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1. Introduction

We consider the standard Black-Scholes market with a bond and risky asset. How-
ever, we suppose the bank interest rate, and appreciation rate and volatility of the risky
asset, depend on the state of the economy. This is modeled by a finite state Markov chain,
X.

European options have been discussed in this framework by Di Masi et al. [2] and
Guo [5]. Russian options and perpetual American options have also been treated by Guo.

Our treatment of the European option and derivation of the characteristic function of
occupation times is different. We also give an extension to the regime switching framework
of the Barone-Adesi-Whaley, [1], approximation for the value of American options. Details
of the calculations are given in the three Appendices.

We suppose the economic state of the world is described by a finite state Markov
chain X = {X;,t > 0}. In particular, there could be just two states for X representing
‘good’ and ‘bad’.

As in [3], the state space of X can be taken to be, without loss of generality, the
set of unit vectors {ei,es,...,enxt, e =(0,...,0,1,0,...,0) € RN,

Suppose the process X is homogeneous in time and has a rate matrix A. Then

if p; = E[X;] € RN

dpt
—=A
dt Pt
As in [3] we can then show that
t
Xt = XO + / AXudU + Mt (]_)
0

where M = {M;, t > 0} is a martingale with respect to the filtration generated by
X.

Our financial market has two underlying assets, a bank account and a risky asset.



We suppose the instantaneous interest rate in the bank depends on the state X of

the economy, so that
Tt = <7’, Xt>

where r = (r1,72,...,7n5) € RN.

Then $1 invested at time zero in the bank becomes

SO = exp ( /0 t rudu> 2)

at time ¢.
Similarly, suppose the rate of return p = {u¢, t > 0} and volatility o = {o¢, t >
0} depend on the state X = {X;, t > 0} of the economy. That is, there are vectors

p=(ui,...,pn) and o= (o1,...,o0n) € RN such that
e = (1, X¢)
Ut:<0-7Xt>'

We suppose o; >0, i=1,...,N. The price of the risky asset S = {S}, t >0}

is then given by the dynamics

t t
S,}:Sg+/ uusgdu+/ 0. SLdB,,. (3)
0 0

Here B = {B;, t > 0} is a Brownian motion on (2, F,P). Write {F;} for the
filtration generated by S.

The solution of (3) is

t 2 t
S} = S5 exp </0 (ttu — %)du+/0 audBZj>.

The extra uncertainty introduced by the regime switching means our market is no

longer complete. This question is discussed in Guo [6], where the market is completed by
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Arrow-Debreu securities related to the cost of switching. We shall not repeat this argument
but assume we are already working under a risk neutral measure P so that the price of

a European claim ¢(S}) with exercise time T is
T
E [exp ( - / rudu>g(5%)|f0].
0
In particular, the price of a European call at time ¢ € [0,7] is
T +
C(t,T, 53, Xo) = Eexp - / rudu) (S — K) | 7] (4)
t

where

2

T T
St = S}exp </ (1t — (;—u)du —I—/ O’udBu>. (5)
t t

If the processes r,u,0 are deterministic and independent of X then
C(t.T, o) = StN(dy) — e ' ™ KN (dy) (6)

where

T _1/2 Sl T 1 T
dqi(t) = </t Jﬁdu> [log V7 + </t rudu + 3 /t Jﬁduﬂ
T 1/2
and  do(t) = di(t) — ( / o—gdu) .
t
Suppose now the processes 7,u,0 depend on X so that
Ty = <7“7Xt>, He = <M7Xt>7 Ot = <U, Xt)-

If we knew the trajectory of X between time 0 and time 7 we would know the

values of

T T T
P.r= / (r, Xy)du, Lyp= / (u, Xy)du, Uppr = / (o, Xu>2du.
t t t
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That is, if F; = 0{X,, 0 <u <t}

C(t,T,S;, Pr,Ur) = E[GXP (= Pir) (St _K)JF}FT}

and

B St 1
di(t) = (Usr) 1/2 log ?t +Pr+ B Ui r

do(t) = da(t) — UL,

To determine the call option price in this model we must take a second expectation over

the variables P, and U;r.

For now suppose t=0. For 1<i< N let

T
Ti:/ (€;, Xu)du
0

be the amount of time X has spent in state e; up totime 7. Then

Tx =T so we can discuss just T7,75,...,Tn_1. Also

= Z?”iTi = Z (ri —rn)Ti +rNT

i=1 =1

and

Uo,r = Ur

T N
/ (o, X)) %du = ZJ?Ti
0 —

=1

T

(07 — o3)T; + o3 T.

i

=1

Th+To+---+

(10)



Suppose  ¢(7y, T2, ..., Tn—1) is the density function of (71,7%,...,Tn—1). Then
T T
C(0,T, S, Xo) = / / C(0,T,85, PryUr)é (1,72, . ., TN—1)dT1 . . .dTN_1.
0

We shall determine the Fourier transform of ¢, that is, the characteristic function
of (Th,T5,...,Tn—1).
Forany 6= (01,05,...,0n_1) € RVN~1 the characteristic function of (T, T5,...,Tx_1)
is
N—-1

Bloswi( X 0,13)], = Blowwi( [ 0. x0a0)]

Jj=1

where 6 = (01,0,,...,0n_1,0) € RV,
An explicit expression for the characteristic function is derived in Appendix 1 where
it is shown that:
N—-1

[expz( 03T3> ] {exp[(A +idiagh)T]Xo,1) .

J=1

2. The Black Scholes Equation

In this section we derive the system of partial differential equations satisfied by the
option price. Suppose, as above, the state of the economy is determined by the finite state
Markov chain X ={X;,t >0}, X;€{e1,...,en} with dynamics

t
Xt = XO + / AXSdS + Mt- (].].)
0

With ry = <T, Xt), e = <M7Xt>7

Ot = <07 Xt>



our market includes the two underlying assets S° and S' where

t

S0 —e / rudu 12

P=exp( [ rudu) (12)
t 52 t

S} =S5 exp(/ (ftw — _“)du—l—/ audBu>. (13)
0 2 0

If at time ¢t € [0,7], S}=9 and X;= X the price of a European call option

with exercise date T and strike K is
T +
O, T,8,X)=E [exp( - / rudu> (5h— K)F|St =8, X, = X]. (14)
t

This is evaluated similarly to C(0,7,.5, X).

Write
t
V(t,S,X)zexp(—/ rwlu)C’(t,T,S,X)
0
T
:E[exp(—/ rudu>(s;—K)+ysg:s, X, = X
0

4 +
=F [exp( - / rudu> (St — K) ’Qt] (15)
0
where G; = o{S., X, :u<t}. Consequently V isa G;-martingale. Write
V(t,S)=(V(tS e),....V(tS e)),

so that V(t,S}, X;) = (V(t,S}), X;). Applying the It6 rule to V' we have

. . tov
V(t, St7Xt> = V(O, St7Xt> + —du
o Ou

t
- / o (fuStdu + 0,StdB,)
0 88

1 t aQV ) ) t
5 | Gz othius [ 0.ax) (16)

and dXt = AXtdt + th
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By definition V' is a martingale, so all the time integral terms in (16) must sum

to zero identically. That is,

(o:Sh)? v +(V,AX) = 0. (17)

1
a5 " 2 052

Now V =exp(— fg rudu)C, so with

C(t,S) = (C(t,T,8,e),...,Ct,T, S en))

we have

¢ oC oC 1 0*C
(exp( - /0 Tudu)> ( - TtC "’ E "’ Mtslﬁ + 5(0}551)2@ —|— <C,AX>> = O (18)

with terminal condition
c(T,T,5,X)= (S — K)+.

Equation (18) reduces to N equations with X = ey, es,...,ey. Thatis, with X = X; = ¢;

Ty = <T»Xt> =T

pe = (1, Xo) = pi

and o = (0, Xy) = 0y,

and, writing
C’i:C(t,T,S,ei), C:(Cl,CQ,...,CN)
we have that C' satisfies the system of coupled Black-Scholes equations

oC; oC;

9%C;
—T’iCZ' + =+ ,uiS

052

0282 +(C, Ae;) = 0 (19)

1
ot oS 2
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with terminal condition

C(T,T,S,e;) = (S —K)*.

3. American Options with Switching

Consider now the American put in this regime switching model.

We shall simplify our discussion by supposing N = 2.

We suppose the expiration time is T and we suppose the put can be exercised at
any stopping time 7 <7T. The payoff is then (K — S1)*.

The value function for the American put is

D(t,T,8,X) = sup E [exp( - /t rudu> (K - SH|st =S, X, = X} . (20)

Write
D =D(t,S) = (D(t,T, S, e1),D(t, T, S, e2))

= (Dq, D3).
Then for X; =¢;, i=1,2, denote

C'={(S,t) € Rt x[0,T): D(t,T,S,e;) > (K —S)*}
S'={(S,t) e Rt x[0,T]: D(t,T,S,e;) = (K —S)"}.
C' is the continuation region when X; = e; and &° is the stopping region
when X; =e;. Foreach t € [0,7] the t-sectionC; of C' is defined as {S > 0:
D(t,T,S,e;) > (K—S)*}. Following the treatment of Lemma 8.2.11 of Elliott and Kopp
[4] it can be shown that C} is an interval of the form
(5*(t, €:),0).
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Of course, S*(T,e;) = K. However, we do not know which of S*(t,e1), S*(t,e3) is

greater.

Assumption 3.1. We assume that

S*(t, 61) S S*(t, 62)

s
e
X S —
Now when S} > S*(t,e3), (S},t) is in the continuation region for both states
and D = (Dy,Ds) satisfies the pair of Black-Scholes equations
0D, OD; | 1 4, o 0°Dy
—r1D —_ S——+ =075 D, Aey) =0 21
nDi+ = S e+ 5o a52+< , Aey) (21)
0Dy dDy 1 o _, 0%*Ds
—roDgy + —— S—=+ =058 D, Aey) = 0. 22
reDat 5=+ 128 o+ 5025 e + (D, Aeg) (22)
For S} < S*(t,eq)
D, =D(t,T,S},e;) =K — S (23)
and for S} < S*(t,ez)
Dy = D(t,T,S},e5) = K — S. (24)
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However, for S} in the transition region between S*(¢,e2) and S*(t,e3)
Dy = D(t,T, S}, e1)

satisfies the equation

dD, oD, 1 , _,0%D;
—rD - b R
ri + It —|—/L1S 93 + 2015 992

+ CL11D1 — CL11(K — S) =0. (25)

The Common Continuation Region

We first discuss the put value function in the common continuation region where
S} > S*(t,ez) and Dy, Dy satisfy (21) and (22).
For S} < S*(t,es)

Dy = Dy(t,T, S} ex) = K — S} (26)

On the curve S*(t,e3) we require that Dy satisfies a continuity condition:

D2 (t,T, S*(t, 62),62) =K — S*<t,€2) (27)

and the smooth fit condition

oD, )
ﬁ (t,T, S (t, 62), 62) = —1. (28)

Clearly the American option is worth more than the European option. Write

e(t,T,8,X)=D(T,S,X)—C(tT,S, X)

for the early exercise premium. Then, because D and C satisfy the Black-Scholes

equation in the common continuation region R = {(S,t): S > S*(t,e2)} so will e.
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Write & = (e1,e2) = (E(t,T, S,e1),e(t, T, S, eg))l. Then in R

Oe; Oe; 1223251
—Tig&i + o+ t3¢ + (€, Ae;) = 2
rigit Gy HriSgg T s o TE ) =0 (29)
for i=1,2.

We shall look for a solution in separated form. That is, for ¢ = 1,2 we suppose

approximately
gi(t,S) =e(t,T,S,e;) = f(S,e:)gi(t).
Write f = f(5) = (f(S,e1), f(S, 62))I. Then we require

afz 1 2 282fi
95 9T 570

052

Tzfzgz + fz + NzS g; + gi<f7 A€z> = 0. (30)

Suppose

gi(t) = E[l — exp( — /tT rudu> }Xt = ei]

Consequently, for ¢=1,2

rifi + S g+ 1 o282 2fig~+g-<f Ae;) = 0. (31)
141 (A aS (A 852 (3 7 ) (A
That is
1 50 0%fi 3fz f'
PR 7 mA i) — T4 . 2

This is not really separated as r; g_f—(it) is a function of ¢.
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In the region R we have two coupled equations for f1(S) and f2(5):

1 82f1 0f1 J1

50%52 952 +Mlsﬁ+a11f1_allf2:rlg1—(t) (33)
1 0? 0

3 0'352 anQQ + poS —8{92 — agaf1 + agafa =12 g2f(2t)- (34)

We show in Appendix 2 there is a solution of the form

f1<S) = 041871 + OCQS’Y2

f2(S) = 5157 4 32572,
In fact

D(t7T7 Sv 61) = C<t7Ta S; 61) + (als’h(t) + OCQS’h(t))gl(t)

D(t7T7 S7 62) = C(t7Ta Sa 62) + (ﬁls’h(t) + ﬁQS’YZ(t))QQ(t)'

To complete the determination of this approximate soution we must find a1, as, 51, G2
and the two critical boundaries S*(¢,e1), S*(t,e2). Equations for these are derived in

Appendix 2.

Transition Region

We must now consider the transition region between the two stopping curves:
[:{(S,t): S"(t,e1) < S < S*(t,ea)}.

In this region Do = Dy(t,T,S,e2) = K —S and D; satisfies the Black-Scholes

equation

oD oD 1 0%D
_rlDl+6—;+M188—;+§O%SQW;+G11D1_all(K_S):O. (35)
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To approximate the solution D; in the transition region I' suppose the risky

asset S! has dynamics
t t
S} :Sé+/ ,ulSidu—f-/ o1SLdB,,. (36)
0 0

However, we consider a modified instantaneous interest rate equal to ry —aq; (recall
an < O)

Then
S = exp (r1 — a1t (37)

and the value of a European put with strike K and exercise time T is, for (S,t) €T,

given by the Black-Scholes price

61 = 61(5, t) = exXp ( — (7’1 — CLH)(T — t))E[(K — S%)|St = S]

= exp (= (r1 —an)(T = 1)) [SN(di) exp (— (r1 —an)(T —t)) - KN(%)}

(38)
where N is the standard normal distribution,
0_2
ol (R)+(T-(m+TF)
! g1 T—t
and d2:d1—0'1 T—t.
In ' (), satisfies the Black-Scholes equation
oG 0T, 1 5.,0°C,
_(7’1_@11>01+W+M15¥+§01 952 =0. (39)
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Define  C'(S,t) := C1(S,t) + o and oK o Then for (S,t) €T

—ai11—p1) (ri—ai11)

~ 90y aC; 1 262 92Cy
B e T L T K =
+a116~'1 —au(K—S) = 0. (40)

Consider & := D; — Cy. Then, from (35) and (40)

0e og1 1 0%e,
(rl—a11)51+ 81 +M158—§+— 252 652 =0. (41)
We look for a solution for &7 in separated form:
g1(S,t) = F(S)G(t).
Then
oG (t OF (S
—(r1 —a11)F(S)G(t) + F(S5) ¢ + 11 S L G(t)
ot oS
1 5.0 O?F(S)
3 o1S 592 G(t) = 0. (42)

Again suppose  G(t) =1 —e—a)t=1) g0 & — (p; —qy7)(G(t) —1). Then

OF L 0 O°F
Sq G+ 50382 S Gl = (43)

—(’1“1 —all)F(S)+u15 2 652

or

| 0 O°F oF F(S)
3 19 gz H S gg Flan =)

This is not really in separated form as (alé(_t)r 1) s a function of t.

Again we look for a solution in the form:

F(S) = A1 8™ + Ay8™2, (44)
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In Appendix 3 we show there is an approximate solution of the form

- a11S a1 K
D(t,T,S,e1) =C(t,T,5,e1) + —
1( 1) 1( 1) (7“1 —ai] — Ml) (7“1 - CL11)

+ (A SM® 4 A, 5O G (1),

Further, equations are obtained which determine A;As and the free boundaries

S*<t,€1), S*(t, 62).

4. Conclusion

We have considered an economy which can have finitely many states. These are iden-
tified with the standard unit vectors e; = (0,...,0,1,0,...,0)’ € RY and the transition
process is modeled as a Markov chain X. The Black-Scholes market is extended to the
case where the parameters depend on X. The characteristic function of the occupation
time is derived and used to price European options. Finally, the approximate value of
American options due to Barone-Adesi and Whaley is generalized to this regime-switching

framework.
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APPENDIX 1
Lemma A.1l.
N-—1
E[expi( 3 ejTj) } = (exp[(A + i diag)T) Xo, 1)
j=1

where 1= (1,1,...,1) € RV,

Proof. Consider the RY valued process
t
Zy = expi(/ 0, X,) du)Xt.
0
Then
t t
dzZy = expi(/ (G,Xu>du) ~dX; + expi(/ (G,Xu>du) 10, Xy) X dt
0 0
t
= (A +idiag8)Z,du + expi(/ 0, Xu)du> dM;
0
where the dynamics of X are given by (1). Therefore,
t t u
Z: = Xo +/ (A—i—z'diagG)Zudu—l—/ exp <z/ (G,Xu)du>dMu.
0 0 0
The final integral is a martingale, so taking expected values

t
E|Z)) = X0+ / (A+idiag)E[Z,]du
0

and FE[Z;] = exp[(A + idiag8)t] - Xo.

E[Z;] isan RN wvalued process and the characteristic function

Bloswi( [ 0. xar)]
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is obtained by summing its components. That is,

Bloswi( [ @ x0as)] = B[ (exwi( [ 0.x00)x2,1)]

= (exp [(A + i diag0)T] Xy, 1).

Remark 2. When N =2, thatis X switches between only 2 states, the equation
for the characteristic function of 77 reduces to an ordinary differential equation. The
inverse Fourier transform gives rise to a density function for 77 in terms of Bessel

processes. See Guo [5], [6].

In fact, for X; € {e1,e2}, e1=(0,1), ex=1(0,1) write:

t

zbi= exp(i | 01ler, Xu)du) fer, Xo)

S—

t

Z¢ = exp(i | O1ler, Xu)du) (e2, X0).

S—

Then:

t
Zt1 = <617X0> +/ (iel +a11)Z;du
0

t t u
—agg/ Zﬁdu%—/ exp(i/ 91<€1,X3>d8> (e1,dM,,)
0 0 0

t
miﬁ:@mm—/mmﬁw
0

t t u
~az [ Zidus [Cew(i [ 01en X)) feandb)
0 0 0

The final integrals in Z' and Z2? are martingales. Writing

2} = E\Z)), Z;=E[Z]
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and taking expectations we have

t
Ztl 61,X0 —|—/ 2(91 +CL11 Z du—agg/ Zidu (Al)
0 0
~ t A~
ZtQ = BQ,XQ / a11Z du+a22/ Zﬁdu (AQ)
0 0

Therefore,

t
7?7 = ea22t<<eQ,X0> — a11/ e_a”“Zidu).
0

Substituting Z2 in (A1)

¢ t
Ztl = <617X0> +/ (291 + CLH)Zid’UJ - a22<€2,X0>/ 922Uy,
0 0
t u R
+a22a11/ €a22“</ e_“”SZ;ds>du. (A3)
0 0

Write Y! = e922tZ1. Then from (A3)

ay;! ol -
—r = (@11 — age +1i01)Y; — age(ez, Xo) + azarr [ Y, du.
0
Consequently
A2y} LAYy
dt; — (a1 — age +1i61) d—tt — ag0011Y; =0
with
Y()l = Z\é = <61,X0> (A4)
dy? )
and  —.—| = (aw —az +i01){e1, Xo) — azz(e2, Xo). (A5)

Suppose y; and ys are the roots of the quadratic equation y? — (a11 — age +1i61)y —

a22011Y = 0. Then

Y = cie¥tt 4 cpe¥?!
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where ¢; and c¢p are determined by the boundary conditions (A4) and (A5) so that

c1+cx = (e1,Xo) and ciy1 + cay2 = (@11 — age + i01)(e1, Xo) — aze(e2, Xo). Now
2751 — eCLZZtY'tl — Cle(a22+yl)t + 026((1224-92)75
R ¢
and Z7? = 6“22t<<62,X0> — a11/ (01691“ + C2€y2u)du>
0

= ea22t<€2,X0> — a11€a22t [ﬂ (eylt — 1) + C—2 ( y2t _ 1)] .
U1 Y2

Finally the characteristic function

t
E[exp (2/ 91(61,Xu)du> ] =71+ 77
0

= 22! [<€2,X0> — a5 ((a11 — a2z + i) (e1, Xo) — aza(ez, X0>>

c c
x — (y1 — a11)e”’ + cl (y2 — ar1)e”?*|.
N Y2

Appendix 2

We consider equations (38) and (39) and look for a solution of the form:

fl(S) = a1571 + CYQS’YZ

f2(8) = B1S™ + B257.

Then

ot (a1yi(mn — 1) + aoya(y2 — 1)5™)

N —

+ p1 (011 8™ + a2y287?) + a1 (ST + @2 S7?) — a1 (B1S™ + £257?)

1
— S'Yl + 5’72
g1(t) (e a257)
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and

o3 (Bivi(yn — 1)S™ + Baya(y2 — 1)57?)

N =

+ p2(B171 ST + B27257?) — aga (a1 S™ + a2S7?) + axa (/157 + B257?)

— 2 71 Y2

Equating coefficients of S7 and 572 gives four equations:

—_

™

5 o?arvi(y1 — 1) + pragy; +apjay —apf — ——a; =0 (A6)
g1(t)
1 5 !
5 oiaoye(ve — 1) + praeye + a1 —a11f2 — ——=az =0 (AT)
91(t)
1 T
3 028171 (71 — 1) + iy — sy + axnf — —— 1 =0 (A8)
g2(1)
1 r
5 03B272(v2 — 1) + p2fBay2 — asea + agaf — = B2 = 0. (A9)
g2(1)
From (A6)
& 1 r
ai Oz_i =3 oivi(yn — 1) + iy + a1 — gl(lt) (A10)
From (A8)
L R SN | R r2 (A1)
G99 — = — O — Q99 —
22 3 5 271 (M H271 22 gg(t)
Therefore, =7 should be a solution of the fourth order equation
(5ot =1+ -+ an = ) (G odlr = )+ + am — %)
ajia09 = (=0 — a1 — —— | (=0 — G99 — —— .
11G22 5 17y m1y 11 g1(t) 5 27 \Y w2y 22 g2<t)

Similarly o satisfies the same equation. Note g¢1(¢t) and go(f) are functions of t.

Therefore, ~1(t), y2(t) are also functions of ¢.
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Consider the function

F(y) = (%0%(7 — 1)+ my+an - g:—(lt)>

1, 72
- 1 _ —) _ . A12
X <2027(’y ) + poy + as 0 a11a99 ( )

Adapting the argument of Guo [5], [6] we observe: F(+o00) >0, F(—00)=0

riT2 T2

1
—~ — Q1] —~ — a2 ——~ >0
91(t)g2(t) 92(t)

F(0) =
g1(t)
because ai; <0, a9 <0. Let p1,p2 be the roots of the quadratic equation

™

at)

1
Glp) =5 aip(p—1) + pip +an —

Then G(oc0) = +00, G(—o0) = 400 and G(0) = ag — g <0 as an <O

Therefore, G(p) has two real roots
p1 > 0, p1 < 0.

Now F(p;) = —ai1a22 < 0. Consequently F(v) =0 has four real roots, two of which
are positive and two negative. Because the American put has value 0 when S = +o0
our solution cannot involve any positive power of S. Write ~;(t), 72(t) for the two

negative, (time varying) roots of F(y) =0. Then (approximately),

e1(t, T, S, e1) = (a1 870 + 871 gy (1)

52(t7 T7 S? 62) = (ﬁlsr}/l(t) + ﬁQSWZ(t)>92(t>
and the approximate American put value is, for 7 =1,2

D(t,T, S, 61) = C(t,T, S, 62') + 8i<t,T, S, 62').
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That is:

D(t7T7 Sv 61) = C<t7Ta S; 61) + (OélS’Yl(t) + OCZS’YZ(t))gl(t)

D(t7T7 S7 62) = C(t7Ta Sa 62) + (515’7’1(15) + 525@2(1&))92({:)'

To complete the determination of this approximate solution we must find «q, as, 31, G2

and the two critical boundaries S*(¢,e1), S*(t,e2). From (A6) above we have for ¢ = 1,2

-1 1 2 T
Bi = ay, (5 o7 vi(t) (vit) = 1) + pivi(t) + az — ﬂ)ai- (A13)

That is, a; =\ 'B; where X, = aj;' (% o2 (t)(v(t) — 1) + pivi(t) + as — oG] ).

On the boundary S*(t,e2)

D(t7 T7 S* (tv 62)7 62) = C(ta T7 S* (ta 62)7 62) + (ﬁlS* (tv eQ)Wl(t) + 525* (tv 62)’y2(t))92(t)

= K — S*(t, e3). (A14)

The smooth fit condition for D on S*(t,e2) gives:

oD . oC .
%(t,T,S (t, 62),62) = ﬁ(f,T,S (t,ez),ez)

+ (B (8)S™ (¢, ea) O 4 By () S* (¢, 62)72(”_1)92@)

= —1. (A15)

The equations, (Al4) and (A15) give, (omitting the ‘¢’ variable), and writing S} =

S*(t,e;), i = 1,2

*7Y1 * ac *
51837 9202 = 1) = 83 (1+ 52 ) +72(K — S5 — o)

2 ] ¢ i
o872 = 2) = S5 (1+ 52 ) +2(K = S5 = C).
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Therefore,

0C5

h= [S;‘ <1 * W) +72(K - S5 - 02)] [557192(72 - Vlﬂ_l

B2 = [55 <1 + %) + (K —55 - 02)] [557292(71 - 72)} _1~

Appendix 3

Consider the equation

%0%52 (327}; + 1S Z—g + (a11 — 1) F0((f)) = 0.
We shall show there is a solution of the form
F(S) = A1 S™M + Ay 872,
For this A; and Ay must be time dependent roots of
%%)\()\ — 1) + A — 7(“(;(3“) — 0. (A16)

Note )\1(15) <0< )\2(t).

Therefore, we propose as an approximate solution for D; in the transition region

I' the function

= a1 S a1 K
Dy(t,T,S,e1) =Cq(t,T,S,e1) + —
1( 1) 1( 1> (7“1 — a1 —M1) (7“1 —a11)

+ (A1 SM® 4 4,570 G(1). (A17)
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Continuity on S*(t,e1) gives:

Dl(t,T, S,el) =K — S*(t, 61)

a1 S*(ter)  ank

(?“1 —anl —,u1) (?“1 —an)

= C1 (LT, 5 (ter),en) +

+ (A1S*(t en)M D 4+ A35% (¢, e1) D) G(1). (A18)

Smoothness on  S*(t,e1) gives:

oD . aC .
a—sl (t,T,5*(t,e1),e1) = g (t, T, S*(t,e1),e1) +

aii
(7“1 —ai] — /h)

+ (A (0)S*(t, en) D71 4 ApXa (1) S* (L, €1)2 D7) G(1)

= —1. (A19)

Writing S*(t, 61) = Sik, )\1(t) = )\1, )\Q(t) = )\2 and 61 (t,T, S*(t, 61),61) =

C these equations give for each t

Ay = Al (t)

. (?"1 — Ml)()\Q — 1)ST . T1/\2K . 861 ok — _ £\ A1
- [ (r1 — a1 — ) (ri —an) 0S S+ AQCl}/G(t)()\l A)(51 >(A20)

As = As(t)

i p) =1DST MK 3G o B £\ A2
B [ (r1 —an — p) (01 —an) 0S8 o +)\101}/G(t)(>\2 A1>(Sl>(Aél)

Finally, we use the continuity and smoothness of D; at the boundary S5 = S*(¢,ez).
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This gives

auS; a11K

A (SHM + A (S G() + C1(t, T, S35, e1) +
(A1(83) 2(53)7)G(t) + C1( 5, €1) m—an —m) (= any)

= Cl(t,T, S;,el) + (al(S;)% + CYQ(S;)’YZ)g(t) (A22)
and
oC a
Al 19 A —1 *\Ag—1 1 * 11
( 1 1(5 ) ) +A2)‘2(52) )G(t) + XS (t7T7 52761) + (Tl — a1 _,ul)
oC
= g (LT85 1) + (00 (S5)™ 7 + aaa(55) 1) g (1),

(A23)

These two equations, (A22) and (A23), can be solved numerically to determine the free

boundaries S*(t,e;) and S*(t,e2).
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