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1 Introduction

There exist two types of radically dicerent pension funds methods: de-
.ned bene..t”” method where the contributions are the random variables, and
”de..ned contribution” method where randomness comes from the bene..t.
Historically, pension funds used mainly the ..rst method which is preferred
by the client (see e.g. Davis 1995). Howewer, due to the demographic evo-
lution and the development of the equity markets, new systems have been
invented. Nowadays, the pension funds propose mainly de..ned contribution
schemes which transfer the equity market risk to the clients.

A simple way to moderate this inconvenience for the clients, is to intro-
duce a minimum guarantee on the future bene..t that will be paid out to the
clients. However, this guarantee can be very complex and the question is to
..nd the optimal form that it should take in order to minimize the randomness
of the bene..t.

In an equity and bond markets framework and assuming that the pension
fund’s retribution is equal to a ..xed part of the surplus (that is the dicerence
between the ..nal value of the portfolio managed by the pension fund and the
guarantee), we show in this paper that the optimal bene..t consists always in
a non-random guarantee and a certain ..xed part of the surplus. Moreover,
we state a market e€ciency test: the variance of the surplus turns out to be
proportional to the square of the expectation. This comes from a decreasing
guadratic relation between the variance of the surplus and the minimum
guarantee.

The manager of the pension fund will invest the wealth in order to op-
timize the expected value of utility of its share of the surplus. We suppose
that the fund manager can continuously adapt its investment strategy in
a ..nancial market containing cash, a zero-coupon bond and a stock and
where the interest rates follow an a¢ne term structure model with constant
parameters, which includes as special cases the Vasipek (1977) and the Cox-
Ingersoll-Ross (1985) models. Having proved that an auxiliary process is
self-..nanced (which is the key point of the paper), we determine the an-
alytic form of the guarantee which minimizes the variance of the bene..t.
Using the martingale method introduced by Cox and Huang (1990, 1991)
and Karatzas et al. (1987, 1989) like in Deelstra, Grasselli and Koehl (2000)
in a Cox-Ingersoll-Ross framework, it is possible to analyze the investment
strategy of the fund manager.

In related literature, Boulier, Huang and Taillard (1999) study the opti-



mal management of a de..ned contribution plan where the guarantee depends
on the level of interest rates at the ..xed retirement date. Jensen and Sgrensen
(1999) measure the ecect of a minimum interest rate guarantee constraint
through the wealth equivalent in case of no constraints and show numeri-
cally that guarantees may induce a signi..cant utility loss for relatively risk
tolerant investors. Both the papers by Boulier, Huang and Taillard (1999)
and Jensen and Sgrensen (2000) choose a Vasigek speci..cation of the term
structure in the spirit of Bajeux-Besnainou, Jordan and Portait (1998, 1999).

The paper is organized as follows: in section 2 we de..ne the market
structure and introduce the optimization problems. In section 3, we obtain
the main property of the auxiliary process. Insection 4, we derive the optimal
form of the guarantee. Section 5 concludes the paper.

2 The model

In this section, we describe the ..nancial market and the optimization pro-
grams.

2.1 The ..nancial market

Randomness is described by a 2-dimensional Brownian motion
a

[ = ©(Z(t); ze(1)’; t2[0;+1]

de..ned on a complete probability space (—; F;P), where P is the real world
probability and ° denotes transposition. The ..Itration F = (F¢)t_o, repre-
sents the information structure generated by the Brownian motion and is
assumed to satisfy the usual conditions.

Hereafter E; stands for E(: j F), the conditional expected value under
the real world probability.

The market is composed of three ..nancial assets, that the agent can
buy or sell continuously without incurring any restriction as short sales con-
straints or any trading cost.

The ..rst asset is the riskless asset (i.e. the cash). Its price, denoted by
So(t);t _ 0, evolwes according to:

dSo(t) _ 0. — 1
0 =rdt;  So(0) = 1;




where the dynamics of the short rate process r are described by the following
stochastic dicerential equation:

dre=(@ j brodt § = “yre +7,dze(t); t . O; @
ro;a;b; ", and “, being positive constants.

These dynamics have been studied by Du¢e and Kan (1996). Their paper
shows that, under these dynamics, the term structure of the interest rates is
adne. Moreover, the converse is true under a regularity hypothesis.

Note that these dynamics recover, as special cases, the Vasipek (1977)
(resp. Cox-Ingersoll-Ross 1985) dynamics, when “; (resp. ~,) is equal to
zero.

The second asset is the stock, whose price is denoted by S(t);t _ 0: The
dynamics of S(t) are given by:

ds(t)
S(0)

=rdt+% (dz(t) +1d) +%, “re+7, dz (D +.o T+ dE
)

with S(0) = 1 and _1; 2 (resp. %i;%2) being constant (resp. positive con-
stants).

The third asset is a zero-coupon bond with maturity T, whose price at
time t is denoted by B(t;T); t _ O.

The following proposition ..xes the dynamics of the zero-coupon bond
price.

Proposition 1 Let us denote B(t; T) the price at date t of the zero coupon
bond maturing at date T. Then:

aBET) _ ’ N P— ¢ oy
B(LT) =rdt+%g(T jtiry) dz,(t)+ ., “re+ ,dt ; B(T;T) —(:13)
where P
V(T itr)=hT jt) “re+",
with
_ 2(e* j 1) . .
"W S areeri Ly -0 O
= (bi .22 +27
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Proof. See e.g. Musiela and Rutkowski (1997) section 12.3. W
At last, we assume that the parameters are such that the ..nancial market
is arbitrage-free and complete. Then, forany t _ 0, we can de..ne the detator
price process
yA t yA t
H(t) =expfi rdsi  _(s)dz(s) i
0 0

Z

. j-(9)Fdsg;  (5)

1

N

with ’(s) = (L1; .» ifs ¥ ).

2.2 The optimization program of the contributor

The contributor pays a fow to the pension fund. This fow consists in a
lump sum at date 0, denoted by W,; and a continuously payed premium, at
a rate denoted by c(t); t 2 [0; T]; the fow of contributions is assumed to be
a non-negative, progressive measurable and square-integrable process. Then
the value at date 0 of the cash given by the contributor to the pension fund
is equal to:
-Z - .
Wi =W, +E H(s)cds :
0

In exchange, the fund manager will provide at date T a bene..t which
consists of two parts: The ..rst part Gy is guaranteed, which means that the
bene..t will be greater than Gy almost surely. The second part is a ..xed
fraction of the surplus Yt (Gt) (the dicerence between the terminal wealth
W+ of the managed portfolio and the guarantee Gr).

Let us denote by  the ..xed fraction of the surplus that will be kept by
the fund manager, as a way to incite him. The total bene...t of the contributor
at date T is then equal to:

Gr+(1i )WriGy):

For technical reasons, we assume that Gt is a strictly positive F+ mea-
surable random variable which is LP integrable with p > 2.

The problem of the contributor is to choose the best contract between
those ocered by the pension funds, everything else ..xed - that is the value of
the cash given by the contributor W, the fraction ~ of the surplus kept by
the fund manager, and its risk aversion that we introduce more in details in
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the next section. The guarantee is then the only remaining variable and the
problem is to ..nd its optimal form. This problem is a static one from the
contributor point of view since he has a decision to make at date 0 only for
a bene..t that will be delivered at date T.

At this stage we assume that the objective function of the contributor de-
pends on the two following variables: the variance of the bene..t and the mar-
ket value at date O of the bene..t. Moreover, we assume also that the objective
function is decreasing (respectively increasing) with respect to the ..rst (sec-
ond) variable. In the following, we will uge the obvious remark that the opti- a
mal guarantee G5 must lie intheset G = GXj for k 2 R™; G is solution of (6) |,
where (6) is the following optimization program:

max E[Hr (1§ )Yr(Gr)+Gr)] (6)
under the constraint:
Var[(1 i )Y7(Gr) +Gr] =k

It is important to remark that a classical approach should be to consider that
the objective function depends on (i) the variance of the bene..t and (ii) the
expected value of the bene..t under the true probability P. However, let
us assume that this is the case, and let us consider the associated auxiliary
program

max El(1i )Yr(Gr)+Gr] (7)

under the constraint:
Var[(1 i )Y7(Gy) +Gr] =k

de..ned in a similar way as abowe for a ..xed k. Denoting by G} and Gy the
solutions of (6) and (7) respectively, we have :

£ - __ o
E[Li )Yr(G)+GF] - E (i )Y1(Gr)+Gr

£ i —_ — ¢no
E[Hr (1§ )Yr(G3)+G)] . E Hr'(1i )¥r(Gr)+Gr

=

£ _ __ o
Var[(1 i )Yr(GH)+Gi] = Var (1 i )VrGr)+Gr =k



and, even if the agent prefers Gr, it is more eCcient for him to receive Gt
.Irst, then to sell it on the market and to buy Gr, making a gain of

£ i i — ¢ — (o
E Hr 1i) Yr(GH)iYr(Gr) +G1iGr .0
This is the reason why we prefer to maximize the market value of the bene..t
instead of the expected value of the bene..t under the true probability.

At last, note that we can consider the auxiliary programs that minimize
the variance under a constraint upon the value of the bene..t, which are
equivalent to the programs considered in (6).

Formally, these programs are written as follows:

@pVaﬂﬂi_ﬁ%«h)+Gﬂ ®)
under the constraint:
EHM)((1i )Y (Gr)+Gr)=k

In order to solve this problem, we need to look more deeply at the way
used by the pension fund to manage the portfolio, in order to get the principal
features of Y1 (Gy).

2.3 The optimization program of the pension fund man-
ager

In this subsection, we describe the portfolio problem faced by the pension
fund manager. More precisely, we assume:

(i) that the risk aversion of the fund manager is described by a power
utility function

o

U@y) =L; ° 2 (j1;1)nfog; )

(i) that he maximizes the expected utility of his terminal wealth (that
is, his part of the surplus). ¢
sl

(o]
. i .
Aninvestmentstrategy u, = 1§ uP j up;uB;u; oo is a F adapted

. -t -

i :
process, where ‘1 j uB j ud ;(resp. u2; resp. u7) denotes the proportion of
the wealth invested into the riskless asset (resp. the bond, resp. the stock)
at date t.



Denoting by W (t) the wealth of the fund at date t 2 [0; T], his optimiza-
tion program will be:

max —E W (T G 10
WoezpoT12AW  © ( ()I T) ( )

under the constraints:

dW (1) = W (t)udiag[S(t)] " 'dS(t) + cidt (1)
with:
W(@O0) =Wy >0
S(t) = (So(V); B(t T); S(tp
_ 1Iut iUt,Ut,Ut
and
1/ZI’] : ¢ 0]
AW = U = "1 i uBjug; ut ,ut : F adapted process such that:
Ry 2 0-t-T~

0 W(t)u h(T .t) 2y W(t)uS 2 dt<+1 P jae
W(T)ijGr _ 0P jae:g:

From now on, we assume that:
-Z 5

E[H(T)Gr]<Wo+E H (t)ctdté = W,; (12)
0

which is equivalent to say that the set of admissible strategies AW is non
empty. Indeed, by investing, for instance, all the cash in the bond, the
manager can always choose a strategy such that the constraint W (T) j Gt
0P j ae: is satis..ed.

=

3 Main property of the surplus process

In this section, we de..ne the surplus process. We prove that it is self-
..nancing, and we deduce a market e¢ciency test for the pension fund.
The surplus process Y (t), t _ 0 is de..ned by:

Y () =W()+ D(t) i Gb); (13)
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where Z; . .
H(s) H)

D(t) =E Gr
O=F " He RO "
This process can be interpreted as a surplus process, in the sense that, at
date t, it is equal to:

csds; G(t) = E¢

2 the value of the portfolio W (t)

2 plus the discounted value of the future engagements coming from the
contributor D(t),

2 minus the discounted value of the pension fund future engagement (that
is the guarantee) G(t).

Note also that the value of the process at date T is equal to the surplus
W(T) i Gr.

Proposition 2 The surplus process is self—...nancinq,i that is therg exists g

progressive measurable random process (Yot = 1i Y2 i YP 1YEYE
such that:

dY, = Ytﬁodiag[&c] ids, (14)
Proof.

For a given process K¢ let denote K¢ := H{K;. Then:
de, = dW, +dB, i d&,
From (2), (5), and (11), easy computations lead to:
5 -

d W, =W, 0%t i __O(t)¢d;t+etdt
H 0 (T §try 1
Y Yo it 5

Using the martingale representation theorem for the Brownian motion,
(see e.g. Karatzas and Shreve 1990), it turns out that there exists a unique
square integrable process (3;)tz0:1) With 3; = (3 3[)0, satisfying

Z 1
j3 P dt<+1P jae (15)

i ¢
where b = 'uB;u$” and %(t; r,) =

0
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such that 3 -
d B = jedt+3'dz (16)

Analogously, there exists a unique square integrable process (%)2p;)
wﬁhﬁt = (% % ) satisfying

Z 1
jhPdt<+1P jae: (17)
0

such that 3 - 3 h i
d & :=d E G =1 dz(t)

Finally, we get:

-

de) = W) ig%%(t; ry) i J(t)¢ +3 0§50 dz(t)

and therefore the process Y(t? is seI(f .nancing. Indeed, in order to prove
(14), it succes to de. nep = yB,y; as follows:
2 .
Y (0, = Wb+ (Dt i Go) [t ro)'1H (1) +H P @OPE r)TH 3 i %
(18)
which ends the proof. B
By using the methodology of Deelstira Gr:&sselll and Koehl (2000), it is
easy to ..nd the explicit form of 2 yB;y?  which only depends on the
parameters of the ..nancial market and not on the contributions nor the
guarantee. The infuence of the contributions and the guarantee is retected
by D¢; Gt; 3; and % These can be studied under some explicit hypotheses
upon the contributions and the guarantee: we give some examples in the
Appendix.
The following corollary provides an exponential expression for the ..nal
surplus Y1, that will be used extensively in the rest of the paper.

Corollary 3 The ..nal surplus Y satis..es the following equation:

nz .

_ Z Z 1
_ i g .s* sdB(S T) Sﬂ%l
Yr = Yoexp . rs 1iys iys ds+ 0 Ys B(s;T) N 0 ¥s S(s )
Z ;3. : i l

1 ¢ ¢ ¢, i
i3 YPNs(Tisir) CH Y Y C(ars+ ) ds

10



with -Z ¢ .
Yo=Wo+E H(s)csds j§ E[H(T)Gr] . O
0
Note that Y1 depends on Gt through Y, only: From now on we will stress
this dependencie by de(Eloting Y+ as a function of Gt:
De..ning * T;y;S as follows

VA VA VA
i ¢ T . T gdB(s; m ., T <dS(s)
"Ty,S = e rs 1i i ds + —_—— YA
X— XpZO S 1 yS 1 yS 0 yS B(S T) 0 yS S(S) )
T 3
1 S Lz S G . -
i3 ys C%e(T i S; rs) S y o+ Ys%Z (Cars+75) ds;
0
(19) can be rewritten as
Y@ ="'T, ¥;:S (Wo E[H(T)G]): (20)
For two direrent minimum guarantees G and G2, we can write
i E[H(T)G2]

YT(GT) =Yr (GT)

21
Wi ER(TGH &)
If we compare the surplus in case with a guarantee Gy with the no-

guarantee-case, we have a strong relationship between the variances of the
surplus and the expectation.

Proposition 4 (Market e€®ciency test) There exists a constant k such that
Var [Y1(Gr)] = k(E[Y7(Gr))*:
Proof. From (21) it follows that

91 h|P}
Var[Vr(Gr)] =Var[yr(0)] 1i %?GT] 22)
and U1 11
E[Y:(Gr)]=EN(©)] 1 %TS)GT] ,

and therefore L 1,
Var[Yr(Gr)] _ " E[Yr(Gr)]
Var [Y7(0)] E[Yr(0)]
|
The last proposition delivers a strong test to check with data from some
pension fund whether their investment strategies follow the model proposed
in this paper.
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4 The optimal guarantee for the contributor

By the analysis of the pension fund manager problem, we have obtained the
principal features of the ..nal surplus. Now, we come back to the initial
problem of the contributor (8), that is:

minVar[(l i )Y1(Gr) + Gr]

under the constraint
EHT)((Li )Y (Gr)+Gyr)l=k

Proposition 5 The solution of the contributor problem takes the following
form:

k li_cov(YT;H(T))+1i_

ST = Emmi T Tz EMM) 2

ENtliYr): (23)

with £ i ¢ o
C_kiEHM@iNT'T WS ,
1§ EHMAWi )" T;v;8

iYiS
o

Proof. : Substituting the expression (20) of Y1 (Gt) into the constraint of
the optimization program, we ..nd

ETHT) (11 )" TS WS i EHMGI) + 6 =k
which is equivalent to the constraint
E[H(T)G:] =k:
Noticing that under this constraint
VrGn =" Tiyis Wi EHMGH) = Tys

one sees that the Y1(Grt) is a constant in this minimization problem with
respect to G: Therefore, it will be denoted in this section Y1 only: Therefore,
the problem is equivalent to

néiTn (1§ )cov(Yt;Gr) + Var[Gr]

12



under the constraint E[H(T)G+] = K or by using a Lagrangian multiplier
min (1§ ")oov (Yr;Gr) +Var[Grli . 'EH(T)Gr] i k
This problem is solved by using variational calculus. Indeed, suppose that

the minimum is attained at G5: Then at G; = G} + "t with + 2 L} with
p>2and"™ >0, one has

I
e

% (1§ oov (Yr:Gy)+VarlGyli . EHMGH ik o=

Rewriting the variance and covariance, this is equivalent to

0 (@i )(EVG T] i EI[YT]E[GT])+ E (GT) ’
R iEGT] i . EMH(T)GH i i
Using, the uniform integrability which is a consequence of the LP integrability
with p > 2, one ..nds
E[Li7)(Yrt i E[Yr]#)+2Gr# § 2E[Gr]t i LH(T)t]oo =0
or equivalently, for all + 2 L% with p> 2
E(L i )(Yr i E[NTD +2G7 i 2E[GT] i .H(T)] =0

Therefore almost surely

G5 =E[63]+ —— (EIV+] i Y1) i Hr. (22)

Taking expectations of both the right and left hand side leads to , = 0
and

= E[Gy] TR (E [Yrli Yr): (25)

We conclude that since , =0, GI WI|| always take the form given in (25).
At last, we want to express E[GT] in function of k. Noticing that

k

E[H(T)GT]
= E[GT]E[H(T)]+1;(E[YT]E[H(T)] i E[HrY7))

= E[GT]E[H(M)]+ cov (Yr; H(T))

13



proves that

k +1i cov(YT;H(T))+1i

S ERmI Tz EMM)] 2

(Elvrli Yn);
which ends the proof. W

Corollary 6 Given the stochastic guarantee solution of the optimization pro-
gram (6), the bene..t is equal to

L v +A Ty S W,

with
AiT;_L/; W0¢_ "1 _Wg+1+_F‘IT
B(0;T) 2
K j EEI;I(T)(l i )" T_;L;§¢\,{\r{§n_
1iEHMAWi )" TS

-_— N | -

K=

Proof : This result follows immediately from (23) and since E[H (T)] =
B(0;T) and E[YTH(T)] =W{ i k. m

This last result proves that the optimal bene...t is composed of two parts: a
constant part and a ..xed fraction of the surplus. From the contrlbutor [&omt
of view, this is equwalent to obtain a constant guarantee A ' Y, S W and
a fraction 1 j " of the surplus, with " = 1+ : Thus, the surplus part of the
bene..t is the only random part.

5 Conclusion

In a De..ned Contribution framework, we obtained the optimal guarantee
that minimizes the variance of the bene..t for a ..xed market value. The key
result of this paper is the self-.nancing feature of the surplus process which
is proved under very general hypotheses upon the interest rates dynamics
and for a ..nancial market involving bonds and equity.

Surprisingly, we found that the bene...t can be decomposed into two parts:
one part that is constant and the other one that is a ..xed fraction of the
surplus. Giwven the fraction  of the surplus that will be retained by the
pension fund manager and the level of contributions, it su¢ces from the

14



contributor point of view, to compare the ..xed part of the optimal bene..t in
order to evaluate the best contract among those proposed in a concurrential
pension fund market .

Moreover, under some hypotheses on the contribution process, it is pos-
sible to analyze numerically the dependence of the ..xed part of the optimal
bene..t upon dicerent parameters of our model.

A natural extension of this work, would be to allow for the case of incom-
plete markets, since the contribution process, which is usually linked to the
salary, is not necessarily generated by the market.
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Appendix: the optimal strategy for the pen-
sion fund in the CIR framework

The aim in this Appendix is to show a methodoloqy for ..pding explicitly
the solution of the pension fund problem (b)) = UE; UP 2[0T) given by
(18), when the contribution process ¢; and the guarantee Gt assume some
interesting stochastic features. This will permit the fund manager to quantify
the impacts on his investment strategy due to variations of the contribution
policy and guarantee.
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In order to avoid further technicalities, let us consider the Cox-Ingersoll-
Ross dynamics
dre=(a j brodt j % Fdze(t);  t_ O; (26)

- _¢ ]
with market price of risk given by _ = 'ﬁ 1; bzprt . In this case we can
apply directly the result of Deelstra et al. (2000), who under the technical
assumption that ° satis..es

i ¢
found that (,)t2p0;m) = Ith;ytS 2[0T) is given explicitly by

3
yB = ke T it N 1 %00 %21
t h(T j t) 1§ °Yua¥%h(T jt)
1
s — 1.
yt - 1 i 03/41’
with
i ¢
ka(tc) = ic i1 2+ ,501+0) :
2\n I'D® i D Co¥r+eP(®+Dh+c o)
® = b2 + 2%2%;
2 bﬂ
1 = iC 1+-"—2 - 220 .

2 'y,
; _ 8. s¢ i i
So, in_prder to..nd (Bwgr)y = Ui Us 20T)’ it suCcies to ..nd the

processes Dy, (3,) and Gy (%)

t2[0;T] =t 2pT]
Let us consider the following quite general (stochastic) contribution process:
YoZ Z Z . Ya

Ct = Coexp (®1(s) + ®arg)ds +  ®sdz(s) + ®4pr_sdzr(s) ;(27)
0 0 0

with ®,(:) being a deterministic function and ®,; ®3; ®4 being real constants.
That is, we make the hypothesis that the contributions at time t can depend
on the entire past salary history.
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Moreower, let us consider an interest rate guarantee (see e.g. Jensen and
Serensen 2000): the pension fund assures a deterministic positive interest
rate (9i)izpo.7, SO that the guarantee Gy becomes

YoZ Yo Z+ YoZ + Ya
Gt = Wpexp gdt + Crexp gsds dt (28)
0 0 t

Obviously, there must be some admissibility constraint on (g¢)t2p:t], in
order to avoid arbitrage opportunities: for notational reasons we will show
this condition in the end of the Appendix. 3 -

Let us ..rstly consider the problem of ..nding Dy; (3,) —
t2[0;

Proposition 7 Suppose that the contribution process is given by (27) and
that the following relation holds:

®s i .2 b2
1+>.3i0® b + 0
=202 Ty 292 =
Then
14
Di = ——=E; H(s)cd
t Hét) t . (s)csds
T
= ¢ expFiAuts) i Ax(t;s)rgds (29)
t
with
Al(t,S) = aA'c;:Lc Si t) (30)
i “ ®1(u) i 1o, 8 ”2a+(®3 J ’1)2ﬂdU'
R 2 ’
~ ®y i
Axt;s) = Aca(sit)i %; (31)
A " |
A ® = i o 2»e'(%)£ .
et T AR et i DAy br et D)
i i
3 . “Cly +b+e»t(» i b) + 21c¢ e»t i 1
Ao = Acac(t) = v . (32
; () ; () 3/4% C(e»ti1)+»ib+e»t(»+b) ( )
1 ®s i .2
1 = 14+= 2+ 22h | ®y;
5.2 e b i ®,; (33)
® -
~C _ 4 1 >2_
= —== 34
o (34)

18



and » = pb2 + 2921

Proof. From (5) it results
Y2 Z (MK . ¢'IT Z . Z Ya

1i
H({) =exp i rs + E :.%"' bgrs ds i .10z(s) i ,Zpr_sdzr(s) ;
0 0 0
so that
Z T ]/ZZ s l"l 1 l'l Zﬂﬂ
Di = & E¢ exp ®(U) j=.7+r, ®jlijz2 du+
t 2 2

+ (®§.1dzu)+ (®s i ,z)pl’_uer(U) ds:
t t

By independence of z(t) and (r; zr(t)),
Z.% W p L %z Y,
Di = o0 @iz du B oep (@ i.1)dz()
%z A | Z t %, %
‘Et exp ® ili Ebg rafdu+ (@ j bz)pﬁdzr(u) ds:
t t

Substituting the dynamics (26) of the interest rates, we obtain

Z z
— ® - S ® -
@i ) Tz () == (@ bradu § =R ),
r r
and
Z % YL M o, ; i o A
D: = ¢ exp ®1(u) i —j+ 43' — 1.2, du+%rt
t A /4 2 /4I' /4I’
:eXp (®3 I ,1) (S - t)
- 1/z @ 1 M 2 @, Tz Ya, %
Ec exp i 43/' 22r § 1+ ’22 +b 43/' 22 1 ®, r,du ds
L7 4r% i t
= Ctexp 43/' 22p
ar.
Zr LM 1 ®y i (G )2 7
: exp ®(U) i Ej+ 43/ 229+ 321 g4y
ooy b TR 4r® ] “Nz. ww
Ee exp j——22r,j 1+2+p—=2=22;0 redu  ds:
t P i Yor s i > o i® . u



We apply now the formula of Pitman and Yor (1982) (for a discussion
about the coeCcients, see Deglstra gt al. 2000), which gives us the Laplacian
transform of the couple rg; ts r,du :

Y Z Ya, a

E: exp i'rri? rsds  =exp jaA (T it) i A';l(T i Ory
t

We replace (%;7) with (2¢; "¢) and obtain (29). B

Proposition 8 Under the hypotheses of the previous proposition, the process
G e = (330 is given by

% = HOD:(G i .0

MZ -
o = PRH® Du@si.o)+ade  Adts)expFiAuts) i At s)rgds
t
Proof. From (16) it turns out that 3, (resp. 3{) is the coeccient of dz(t)
(resp. dz,(t)) in the development of dB = d (H(t)Dy), so that we can group
the (locally) deterministic factors into [:]dt and focus on the others:
dB; = []dt+ H(t)dD¢+ DidH(t)
= [Jdt+ H(t)dDe i H(OD'(t; r)dz(t)
Now we have
dc HZ 1 T P—
dDy = [[]dt+ DtTt_"Ct%r As(t;s)expFiA(ts) i Axt;s)rgds  rdz(t),
t t
so from (27), we obtain
dD:; = []dt +D®sdz(t
¢ = [+ Desdz(t) "

M3

+ Di®4 + cilir Ax(t;s)expTiAu(t;s) i Ax(t;s)rgds IOr_tdz.r(t):

t
Finally,
dB; = []dt + H(t)pDi(®3 i.1)dz(®t) +H{)D«(®4 i ,z)pr_tdzr%c)
T
FHOCH: Aot s)expFiAu(t;s) § Axt;)rgds Pz (t)
t

= PH(Ocdt+H®D:(®s § .1)dz(t) + HODW(®s i .2)FTedze(t)
MZ + ]

+H(t)cds, As(ts)expTiA(t;s) § Ax(t;s)rgds Ior_tdzr(t)
t
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where the last equality follows from (16). ® 3 -
By the same methodology, we can determine the processes  Gy; (%,)

t2[0;T]
for the guarantee Gy given by (28):
H(T
Gy = Et[H((t))GT]
L Z . % Z; wZ ;Yo
= %Et H(T)W,exp gdt + H (T)c.exp gds dt
. 1/22T Y, Z? 17 TO Y t
= Wpexp gdt +  csexp gudu ds B(t;T)
0
+Z Tex & ' du%E -H(T)c ’SdS'
O
Now,
' TH(T)*®
EH(TE] = Ee HOE: Feo
= E[H(8)esB(s; T)I;
so from (3), we obtain
- Yo Z (M 1 Z
H(T) s 1 °
E: ()cs = ciEtexp i ru+—k_,__(u)k2 du j (u)dz(u)
H (t) t 2
Z S Z S Z S
@ +Er)du+  Bdz(u)+ Tz (u)
t t t
iaA(T i s) i rsh(T i s)g
(Z sp‘ 1 i (® i )2
= qexp GG duiaAT i)+ (i
1/2at 0 .
. exp %(®4 i.)6iH+ 43/: 22,
2 zZ, %'
Eiexp j€rgi 1 r,du ;
t
with
€ = "“+h(Tis)
Vo
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and 1€ is given by (33). We apply Pitman and Yor (1982) and obtain

H(T) ° n °
H((t))cs =ciexp iA&(ts;T) i A(tS)re ;

where the deterministic functions &;(t;s; T) and &x(t;s) are de..ned by anal-
ogy with (30) and (31) with "¢ replaced by &°:
VAN V|
] 1
Ri(t;sT) = aAea(Sit)i ®u(u) i 5.1+
t

Et

|
i .\
®s j 22, 4 (®z i .1)

o > du;

; ®s i
Bo(tis) = A (il i——

Yar

Finally, we have
- Yol - Va L, Yol Yo o,

Gy = Wyexp gdt +  coexp gudu ds B(t;T)
z. %z, 0 ° %
+Ce  exp gudu i Ay(t;s;T) i A (ts)ry ds; (35)

and
d (H(t)Gy) = [Jdt+ H(t)dG: i H()G.(t)dz(t):

Since . 5 . .
sl + o Z hl + 79

dG;y = []dt+ Wopexp gdt +  csexp gudu ds B(t; T )%h(T it)pr_tdzr(t
Zy wz.° ’ 7
+Cp  exp 0udU § Ry T) § Ro(t;s)r, s (@e0z(t) + @, PTrdz, (1))
‘wz ;. ° %Z - 73 |
rode  Ro(GS)exp  gudu i R(GsT) i Ruts)re ds TRdze(D)

t S
then the process (%,)t2p;1] follows:
z T 1/22 T Z
e = H@M®®s  exp gudu i &i(ts;T) i A (t;s)re ds § H(t)Ge, 1;
75 S 7 AR AN vZ . %
pFtH(t) B(t;T) Woexp gdt  + Csexp gudu ds % h(T § t)
MZ ;  W%Z . ° ° %° 1
+Ci®; exp gudu i Ai(t;s;T) i A(t;s)re ds
uz' . oWz % 1 Y
+CyYr A, (t; s) exp gudu i & (6s;T) i A (s)re ds .Gy

t S

£

1"
/Zt
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For the particular case of deterministic contributions (i.e. with ®, = ®; =
®, = 0), it turns out that:
Z 1
dD; = jcdt + Cs (dB(t;s)) ds

t

and that the process (it)tZ[O:T] = (o 3{)0 is given by

3 = 2 H(t)Dx. 1;
T

3r
t

csB (6 S)¥in(s i trds § HDL,2 T
t

while, when the guarantee Gy is a strictly positive constant, it is easy to
check that the process (% )ezjor) = (4 %)’ is given by

e = FHOGIB(T), 1
W= e itr) i .. RHOGBET):

As mentioned above, we end the Appendix by showing the admissibility
condition on the interest rate g;: from (12) it follows
R Z1 g ) >
T gdtR (0 T gsds Ct . .
Woeogt B(O,T)"‘ et BSBE H—(t)B(t,T) dt<W0+D0,
0

then
Ry z T Ry
Woe © gtdtB(o; T) +co et gsti'Ql(O;t;T)i'Qz(O;t)rodt < W, + Do;
0
which de..nes an upper bound for the possible values of the deterministic
process (gt) t2[o;T1-
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