay
Note that @ = Ay if and only if @, = 0 and o = Ay if and only if ay = 0. If
B> u(l —p),
the minimum is unique and occurs at A = Ay; if
R =u(l —p),
the minimum occurs at all A between o and A,; if
u(l—p) > R>d(1+X),
the minimum is unique and occurs at A = a; if
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R=d(1+4)),
the minimum occurs at all A between o and Ay; if

R <d(14)),
the minimum is unique and occurs at A = Ay.

Looking through all the cases, we see that the theorem has been proved.

4. Further Developments.

The work in this paper is the first step in the project of determining the least cost
super replicating portfolio of a contingent claim in a multi-period model. Work is
in progress on the two-period case and the least cost super replicating portfolios for
short calls and puts are in the process of being determined. However, at this juncture
it is not clear how the results obtained so far can be extended to more periods.
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