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Abstract

In this paper, we present a filtering model on a default risk related to mathemat-
ical finance. We regard the first hitting time at zero of a one dimensional process
which starts at some positive number and is not directly observed as the time when
a default occurs. We discuss the conditional law of the hitting time under imperfect
information. We use the reference measure change technique and some formula on
a kind of conditional expectation to obtain a so-called hazard rate process. It is also
discussed what the relation between the hazard rate process and the conditional law
of the hitting time is like.

1 Introduction

First of all, we present a filtering model on a default risk related to mathematical finance.
The model is an extension of the filtering model introduced by [7].

Fix a finite time horizon T' > 0. Let (£2, B, P) be a complete probability space and
(Bt)te[O,T] be a weakly Brownian filtration. Let n and m be some positive integers.

B,B" and W, which are processes with values in R, R"™ and R™ respectively, are
defined as Brownian base of (€, (B;), P). We have this Brownian base fixed.

We introduce three sorts of processes — they are one, n and m dimensional process,
which are denoted by (X)icr0,17, (Zi)iejo,r and (Y2)ecpo,r7 respectively.

Let X and Z satisfy the following stochastic differential equations.

dX; = dB;+ bo(t, X, Zt)dt, Xo=x9>0, (].)
dZt — O'l(t, Xt) Zt)dB£ + b1 (t, Xt; Zt)dt, ZO = 20 € Rn, (2)
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where by : [0,7] X RxR" — R, oy : [0,7] x R x R" — R™" and b, : [0,7T] X
R x R” — R" are bounded and continuously differentiable functions. We assume that
by € CH2((0,T) x Rx R R) and 22, i =1,-- , n are bounded.

We define the random time 7 by l

T =inf{t € [0,T]| X, = 0}. (3)

We set 7(w) = +oo if i[%fT] Xi(w) > 0. We may consider that 7 is the time when the
to,

underlying systems halt. We often call 7 the default time from a financial viewpoint.
Let (Y3)ieo,r satisfy

dY;‘, = UZ(tJ Y;‘,)th + b2(t7 Xt/\T) Zt/\T7 )/t)dta )/b =1Yo € Rm? (4)

where oy : [0,7] x R™ — R"™ ™ and by : [0,7] x R x R" x R™ — R™ are bounded
and continuously differentiable functions.

We sometimes call X, 7 and Y “main system”, “sub system” and ”observation” re-
spectively, following the terminology of filtering problem.

Here we assume that the diffusion part of the main system (1) is given only by a
standard Brownian motion, which is independent of the other Brownian motions. We
show in the appendix that under some hypotheses some general cases can be reduced to
the above one by a coordinate transformation.

Let a;(t,z) = o;(t,x)oi(t,x)", i = 1,2. We suppose that a, satisfies the uniform
ellipticity condition, that is, for some £ > 0, ay(t,y) > eI, for any t € [0,7], y € R™,
where I,, is an m-dimensional unit matrix. Then oy(¢,y) ! exists and satisfies

L
NG

Denote by (G;) the right-continuous filtration generated by the process put in e. For
example,

o2 (t,y) 7'l < —=[¢l, CER™, t€[0,T], y e R™ as.

GX = ﬂ o{Xs, s < u}.

t<u

We also define the filtration (F;) as
Fi= ﬂ(g}[ Vo{r Au}).
t<u

Then each filtration satisfies the usual conditions. Apparently 7 is an (F;)-stopping time.
Let N; = 14,<4, that is, V; is a default-counting process.
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The subject of this paper is to discuss the existence and the explicit representation of
a nonnegative (G} )-progressively measurable process h(t) such that

Nt—/t(l—Ns)h(s)ds, te0,7),

is a (P, (F;))-martingale.
We call such a process h(t) the (G))-hazard rate process (under P) since h(t) has a

connection with the distribution of the default time 7 as will be discussed in section 5.
Let

q(t) = /too 0 exp(—@)ds, t€[0,T]

d
and let \(t) = —q(t)*laq(t).
As for the hazard rate process, we obtain the following theorem. (See Theorem 5.1
for the exact statement.)

Theorem. The (G))-hazard rate process h(t) under P is given by

h(t) = — qg(t)A(1),

where H(t;Y) and K (t;Y) are (G))-progressively measurable processes given in (30) and
(31) respectively.

We also show some formula on a conditional expectation. The formula is utilized to
prove proposition 4.1, which is the key to achieve the above theorem.
Let B = a+ By for a given a > 0. Let 7 = inf{t € [0,T]|B} = 0} and

FV = ﬂ(QZV Vo{r® Au}).

t<u

We have G ¢ FV < /" for t € 0,T).
Letting N = 1;a<4y, we immediately see that the process M* defined by

MP = Nf - /Ot(1 N )A(s)ds (5)

is a (P, (F}")iep,r)-martingale.
Then we have the following result.
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Theorem 1.1. Let o(t) and G(t) be (B,)-predictable processes taking values in R and R™
respectively such that

E[/O a(t)?dt] < oo and E[/O a(t)[2de] < oo
Then P-a.s.
E| /0 a(s)dB, + /0 a(s)Tdw,| FV]

_ /0 Ela(s)"|FY]dw,

+ / (1= N2 ) {ko(s: W) — q(s) ™ k(s; W) b ML, (6)

where E[ - |FY] stands for its predictable version, ko(s; W) and k(s; W) are given in (8)
and (9) respectively.

Intuitively and formally, we think of k¢(s; W) and k(s; W) as below;

ko(s; W) = E[/sa(u)dBu+/sd(u)Tqu|gsW,Ta:3],
0 0

k(s; W) = E[(l—Ng)(/osa(u)dBu+/Osa(u)Tqu)|ggV].

Theorem 1.1 is an extension of the following proposition for the case of Brownian
filtrations to (F}V). The general version of this proposition is seen in [8].

Proposition 1.2. (1)If a(s) is a R™-valued, (B;)-progressively measurable process satis-
fying

5| / 6(s)|ds] < oo,

then P-a.s., for all t € [0,T],
t t
B[ a(s)Tawig) = [ Bia(s)"Ig) aw.
0 0

(2)If a(s) is a R-valued, (By)-progressively measurable process satisfying
T
E[/ a(s)’ds] < oo,
0
then P-a.s., for allt € [0,T],

E[/O a(s)dB,|G}"] = 0.

The author would like to thank Prof. S. Kusuoka for his helpful advice.
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2 Preparation

Let
(z —y)?

(z+y)°
2%

(eXp(—

) — exp(— )),t>0, x,y > 0.

1
g(t,z,y) = N

As is well known, ¢ is the fundamental solution of the following heat equation with a
Dirichlet boundary condition:

ot T 9.2
u(t,0) = 0, t>0.

t,x), t>0,z € (0,00)

Denote by W¥ the space C([0,7]; R¥) and by py, a k-dimensional Wiener measure.
We will write W for W1,

Let vy, 2 (-), u > 0,21 > 0,25 > 0 be a probability measure on C([0, u}; R), which is
the law of (B;),c0,4 conditioned to start from z;, to stay in (0, 00) for s < u and to reach
Zo at time uw under P, that is, for any bounded and continuous function f : R — R

and 0 <t <---<t, <u,

| iz, o)
A%%
_ / gtz y1)g9(t =ty y2) - 9t — taety Yn—1, Yn) 9 (U — tn, Yn, T2)
(0,00)" g(u, x1, 22)

Xf(yla e 7yn)dy1 o dyn

Hereafter we think of 17> (df),u € [0,T] as the probability measure on W by setting

0,1

O(s) = xy for u < s < T, 77 (dh)-a.s.

0,1
Then we see that for any bounded and continuous function f : R — R,

Eﬂ?l [f(Bt17 e 7Btn)7T > U’]
= [ dnagtunim) [ Az @) £00). 00,
0 A%%

We also define vy () as the limit of v552(-) as 2, | 0 with respect to the weak

topology on probability measures.
Next, we make a few remarks about the measure 14;,?. First, it is remarkable that
the density of the finite dimensional law of three dimensional Bessel Bridge leaving x; at

time 0 and reaching x5 at u is given by

pty, w1, y1)p(te — 1,91, y2) - Pty — tuet, Yn—1, Yn)P(U — tn, Yn, T2)
p(uaxlaxQ)

)
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where p(s,z,y),s > 0,2 > 0,y > 0 stands for the transition density of three dimensional
Bessel process. The well-known fact that p(s,z,y) = zg(s,z,y)y ! implies the following
result. (Refer to Knight [6].)

Lemma 2.1. The law of one dimensional Brownian motion conditioned to stay in (0, 00)
between x1 > 0 and xo > 0 over period [0,t] coincides with the one of three dimensional
Bessel Bridge leaving x1 at time 0 and reaching xs at t.

Consequently we can regard vy, ’(-), v > 0,21 > 0,75 > 0 as the law of three-
dimensional Bessel Bridge between x; and x5 over [0, u].
Similarly, it is not hard to see

g(u - tna UYn, 372) o l(u - tn; yn)

lim =
010 g(u, 1, 22) [(u, 1)
for 0 < t; < --- < t, < u, so the density of the law of (By,,---, B;,) under 1/8‘,’;31 with

respect to dy; - - - dy,, is equal to

g(ti, w1, y1)9(ts — t,y1,92) - 9(tn — tnets Yn—1, Yn)L(u — oy Yn)
I(u, 1) ’

_1 2
where I(s,z) = (215°) "2z exp(—5- ) L{z>0}-
Proposition 2.2. For any bounded continuous functional FF: W — R,

E[NzF (B )]
— /0 ' P(r% € ds) /W Vo (dO)F(0).

Proof. Let 0 =ty <t < --- <ty =T and let fy : R¥ — R be a bounded continuous
function.

We have
E[NTfN(Bfprar =+ Bigas)]

tNNAT

T
— [ Pt € d) Bl (Bl Byl =
0
N—-1 bl
= Z/ P(1% € ds) n(xe, o 20,0, ,0)P(BY € dwy, -+, B} € dy, 7 > 1,|T" = 5).

TLZO tn (0,00)"

The joint distribution of (B, - -+, B ,7%) under P restricted to {t, < 7} is calculated
in the following way.

P(Bf <xy,--- B <ap,7">5)

1 T2 In o0
- / dzlg(tla a, zl) / dz?.g(t2 - tl; 21, 22) o / dzng(tn - tnfla Zp—1; Zn) / l(’LL - tna Zn)du
0 0 0 s
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Hence, the joint density with respect to dxy - - - dx,ds is equal to
g(tla a, 371) o g(tn - tnfla Tn—1, iUn)l(S - tn; xn)

We also see that for s > t,,

/ dry - -drpg(ty, a,my) gty — ta1, Tn1, Ta)l(s — tn, 1) = P(1% € ds)/ds
(0,00)"

= I(s,a).
Therefore it follows that
P(B € dxy, -, B} €dx,, 7" > t,|7" = s)
_ gt a,m)g(ts =ty @) - -l-(z(t;)— oty Tt 20l = s Tn) o g

This means that the finite dimensional distribution of (B¢),<s under P restricted to
{r* > t,} and conditioned to {7* = s} coincides with the f.d.d. of (B¢),<s under ngg.
That is,

E[N%fN(Bgl/\T“’ e JBtaN/\T“)]

N—=1 g
= ,;O/t P(r" € ds) /Wug;g(de)fN(e(tl),... 0(,),0,-++,0).

_ /C P( € ds)(/Cvl4?3(d9>fvv(e(t1>,--- O(ty)).

From this equality and the monotone class argument, we can conclude that for any
bounded continuous functional F': W — R,

E[NgF(BY,,.)]
_ ATPhedg/;VﬁM@FW)

3 Proof of Theorem 1.1

Before we begin to prove Theorem 1.1, we present some lemmas.

Lemma 3.1. Fizt € [0,T]. Let F:[0,T] x W x W™ — R be a measurable functional
such that for all t € [0,T],

F(t,): Wx W™ —R
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is a continuous functional, E[|F(t, B*,W)|] < oo, and F(t, B*, W) is (G”")-measurable.
Then
(1) B = NOF(@ B, W)IG;"]
_ / dzg(t, a,z) / VU (dO)F (2,0, V).
0 W
(2)  E[N{F(r*,B*,W)|G,"]
¢
_ / dsq(s)A\(s) / V2 (d6)F (5,0, WV).
w

0

(3)  E[NF(r*, B W)|F"]
_ /Ot (/W Vs 2(d0)F (5,0, W) )dN?.

Proof. (1) By noting that P(B¢ € dx|t® > t) = q(t)"'g(t, a, r)dx, we have

E[(1 = N})F(t, B*,w)]
= E[F(t,B* w), 7" > {]

= / dzg(t,a, x)/ vt (dO)F(t, 0, w).
0 W
Let o(-) : W™ — R be a nonnegative (G;")-measurable functional. Then we have
E[(1 = N F(t, B, W)p(W))

— [ hldw)p()El(1 = NOF(, B w)]
= E[(p(W)/ dzg(t, a, x)/ l/&ﬁ(d@)F(t, 6, W)].
0 w
Since ¢ is taken arbitrarily, the first statement is proved.

(2) By Proposition 2.2 we have
E[N}F(1% B* w)]
= [ Pt e NG B w)lrt = o
0

_ /0 " dsg(s)A(s) /W VO (dO)F (s, 0, w).
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Therefore, for any nonnegative (G;}" )-measurable functional p(-) : W™ — R, we have

E[N}'F(r* B*,W)p(W)]
N /mum(dw)w(w)E[N?F(T“aB“,w)]-

= BloV) [ dsa(Ns) [ vilan)F(s.0w)L

Similar to the proof of (1), this implies the conclusion.

(3) Let ¢(+) : [0,T] — R be a bounded continuous function. First, we remark that
E[N{F(r, B*, w)p (" At)]

B /0 dsq(s)A(s) E[F (s, B*, w)@(s A1) = 5]

= [ asan@an ) [ vl ris.o.),

Let C : W™ — R be a bounded (G}V)-measurable functional. Then we have

E[NMF (1%, B4, W)p(r* A t)C(W)]

= / } o (dw)C(w) E[NSF (1%, B, w)p(1% A t)]
— E[p(r A )C(W)N? /W VIO (dO)F (r°, 0, W)

— E[p(r* AH)C(W) /Ot(/w Vi (dO)F (s, 0, W))dN;].

By the usual monotone class argument, for any bounded, (F}")-measurable random vari-
able © : Q — R,

E[NSF(r%, B2, W)@
- E[@/O (/Wug;g(de)F(s,e,W))dN;].

So the proof is complete.

Lemma 3.2. Let a functional F satisfy the same condition as in the last lemma.
For every bounded, (FV)-predictable process f : [0,T] x Q — R, we have

OR:i / Fs; B, W) f(s)dN?]

:/0 E[(1 — N®)f(s) /W Voo (dO)F (550, W)]A(s)ds
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@)
5| / Fs; B, W) £(s)(1 — N* )A(s)ds]

= [ BN [ dngtan) [ v F o wNG)ds

Proof. (1) We note that q(s) = P(7® > s) = P(r* > s|GIV) for s € [0,T].

Similar to the proof of Lemma 3.1(3), monotone class argument implies that it is
enough to show the result for the case such as f(t) = ¢(r*At)C(t), where ¢(-) : [0,T] —
R is a bounded continuous function and C'(¢) is a bounded (G;")-predictable process.

Thanks to Lemma 3.1(2), we have

E[/O F(s; B W)a(r* A $)C(5)dN?]
O F (7% B, W) |G
— g / dsq(s)\(s) /WVOa(cw) (5)C(s)F (5;60,)]

= E[E[N{o(r

= [ BlaCe) [ vt s o, W)
= [ B = N2 1GMpIC) [vidan) (s W) ds
= [ Bl = N)p A9 [ il s W )ds

(2) Since {7 > t} is an atom of o{7 A ¢t} and independent of (G}"), the equality
E[(1 - NL)OFR"] = (1 - N )g(t)" E[(1 - Ni)©|G,"]

holds for every random variable ©. Using Lemma 3.1(1) and the above fact, we have

E[/ F(s BY W) £(s)(1 — N )A(s)ds]

E )(1 — N )E[F(s; B*,W)|F¥|A(s)ds

E )L = N )a(s) " E[(1 = N{)F(s; B, W)|GS" [|A(s)ds

t

E[f(s)(1 = N )a(s)™"

Il
No\o\

x /0 dzg(s, a, 1) /WVOa(de) (5:0, W) A(s)ds.
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Now we will S}tIOW Theorem 1.1.

t
Let L, = E] / a(s)dBs + / a(s)TdW,|F¥]. Since
0 0

L= e[ ain [ ot an gz

- E[/OT a(s)dB, + /OT@(S)TdWAFtW],

so Ly is a (P, (F}")iepo,r7)-square integrable martingale with Ly = 0. So it follows from
the (F}V))-martingale representation theorem (see Kusuoka [7]) that there exist (F)V)-
predictable processes a(s) and a(s) taking values in R™ and R respectively such that

T T
E[/ la(s)[2ds] < oo, E[/ 6(5)?\(s)ds] < oo,
0 0
and
t t
L= / a(s)TdW, + / a(s)dMe.
0 0
Given K; an (F}V)-martingale given by
t t R
K, = / b(s)TdW, + / b(s)dM?
0 0

for some (F}V)-predictable, bounded processes b(t) and b(t), taking values in R™ and R
respectively.
The property of quadratic variation implies that

E[Lth] = E[[LaK]t]
_ g /0 a(s)b(s)ds + /0 (s)b(s)AN?]

= E[/O a(s)Tb(s)ds—i-/O a(s)b(s)(1 — N2 )A(s)ds]
= [ Ela)8s) + als)be) 1~ MM
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On the other hand, we note that

EILK) = E[E[/ﬂ o(s)dB, + / 6 (s) AW, | FVI K]

= E[/Ota(s)st/Otb( )TdW]+E[/0t Qs TdW/ (5)TdW,]
+E[(/0t (s)dB, +/0t (s )TdI/V)/Otb(s)de]. (7)

The first term of (7) vanishes because B and W is independent and the second term of
(7) leads to

E[/O &(s)"b(s)ds]
_ /0 Ela(s)"b(s)]ds
= | B A b s

We can choose a predictable version from equivalent processes of E[&(s)|F)] and will

also write E[@(s)|F;"] for the predictable one. (See Revuz-Yor [9].)
Since M} is a (B;)-semimartingale, the last term of (7) coincides with

E[/0t</05 B(u)dM{j){a(s)st+d(s)TdWs}+/0t(/0 a(u)dB, +/Os (u )TdW)B(s)dMg
/Ot()i)( d[B, M®, +Z/ V[V, M@,

We observe that

S

/;(/0 B(“)dM«?) {a(s)dBy + a(s)dW,}

is a (B;)-martingale, so its mean is zero. Since the quadratic covariation processes [B, M®]
and [W* M%) i=1,---,m are all zero, it follows that the last term of (7) also vanishes.
Let @ :[0,7] x W x W™ — R be given by

®(s;a+ B, W) :E[/s (u)dB, +/s a(u)TdW,|GEY] for s € [0,T] a.s.
For s € [0,T],w € C([0, T]; R™), let

ko(siw) = /WVM(dm@(s;e,w), (8)
K(siw) = / " deg(s,a,7) /WVOa(de> (510, w), (9)
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If we regard a(u) as a(u, B, B', W) and so on, we have

O(s;0,w) = E[/Os a(u, 0, B',w)df(u) + /05 &(u, 0, B', w)dw(u)].

Then we have
BI( [ aram+ [ arams) [ i)
= E[E[/Ot (s)dB; +/01t (s)"dW,|G;" ]/Otf)(s)de]
_ g / B(s;a+ BLW)H()AM
= B[ 0t BN~ B[ @lsia+ BIVHE0 - NOAG)is)

Here we use Lemma 3.2 by setting f(¢) = b(t) and F = ® to obtain

E[/ (s a+ B, W)b(s)dN"]

/ (1= N )b(s)ho(s: W) A(s)ds (10)

and

= [ E[b(s)(1 = N2 )g(s) "k(s; W)]A(s)ds. (11)
Therefore it follows

/0 Elb(s)"{a(s) — Ela(s)|FV]}

+h(s) (1 = NSOA(){als) = (ko(s: W) —a(s)'k(ss W) Hds =0 (12)
Since the equality (12) holds for every bounded, (F}")-predictable processes b(s) and

b(s),
a(s) = Ela(s)|FY] a.es€0,T],P—a.s

(1 — N2 ){a(s) — (ko(s; W) —q(s) 'k(s; W)} =0  a.e.s €[0,T],P — a.s.

Hence we obtain the desired result. O
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4 Calculation of the conditional density

Now we get down to study our filtering model. First of all, we progress by using the
measure change technique, as is mostly used for nonlinear filtering problem.
Let

T
R = exp(—/ {bO(taXbZt)dBt+ﬁ1(t7Xt/\Tazt/\Tan)Tth}
0
1 T
=5 | B0 20 151l Xonr, Zn, V)P,
0

where 3, (t, z, z,y) = o5 }(t, y)bs(t, x, 2,7). Denote by P an equivalent probability measure
on (€2, B) defined by

Y _Rr (13)
Let
t
&::&+/%@&Jma
0
t
Wt — Wt+/ ﬁl(SJXS/\TazS/\Tai/;‘)dS'
0

We see that (B,), (B}) and (W,) are independent (P, (B;);cjo,r7)-Brownian motions due to
Cameron-Martin-Maruyama-Girsanov theorem, so (B,), (B}) and (W,) are Brownian base
of (2, (By), P).

Then we have

dXt — d.ét,
dZt = 01 (t, Xt, Zt)dB£ =+ b1 (t, Xt, Zt)dt,
dY, = oy(t,Y,)dW,.

It follows that (G;X)cjo,r] coincides with the natural filtration generated by (B,)sep1)-
Similarly, we remark that the filtration (G} )07 coincides with the natural filtration

generated by (Wt)te[O,T] since dW,; = o(t, Y;)'dY;. In other words, (G )iepo,r] can be re-
garded as a m-dimensional Brownian filtration, which has (1) as its base of (2, (GY), P).

Let B, =<, o{By, B, Wy s < u}.

Hereafter we will denote by EJ - ] an expectation under the probability measure P
and by E[ - | under P.

The measure change from P to P makes some computations easier since X becomes

standard Brownian motion and both X and Z come to be independent of Y. However,
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we want to acquire the connection between default time and observed information under
the original probability measure P. Indeed it is very significant to clarify the conditional

dP
Radon-Nikodym density with respect to the filtration (F;). For the purpose, we take -5’

that is, R~! instead of R and make it easier to deal with.
Let

T
p=R"' = exp(/ {bo(t, Xs, Z)dBy + Bi(t, Xins, Zing, Yy) "dW,}
0
17
=5 | (e X0 20 450 X, Zins YOPYE), (1)
0
and let

z/)(t,x,z):/o bo(1, €, 2) .

Then we have

0
dl/)(t,Xt,Zt) == 8¢ (t Xt,Zt)dt+b0(t Xt,Zt)dXt + vzl/)(t Xtazt) dZt

+1ab0(tX Zy)dt + = Z > (t, X,, Z,)a" (t, X, Z,)dt
9 a ty t 322(92] ty £t ) <y Lt )

0 0

h —(— ... T
where V, (8z1’ ’8zn)
Therefore

T
| it X z)ax,
0
= Zb(T XT7ZT) ’Q/)(O xﬁazﬁ)
/ V 'l/) t Xtazt) [O'l(t Xt,Zt)dB +b1(t Xt,Zt)dt]

1 0by 1w 0%

/{ (050 )+ 5 G20 X 205 D7 50 20 i X, 7)Yt
i0%j

Substituting it into (14), we have
T
p = €xp <¢(T7 XT7 ZT) - 1/)(07 Lo, ZU) - / /60(1:7 Xt7 Zt)Tde
0
T A
+/ ﬁl(ta Xt/\ﬂZt/\T;l/t)TdY;f
0

T
1
—/ {A(t,Xt,Zt) + §|/61(t7 Xt/\ﬂZt/\ﬂ}/t)F}dt)a (15)
0
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where

ﬁo(taxaz) = O'l(t,.'lf,Z)TvZ’(/)(t,fE,Z),
Bl(taxazay) = (UZ(tay)il)Tﬁl(taxazay)
1 ,  Oby " 0%
A(t,a?,Z) - §{b0(taxaz) + %(taxaz) + E:I azlazj

. (t,z,2)a (t,z,2)}

L,j=

P2 2, 2) + (),

Besides, for given # € W, we think of the following stochastic differential equation:
dZ, = o1(s,0(s), Z;)dB, + bi (s, 0(s), Z,)ds, s €[0,T], (16)

ZO = 2.

We write for Z(0, zo; B')(t), t € [0,T] the strong solution of (16). (We omit 2, hereafter.)
Now we can represent the density as

p = ew(j—17)(T,E()(;B,)(1—1))_"»[)(0#1:07'2”0)C’;’(]ﬂ'7 X, BI’ 7-7 Y)
Here for each ¢ € [0, 7] fixed, let

G(t,0,m;u,y)
— (- / Bo(s, 0(5), Z(6; ) (3)) Vdn(s)

[ 1050 505 ), 60 )

= [ 4G9 Z0)(5) + 1815005 A ), Z0m)(s 1 ). () s ).

for 0 € W,ne W™ u € [0,00) and y € W™,

In the rest of this section, we find out the stochastic differential equation satisfied by
the density process p, = E[p|F]. In particular, We will make use of Theorem 1.1 to show
the stochastic integral equation which the (F;)-conditional density satisfies.

Let f; = E[,o|l3t], which is a (P, (Bt)icpo,r))-martingale. Because of the fact 7, C By,
we have

Pt = E[E[PIBt]IE] = E[ft|ft]-

We note that f; has the following two representations.

t t
ft - 1 +/ fsbe(saXsazs)st +/ fsfﬁl(saXs/\’r;Zs/\ﬂYYs)TdWs (17)
0 0



Filtering Model on Default Risk 17

and
ft = ew(t,Xt,E(X;B,)(t))—’l/)(o,fl?o,Zo)é(t, _‘)(7 B,’ 7-7 Y) (18)

We prepare for some further notation. Notation such as g(s, o, 2), ¥/, (+) and so on
are given in the last section.

Hy(si) = 0= [Cargtsina) [ iz, (d9) @ ol
x B1(s, 2, 2(0;1)(5), y(5)) e’ H=IMG (5,0, 13 ), (19)
Hisy) = 00 [ 0 @0) © (dn)Gls.O,1i) (20)
and
G(s,0,m;y)
— exp(— [ Al ), 2O @) ) ~ [ Al 00, 205 (0)
[ Bt ) 205 0, ) ) = 5 161,000, 2005 m) 0. ) P,

for € W', n € W" and y € W™. Moreover

Hp(s;u,y)
= 6‘“0’“’20)/ viye, (d0) ® 11 (dn) G (s, 0, m;u, ) B1(s,0, 2(0; m) (u), y(s)), (21)
W xWn
G(s,0,m;u,y)
s _ " 1 s _ 9
= G(u,0,m;y) eXp(/ Bi(v,0,Z(0;m)(u), y(v)) dy(v) — 5/ 181(v,0,Z(0; 1) (u), y(v))| dv)-

The following result is our goal in this section.

Proposition 4.1. p, satisfies the following a stochastic integral equation

pr =1+ /0 ps—(7(5)TdW, + k(s)dM,), (22)
where
v(s) = pi{(1 = Ny )q(s)""Hp(s;Y) + Ns_ /05 Hg(s;u,Y)dN,}
W) = (- N, )ip HisY) — 1}

In particular, both v(t) and k(t) are (F;)-predictable processes.
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Proof. First of all, we notice that we can identify B and W under P at present with B
and W under P in the last two sections. Since Y and W are equivalent under P, we will
treat them equally. Let ® be a functional that satisfies, P-a.s., for ¢t € [0, 7],

d(t: X,Y) / Fobo(s, X,, Z,)dB, +/ FoB1(8, Xoprs Zopr, Ye) TdW,|1GEY).

It follows from (17) and (18) that
o1 X,Y) = E[fGH"] -1
B / pun (i) eV EXOEEEMO=0 O )G (1, X s 7,Y) (23)

By applying Theorem 1.1 to (17), we have
¢ ¢
Pt = E[1+/ fst(SaXsazs)st+/ fsfﬂl(saXs/\TaZs/\ﬂ)/s)TdWs|ft]
0 0
t
— 1 [ B 05y X Zuno, YO NN,
0

+ /Ot(l — Ns_){/w v, wo(d@)(i)(s; 0,w) —q(s)™" /000 dxg(s, o, ) /W v, wo(d@)(i)(s; Q,w)}dMs.

We have
/I/Oxo(dﬁ)(i)(s;ﬁ,w)
w
- / W20 (d6) (1 + B(s;0,w)) — 1
w

= / Voiao (d9) © piy(di)e 702G (s, 0,1, Y) — 1
WxWn
= H(s;Y)—-1
On the other hand, Lemma 3.1(1) implies
| vz () 0,0)
w

l/gﬁo(dﬁ)(l + (I>(s 0 w)) —q(s)

Il
5\

El(1 = N,)(1+ ®(s; X,Y))|GY] - q(s)
= E[(1 - N)E[£IG11G)] - a(s)
E[(1 = No) f:]G ] = als).
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Hence we have
o= B+ | ' Fobo(s. X Z)dB,s + / o a5, Xonss Zune Y2) VIV )
= 1+ /0 tE[fs,ﬁl(s,XW,ZW,YS)TIfs]dVVS
b [0 N ) = a0 B - N)£IGY D (25)

We remark that fs_ is replaced by fs; owing to its continuity, so we have

E[fo—B1(8, Xonrs Zspr: Ys)| Fi)
= (1= N)E[f,8(5, Xonrs Zonrs Y| Fol + NoE[foB1(5, Xonrs Zonrs Ya) | Fs]
= (1= N)a(s) " E[(1 = Ny) foB1 (5, Xonrs Zsnr, Y5)[GY ]
+NsE[fsﬁl(37 Xsars Zsar, Y;)|-7:5]

Since we observe that on the set {r > s},
[sB1(8, Xonr Zong, Y) = Bu(s, Xo, 2(X; B(s), Y5)G(s, X, B, Y).
Hence it follows from Lemma 3.1(1) that
E[Bi(s, X, B(X; B')(5), V)G (s, X, B', V) |G/ ]
- / " dg(s, 1, 1)V e Swn ) —p(020.50)
0

< 8) @ () ) ()Y ()G O V). (20

On the other hand, we notice that F, C GY V G/ since o{r At} C G2.7, where
G =gXv GZ. Hence we have

NE[fsBr(s, Xanrs Zsnr, Ys) | Fi]
- E[NSE[fs|gz/ V gX’Z]ﬂl (87 XS/\T) ZS/\T) Y;)|fs]

TNS

- E[Nseiw(o’woyz())ﬂl(s; XS/\T7 ZS/\T) }/;)GA(Sa X7 BI; T, Y)

t t
x Blexp (v(t, X1, ) - / Bo(s, X, Z,)TdB; — / Als, X, 2,)ds) |6 v 657117
TAL T

At
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We can observe

t

t
E’[exp(ip(t,Xt,Zt)—/ ﬁo(s,Xs,Zs)TdB;—/ A(s, Xy, Zs)d )|Qt vV Ga A
TAE

TAL
t t

. |
= E[exp(/ tbo(s,Xs,Zs)st - 5/ tbg(s,Xs,Z) ds>|gt VG
TN TN

t

) o
_ E[exp(/ bo(s,Xs,Zs)st—§/

TAE
=1

t

bO(SJ XS) Z ) dS) |gT/\t

At
since exp(fot bo(s, Xy, Zs)dB, — L [ by(s, X, Zs)2ds) is a (P, (G7))-martingale.
Therefore, by using Lemma 3.1(3), we have

NSE'[fS/Bl(SJXS/\TJ ZsATan)|fs]
= E[N e V0020 3 (5, Xypnr, Zopr, Ys)G (5, X, B';7,Y)| F]
= E[N,e ?02020)3 (5.0,2(X, B")(1),Y,)G(s, X, B';7,Y)|F,]

:/kuy (27)

Since ps_7y(s) = E[fs—B1(s, Xsar, Zsar, Ys)|Fs] and v(s) is (F;)-predictable, we can achieve
from (26) and (27),

Y(s) = p{(1 = Ny-)q(s) "Hp(s;Y) + Ny /Osffﬁ(s; u, Y)dNy . (28)

As for k(s), since we observe that

(1= Ny-)a(s) T EL(L = N,) f1GY ] = (1 = Noo)pss
we have
r(s) = (1= N, )(H(s;Y) = q(s) " E[(1 = Ny) £51GY])
= (1 _Ns—)(H(S; Y) _ps—)' (29)
Hence we obtain the consequence. O

5 Hazard rate process and survival probability under
the original measure

Now we can state our main result about the hazard rate process under the original prob-
ability measure P.
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Theorem 5.1. The (G})-hazard rate process under P is given by

A(t;Y)
) = a0,
where
H(t;y) = e’ O H(ty), (30)

H(t;y) is given by (20) and

K(t;y) = / dzg(t, T, 7) / Vs, (d0) @ i, (dn)e?PP=EDID G0, n;y)  (31)
0 A%

fory € W™,

Proof. First, remember that A(t) is (G))-hazard rate process under P. It follows from
Proposition 3.1 in Kusuoka [7] and Proposition 4.1 that the (GY)-hazard rate process
under P, h(t), is given by

h(t) = (1+ K())A(t) = i H(t; Y)A(t)

We have
(1= Nop = (1= Mg Bl - N)£IG} ) ~
= (1 - N)q(t) 'B[(1 — N,)eVtXeZ) 000G (¢, X By 7, V)|GY]
= (1= N)g(t) ' E[(1 = Ny)e? X =00n2)G (¢, X, B';Y)|G) |
= (1—=N,)g(t)" e v Oz [ (¢:Y)
The last equality follows from Lemma 3.1(1). Hence we have
H(tY)
h(t) = = At
0= oy o0
U
Remark 5.2. We remark that on the set {7 > t}, we observe
1 P(Xt S d.’lf|ft)
h(t) =1 2
®) :;E)l 2z dz (32)

that is, it is an illustration of Duffie and Lando’s result( [1]). In order to check it we have
only to notice
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It is claimed in [2] that under some assumptions, the equality

Pir>T|F)=(1— Nt)E[exp<— /tTh(u)du) G)] (33)

holds. However, in general, the equality (33) does not necessarily hold even though h(u)
is the (G} )-hazard rate process under P. Refer to [3], [4] and [7].)

Here we will say that the model is standard under a probability measure P* if (GY)-
hazard rate process under P*, h*(u), exists and satisfies, for every t € [0, T,

P> T17) = (0= B (- [ 1 wan)ia?]

Although our model is proved to be standard under P, it may not be standard under the
original measure P.

From now on, we investigate the relation between the survival probability with respect
to P and P-hazard rate process h(t).

If we let 7(t;Y) = K(t;Y) "Ha(t;Y), 3(t;Y)is a (G))-progressively measurable pro-
cess such that

(1= N )y(t) = (1 = Ny (8 Y).
Denote by p;, a (P, (G)))-martingale defined by
dpy = py(t;Y) AWy, po =1,
that is

t N 1 t
= exp / 3 VY A, — 2 / 3(u; V) ).
0 2 0

Now we define another probability measure Q on (Q, B) by dQ = ppdP.
Let A be a g}f -measurable, bounded random variable.
It follows from Proposition 7 in [7] that for ¢ € [0, T7,

EIA(L = Np)|F]
= (1 —Nt)EQ[AeXp<—/t h(U)dU)IQtY]-

d
Let L, = E[d—gwty] Then by using the Bayes’ rule,
T
EOlesp(~ [ hu)du) g}
t

_ L;lE[LTAeXp<— /tT h(u)du) 671,
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Note that

dQ dP .
L eIG!) = ElprRIGY )

= BlprE[RIGr11G/ |EIRIG |7 E[RIG; ]
= ElprlG/1EIRIG) ] = pE[R|G]).

L = E]

The last equality follows from the fact that p; is a (P, (GY))-martingale.
Let p; = E[p|G)]. Recalling Proposition 1.2, it is easy to see

t
ﬁt = 1 +/ E[fsﬁl(saXs/\ﬂZs/\Ta ) |gY]
0

The calculation after this can be done as we did in the last section.
Let

_ Ts(t;y) + [, dvq(v A(v) J5(t; v, y)
c(t;y) = ; ,
K(t;y) + [ dvg(w)A(v)J(t;v,y)
Js(tiv,y) = /Wvom(dw)®un(dn)é(t,w,77;v,y)ﬁl(t,O,E(w;n)(v),y(t))
J(t0,y) = /Wug,ﬁo(dw)®un(dn>é<t,w,n;v,y>.
for y € W™,

Direct computation of p; implies

o= Kl + [ daN 05 0,0)
Notice that ¢(s;Y") satisfies
c(s;Y) = 5 ElfBr(s, Xonrs Zone, Yo)|GY ),
and we have
p=t+ [ty

which has the following explicit solution:

t _ 1 t
ﬁt:exp< / (s Y)TdW,, - 5 / |c(u;Y)|2du>.
0 0

23
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Cameron-Martin-Maruyama-Girsanov theorem implies W/ = W,— [ ¢(s; Y)ds is a (P, G))-
Brownian motion and

t 1 t
E[R|G)] :exp<—/ o(u; Y)waf——/ e(; Y) du).
0 2 0
Therefore
t 1 t
L = exp / (3 ) — ol V)WL — / 30 ) — e ¥) ).
0 0

Now we can present the following.

Proposition 5.3. Let t,s € [0,T] with t < s. For any GY -measurable, bounded random

variable A\,
E[A(1 = N,)|F]
- (- Nt)E[Aexp< / h(u)du)
« exp /{7 —CUY)}waP——/ 30 Y) — e(w: V) Pdu) 67,

where (WF) is a (P, (G}))-Brownian motion.

Remark 5.4. We attempt to give a simple illustration of the above result from a financial
view. Let r; be a (G} )-adapted, non-negative process that means the risk-free instanta-
neous interest rate. We suppose that P is a so-called equivalent martingale measure. If
we consider a defaultable security whose payoff at the terminal time 7" is given by 1¢~7y
and that pays no coupon before T, its price at time ¢, P(¢,T), is defined by the last
proposition:

P(t,T)

= (1- Nt)E[exp<— /tT{ru + h(u)}du)

1

- /tT |7 (u; Y) — c(u; Y)|2du) 1G]

v eXp< /t T{fy(u; Y) —c(u; Y)Y dw)l — 5

Roughly speaking, the credit spread can be explained by the hazard rate plus some fluc-
tuation caused by the difference between the filtrations (F;) and (G)).

Appendix

Here we use a differential geometric approach to present a way of transformation from a
more general case to our simple case which is defined in section 1.
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Let Z, = (Z2°,Z)T = (20, Z},--- , Z"T satisfy the following stochastic differential
equations:

d
dZ] = 6"(Z)dB, + V'(t, Z)dt, i=0,1,---d,
k=0

where 59 and b° are bounded and smooth functions. We have

where
d
@(z) =Y 6"%(2)6%(2), i,j=0,1,---,d.

0
We assume that the matrix (@¥);;_g.. 4 is non-singular. We often take z € R't? as
(29,2") € R x R? and so forth.

Proposition A.1. Assume that a*° is twice continuously differentiable and let g(2') =
1

/a%(0, 2" '
Besides, let Y) = g(Z)Z0 and Y} = Z}, i =1,--- ,d.
Then there exists a function a®(y°,y') such that a®°(0,y') =1 for all y' € R? and

AYO, Y0, = (Y0, ;)
Proof. Tto’s formula implies

dY = g(Z))dZ} + Z{dg(Z;) + d(Z°, g(Z'))s

d d
s s 09 =z 1 %9 s
_ / 0 0 I (ol ) - ! ]
= 9(Z)azi+ 2{3 5 Zpizi+ 3 g i o
d 99 - )
+Z_;7( Dd(Z°, 2%,
d
= gL 6% (g(v)) VP Y)AB + Bk, (9(1]) 1YY, Y)))dt
k=0
n—1y-0 99 1 d~ik N=1v0 vIN\IP o 7 n—1y0 v/
07TV 5 0D (o o™ Y Y AB o+ B (g (07) Y0 ¥ )
=1 k=0
d
1 0?%g g
oY S ()a (V) YY)t
2z7]:18y8yf }
d
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This means that Y is a diffusion process. Besides, we have

d(Y°, Y,
= {g(¥))?a"(g(Y)) 'Y, Y)) + 29(Y))g(Y)™ Y)Y YY)
)71 i—: ayj Y7)a? (g(Y)) 'Y, YY) bat.
Let
(v’ y)
= g(/)’a"(9(") ")) +29(v)g(y) OZ a() "% y)
o) 9 D S g; W) (a(0') 4. ). 3)

Then it is easy to see d(Y?, Y?), = a"(V;)dt and a°°(0, ') = 1, so we obtain the result. O

Adding to the last proposition, we observe that the property that Y, =0 if and only
if Z) = 0 is also valid. Therefore it is not different in essence to take up Y instead of Z.
That is the reason we may assume without loss of generality that

a”(0,2') =1 for any 2’ € R". (35)
Define the function H : R'*¢ x R'*¢ — R by
H(z,y) =Y a'(x)y'y’. (36)

We consider the following Hamiltonian system:

Lx(t) = VyH(x(t),y(t), z(0)=u
{ di{y(t) = —V.H(z(t),y(t), y(0)=w, (37)
and let x(t;u,v) and y(t; u, v) be solutions of the above equations.

Let
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Proposition A.2. Assume that ® : R**? — R4 is a diffeomorphism. Define (1 +d)-
dimensional process Zy = (Z0,Z}) = (22, Z}, -+ | Z%) as

Zt — (1)71(Zt).

Then (0,7]) = ®1((0, 2})) and there ezists a (1 + d)-dimensional GE-Brownian motion
B = (B° B, ---,B% and a matriz-valued function I'(z) in the form of

such that the martingale part of Z vanishing at time 0 is given by

/Otr(zs)st.

Proof. From the definition of ® and the hypothesis of diffecomorphism, it follows that
(0,2") = ®(0, 2'), so the first statement is apparent.
Let d{(Z*, 27}, = a¥(Z;)dt. By the definition of Z;, we notice that

Zi=042".7), i=0,1,---,d.

Since it follows from Ito’s formula that

d

A7 = o — (20, Z))dZ¥ + Z O ———(20, Z))a* (Z,)dt
t Oz a_k \“to 02 ’“8 1 tr %) t )
k=0 k,
we have
o o' P’
iz 70y, = 3 OV 20, 2yt 2) 2 (20, 70y

FEd 07!

k,1=0

Denoting by A, A and D the (14 d)-dimensional square matrices (a¥), (a”) and (%)
respectively, it follows that

A=DAD".

This equality implies A~' = DTA'D, thus

(I)k 0 / 0 a(I)l 0 ot
Qjj (Z:) = Z 04 Ztaz kl(q)(ZtaZt))ﬁ(ZtaZt)a

where (a;;) is the (4, j)-component of A~ and so is a;;.
Now we need the following lemma.
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Lemma A.3.

0P
920

1,7=0

o

50 (20 20227, Z) 55 (

70, Z]) = 4.

Proof. We define the function S : R x R'*? x R'"*¢ — R by

t
S(tuv) = [ {Gontos, 0"yl 0) = Hlas o), (s, 0) .
s
We can check that S satisfies the following properties that

ViuS(tu,v) = Via(siu,v)y(siu,v) —v, (38)
V.S(tu,v) = Voa(s;u,v)Ty(s; u,v), (39)

where

Vuf(u) = (g£;>i,j0,1w"’d7

for a differentiable function f = (f°, f%,---, fOT.
From (36) and (37) it follows that

S(tuw) = [ 9, Halsiu,0) o100 s 0) = Hlasi,0), (s, 0) b
= [ 20, o050, 00) = Hl (5,0, o050 0) s
= /H s;u,v),y(s;u,v))ds

= tH(u,v). (40)

The last equality holds because of the property of Hamilton type equation. Next let
S(2°,2") = S(2 (0, 7), (1,0)).
Due to (40) and the assumption (35), it is not hard to see

S(2°,2) = 2"H((0,7),(1,0) =

that is,



Filtering Model on Default Risk 29

On the other hand, by noticing H(®(2°,2'), ¥(2°,2")) = H((0, 2’), (1,0)) = 1, we observe

dS S :
8Z0(Z Z) = @(z (O,Z),(I,O))
- g@( (0, 2) — H(@(2,2), (2, 2'))
o "
— azo(Z T (0,2 — 1,

and (38) implies that for each k =1,--- .d,

03 0
o —(2%,7) = o —— (2%, 2)" (2’ ).
Therefore it follows from these results that
od
550 — (2%, )T (°, ) = 2, (41)
0P
ak(zoz)T\IJ(z 2)y=0, k=1,---.d. (42)
Moreover we have
aq)i 0 ./ 0 0 s 0
— = _H(® \\J
o (502) = SLH(BE ), U0 )
d
= 2) (0", )W (", 7))
=0
SO
8<I>i
Za” 8 7 — (2%, 7).
Substituting this for (41) and (42), we get the desired conclusion. O
This lemma asserts that * = } and a” = 0,i=1,--- ,d, that is,
L T
Alz) = -2
&= (a0
since aopo =4 and ag; = O,Z = 1, ,d.

If we let M* be a martingale part of Z° with M, = 0, then

d(M", M7\, = d{(Z", Z7),.
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Hence from Theorem V.3.9 in Revuz-Yor [9], it follows that there exists a (1 + d)-
dimensional Brownian motion B such that

t
Mt:/ T,dB,,
0

where T is the matrix such that A =TT, O

In particular, we notice

d
1 ; ; .
dM) = §ng, dM;} = ; ljr MZ)dBEF, i=1,--- d.

Provided that Z; has a drift coefficient vector
b(t7 Zt) = (bo(t7 Zt)a R bd(ta Zt))T7
we observe by comparing both drift terms that

d . .
- i 1 0>’
blt — 0 /bkt _ 0
(65 =30 G 45 3 g

so it follows that in terms of matrix,

b= D’l(b —¢),
where
1L 920
i: - D*lA DT —1 kl‘
‘ 2;::0 REZELC

After letting X; = 27,, from the last proposition we can achieve a standardized represen-
tation (X, Z7):
dX, = 2dZ; = dB} + by(t, X;, Z})dt

and

dZ] = 01(Xy, Z})dB, + b1 (t, Xy, Z;)dt,
where

bo(t,z,2) = 20°(t, %x, 2",
e ) = ((9(Ga ),

1 1
3 2, bt 5% "))

and B' = (B',---, BY)T. Moreover we can observe that Z° = 0 is equivalent to X, = 0.

T

bi(t,z,2") = (b1 (t,
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