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ABSTRACT

The goal of this paper is to determine empirically the information content of the nominal
yidd curve of riskless non-indexed bonds in Switzerland, that is, future expected inflations
rates and real interest rates. Applying the three-factor term structure mode proposed by Cox,
Ingersoll and Ross (CIR), we estimate the model parameters by the full information maximum
likelihood method for a sample of pooled time-series and cross-section data. This maximization
is subject to the condition that the theoretical yield curve fits the actual yield curve observed on
the trading day under consideration as well as possible.

For a sample of forty weeks, we obtain the puzzling result that the term structures of real
spot interest rates are both uprward and downward sloping, while the term structures of
expected spot inflation rates are always upward sloping. We attribute this result to the
particular assumptions of the CIR modd.

We test the mode performance indirectly in two ways. First, we compare the future ex-
pected nominal spot interest rates with the nominal forward interest rates implied by the
observed yield curve over a future time horizon of four years. The outcome of this test is quite
satisfactory. Second, we test whether the future expected three-month nominal spot interest
rate is an unbiased estimator of the future observed three-month nominal spot interest rate for
future time horizons of up to 91 days. This hypothesis is accepted for future time horizons of
both one day and seven days. In restricted regressions, however, we accept this hypothesis for
all the future time horizons considered in this paper.

Finally, we compare the behaviour of the interest premium or inflation risk premium,
respectively, between two different monetary policy regimes. We find that the interest premium
has vanished since the beginning of the year 2000 when the Swiss National Bank switched
from a regime with medium-term monetary targeting to a concept with inflation forecasts as a
main indicator for monetary policy decisions. This reduced risk may indicate that the new con-
cept further increased the credibility of the Swiss monetary policy.
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O Introduction

The goal of this paper is to determine empirically the information content of the nominal
yield curve of riskless non-indexed bonds in Switzerland. Applying the three-factor term struc-
ture modd proposed by Cox, Ingersoll and Ross (henceforth CIR), we obtain estimates of the
term structure of expected spot inflation rates as well as of the term structure of real spot
interest rates. We test the performance of the CIR mode indirectly in two ways using three-
month nominal spot interest rates. The model parameters are estimated by the full information
maximum likelihood method for a sample of pooled time-series and cross-section data. This
maximization is subject to the condition that the theoretical yield curve fits the actual yied
curve observed on the trading day under consideration as well as possible.

As regards the term structure of expected spot inflation rates, earlier attempts as, for in-
stance, the one in Frankel [1982], which relies on a macroeconomic framework, assumes that
the expected inflation rates are equal to the difference between nominal and real spot interest
rates. This is Irving Fisher’s hypothesis that the nominal interest rate moves one for one with
the expected inflation rate (Fisher, 1930). Probably the first author, who has shown that the
Fisher hypothesis does not hold true in an uncertain world, was his namesake Stanley Fischer
[1975] in his pathbreaking paper on indexed bonds.t He shows that the difference between the
nominal and real spot interest rate is equal to the expected spot inflation rate minus a term
which | call the “interest premium”, which may have either sign.2 Many other authors includ-
ing, for instance, Bakshi and Chen [1996], Benninga and Protopapadakis [1985], Breeden
[1986], Cox, Ingersoll and Ross [1981, 1985a & b], Evans and Wachtel [1992], Fama and Far-
ber [1979], or Lucas [1982] have confirmed this result within quite different frameworks. To
my knowledge, the empirical studies, however, have neglected the interest premium so far.3
There are two exceptions to this observation. One exception is the recent paper written by
Evans [1998], who is able to estimate the time-varying interest premium in his investigation of
index-linked bonds. However, he fails to estimate both the term structure of expected inflation
rates and the interest premia endogeneously within his framework. Instead, he uses an exoge-
nous variable for the expected inflation rate, namely the Barclay’s survey measure of expected
inflation.* The other exception is the recent paper written by Remolona, Wickens and Gong
[1998]. Using time series data of both nominal and real discount bond prices, they are able to

1 For acriticism of Fischer’'s equilibrium condition, see Fama and Farber [1979, p. 643].

2 Fischer callsit just “premium”. Other authors call it the “inflation risk premium” or the “purchasing power
risk of the nominal bond’. We prefer the neutral term “interest premium” over the term “risk premium”,
because the latter associates in general positive values only.

8 For a comprehensive list of empirical studies on index-linked bonds, see Evans [1998]. In particular, Brown
and Schaefer [1994], although applying the CIR model, do not investigate the term structure of expected infla-
tion rates and interest premia.

4 Evans also uses the ex-post realized inflation rate as a proxy for the expected inflation rate.
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2 H.-J. Buttler

estimate simultaneously the expected inflation rates and the interest premia in the course of
time. They find that the expected inflation rate obtained from their bond price modd is an un-
biased estimator of futureinflation for the period 1982 - 1997. Our approach is different in that
we estimate the term structures of both expected inflation rates and interest premia entirely
from nominal bonds by means of pooled time-series and cross-section data.

In order to calculate the nominal yield curve on the trading days under consideration, we
use a non-linear optimization to determine the nominal instantaneous forward interest rates
from observed prices of coupon-bearing government bonds. The objective of the optimization
are nominal instantaneous forward rates as smooth as possible, subject to the condition that the
theoretical coupon-bearing bond prices fit the observed coupon-bearing bond prices as wdl as
possible. This optimization procedure is a modification of the multi-objective goal attainment
problem proposed by Delbaen and Lorimier [1992, 1995]. The term structure of nominal spot
interest rates or the nominal yield curve, respectively, is deduced from the optimized instanta-
neous forward rates by numerical integration. This approach has two advantages. First, it is
able to explain any term structure of interest rates, because no functional form of the instanta-
neous forward interest rates is assumed. Second, the numerical integration is more exact than
the numerical differentiation. To my knowledge, the methods proposed in the literature are in-
ferior to the one put forward by Delbaen and Lorimier. For instance, we have shown by an ex-
ample that the Bootstrap method is not reliable if the yield curve is sufficiently bent, or if there
are no discount bonds available in the sample of bonds under consideration (Buttler, 2000).
Other methods such as the regression of prices of coupon-bearing bonds on discount factors as
proposed in Carleton and Cooper [1976] or various spline methods as proposed in McCulloch
[1971, 1975] or in Vasicek and Fong [1982] have many drawbacks as mentioned in Shea
[1984, 1985]. The recent models proposed by Nelson and Siegd [1987] as well as Svensson
[1995] assume an exponential function for the instantaneous forward rates. This approach has
two disadvantages: it does not obey the fundamental partial differential equation to value a
discount bond (Bjork and Christensen, 1997) and it assumes rather than extracts the yied
curve from observed data. In a recent paper, we have applied our optimization procedure, the
bootstrap method and the extended Nelson-Siegel method to an arbitrary yield curve. While
our optimization procedure is able to mimic the given yield curve perfectly, both the bootstrap
method and the extended Nelson-Siege method fail (Bdittler, 2000).

In view of Fisher’s hypothesis, the nominal yield curve contains information on real in-
terest rates, expected inflation rates and the interest premium at least. As long as there are no
indexed bonds issued in the country under consideration, we must rely on an economic model
which is able to explain simultaneously nominal and real interest rates. To my knowledge, there
are two candidate models to be used, the one proposed by Cox, Ingersoll and Ross [1985a &
b] on the one hand, and the one by Bakshi and Chen [1996] on the other hand. We choose the
CIR mode for the reason of tractability. The CIR mode is a three-factor model of the nominal
yidd curve, the factors or state variables, respectively, being the real instantaneous spot
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interest rate, the expected instantaneous spot inflation rate and the consumer price level. The
stochastic differential equations of these three factors together with those of a set of nominal
discount bond prices in real terms constitute the sample of pooled time-series and cross-sec-
tion data to be estimated by the full information maximum likelihood method. The cross-sec-
tion data refer to the various terms of the discount bonds.

The plan of the paper is as follows. In the first section, the basic reationships to be used
in the paper are explained. In particular, we define spot and forward inflation rates for a future
time horizon which correspond with the spot and forward interest rates defining the actual
yidd curve. Since future inflation rates are random, we derive their expected values to be used
in the calculation of the term structure of expected inflation rates. In the second section, we
present the three-factor mode proposed by Cox, Ingersoll and Ross. The estimation procedure
is explained in the third section and the results are presented in the fourth section, followed by
conclusions.

1 Basic Relationships

In the following, we will use continuously compounded rates. However, the results pre-
sented in all charts are annually compounded rates. To clarify the use of various yieds, we
start with the definition of the term structure. A list of variables is given in the appendix to the
paper. In order to distinguish between nominal and real variables or variables associated with
the inflation rate, we use two subscripts, if necessary. The first subscript of a variable, n = {n,
r,y}, denotes nominal valuesfor n=n, real valuesfor n = r, and values associated with the in-
flation rate for n = y. The second subscript, k = {m, ¢}, denotes the compounding frequency
with the understanding that m denotes a compounding m times a year and ¢ denotes the con-
tinuous compounding (m? ).

1-1 Interest Rates

The spot interest rate, denoted as R (t, T) , is defined as the yield of a pure discount bond
with spot price P (t, T) :

Pt T =expR. tT)[T-1), n=n,r. (1-1)

We assume that the first derivative of the pure discount bond price with respect to time exists
and is bounded for any life time of the bond. Solving for the spot interest rate yields the fol-
lowing expression.

Rq,c(t,T)=—w, n=n,r. (1-2)
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4 H.-J. Bittler

The term structure of spot interest rates or the yield curve, respectively, is defined by equation
(1-2). The instantaneous spot interest rate, denoted as r,(t) , is equal to the spot interest rate
with a vanishing life time:

00 Ry =tim{-MECTN o @3

The (t — T)-year forward interest rate, denoted as F,(t, T, t) , corresponds with a forward
contract on a pure discount bond with the agreement that the forward price, denoted as
3,(t, T,t),isfixed at datet and paid at a later date T when the discount bond is delivered. The
discount bond matures at a later datet (t ~ T~ t).

3T, t)=expCF, (T, t)[t=TD, (t%T%t), n=n,r. (1-4)

In this case, the forward price is equal to the futures price (see Hull, 1997, p. 95). Again, we
assume that the first derivative of the forward pure discount bond price with respect to time
exists and is bounded for any life time of the bond. Solving for the forward interest rate yields
the following expression.

In(3,(t, T, t))

F.AT,t)=- — ,

n=n,r. (1-5)
The price of a pure discount bond fixed at date t with maturity date t should be equal to the
price of a portfolio at date t, which consists of a pure discount bond maturing at date T plusa
(t — T)-year forward pure discount bond (see e. g. Hull, 1997). This leads to the following
well-known relationship.

[ P(tt)=P(t T)3 (t, T,t), (t%T%t) ?
exp(=R, (t, t) [t —t]) =exp(-R, (t, D [T —t]) exp(-F, (¢, T, t) [t =T]) 2 (1-6)

Fn,c(ti T; t) = R1xC(t’ t) [t _tt] :$,c(t, T) [T—t]
2L D=3 D7y,
t-T

=R (tt)+ n=n,r.
It holds true that F (t,t, T) = R (t, T) . Theinstantaneous forward interest rate is obtained for
a forward contract that expires in the same instant it has been initiated. Using the above equa-
tion, we obtain the following relationship.

for(t T)=F, (. T,T)

=lmF, (L, T,t), @~ T) (1-7)

H R’],C(t’ t) - R1,c(t! T)
_|t|?mT {Rm(t, t?) + — [T—t]}
R+ 2D r g, n=nr

BISPapers 5



The Information Content of the Yield Curve 5

It holds true that f . (t,t) = R(t, t) =r(t), because we have assumed that the first derivative
of the pure discount bond price with respect to time exists and is bounded for any life time of
the bond. Integration by parts of the above equation leads to the well-known reationship that
the spot interest rate is equal to the integral of the instantaneous forward interest rate divided
by the corresponding period of time.

[:_:T f.t.t)ydt =R (tT)[T-1, n=n,r. (1-8)

Substituting the above equation into equation (1-1), it follows that the spot price of a pure dis-
count bond can be written in terms of the instantaneous forward interest rate.

Pt T) =exp- R (t T) [T —1]) = exp{—L fnc(tt)dt) n=nr. (1-9)

Differentiation of the logarithm of the above equation with respect to the maturity date leads to
following relationship for the instantaneous forward interest rate.

[ P, T)
fn,c(t’ T) =— ?In(Fi;EIE’ T)) = Pn(’::r-l-) , N=n,rT. (1'10)

If the price of a pure discount bond is given in a functional form, then the above equation can
be used to determine the whole term structure of the instantaneous forward interest rate.

1-2 Inflation Rates

We define the spot and forward inflation rates in an analogous way as for the interest
rates. Although we are dealing now with random variables, it turns out that all the previous
relationships for the interest rates carry over to the various inflation rates. Let P.(t, T) denote
the purchasing power of money at the future date T in nominal terms at current prices as seen
from date t, and let p(t) denote the consumer price level at date t, then we define the spot in-
flation rate, R(t, T) , and the instantaneous forward inflation rate, f'q(t, t) , as follows.

Y _
PLT): b =em(- R T) [T 1) = exp{ ] ft 1) dt) t%T.  (1-11)
Since the future consumer price level p(T) is a random variable, both the spot inflation rate,
Re(t, T), and the instantaneous forward inflation rate, f(t,t), are random variables, too.
Taking the logarithm of the above equation, the spot inflation rate becomes

In(P(t, T -
R, T) = MBL D) _ InCem) - In( ) (112
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6 H.-J. Buttler

The instantaneous spot inflation rate, denoted as r(t) , is equal to the spot inflation rate with a
vanishing time horizon, which turns out — as it should be — to be equal to the relative change of
the consumer price leve.

[d i)
ryc(t) R, t)_!qu{ln( IQT) —In(F(t))}: \?{g} (1-13)

In the general equilibrium framework of Bakshi and Chen [1996], the instantaneous spot in-
flation rate, r’(t) , consists of a random drift and a volatility term, both driven by macroeco-
nomic variables. The same structure has been assumed by CIR [19850)].

The (t — T)-year forward inflation rate, denoted as F.(t, T, t) , corresponds with a (t — T)-
year forward purchasing power of money, denoted as 3,(t, T, t) , at date t at prices of the ear-
lier date T as seen from datet (t ~ T/ t). By definition, 3.(t, T, t) ; p(T) / p(t).

3(t,T.1); gg explF, (6 T.) [t =T]). (t%T %t) (1-14)

Solving for the forward interest rate yields the following expression.

In(3,(t, T,t)) _In(t))—In( gT))
t-T t-T

F(Tt)=- (1-15)
By definition, the purchasing power of money at the future date t is equal to the purchasing
power of money at an intermediate date T mulitplied by the (t — T)-year forward purchasing
power of money. This leads to the following relationship for the (t — T)-year forward inflation
rate.

P(tt)=P(t, T)3 (T, t), (t%T%t) 2

exp(—Fg [t -t)=epERMADIT-thexp(-F, LT, )[t-T) 2?2  (116)
Ft, T 1) = Rl ) [t —tt] :E,c(t, -1

= R/,c(ta t) + R/,c(t, tt):_?c(t’ T) [T—t]

It holds true that F(t, t, T) = R(t, T) . Theinstantaneous forward inflation rate is obtained for
a vanishing time horizon. Using the above equation, we obtain the following relationship.

fat, TV =F,(tT,T)
=limF, (L T.1), (" T)

=lim {Pyc(t t)+ AECRY :TR“(t’ L. [T —t]}

=R (1, T) + b ) dRﬂ(t Dir-q

(1-17)
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The Information Content of the Yield Curve 7

It holds true that f (t,t) = R(t, t) =r(t) . Integration by parts of the above equation leads to
the result that the spot inflation rate is equal to the integral of the instantaneous forward
inflation rate divided by the corresponding period of time, which, in turn, is equal to the
logarithm of the purchasing power of money.

[: fyotit)dt = R (t T) [T —{ =In(dT)) ~In () (1-18)

Hence, we get back to the starting definition of equation (1-11). Differentiation of the integral
on the left-hand side with respect to the “ maturity” date T for a fixed date t, we obtain the re-
sult that the instantaneous forward inflation rate is equal to the instantaneous spot inflation rate
at the future date T.

R T) (dHD)
Lt D=Ra D+ e r-g=dE) =r (), 16T @19

By this result, we can extend the starting definition (1-11) by the integral of the instantaneous
spot inflation rate. Again, it holds truethat f (t, t) =r(t) .

In view of Fisher’s hypothesis, we need to determine the expected value of the spot in-
flation rate. Let %, denote the expectation operator given the information at date t, then we
obtain from the above equation

(d dt))
%f ot 1) = %, (1) =% toet, (1-20)
)
and from equation (1-18)
R TT-0=]  %f, (t)d = °/q|n{ I[())_—O/Qﬂn(P,(t,T)) (1-22)

where we have assumed that the integral of the expectation of the instantaneous forward in-
flation rate remains finite. Then we can reverse the order of the expectation and the time inte-
gral by Fubini’s theorem (Duffie, 1992). Hence, we can calculate the expected value of the
spot inflation rate, %, Re(t, T) , from equations (1-21) and (1-20), given the expected values
of the instantaneous spot inflation rate, %, re(t) , (TAtAt).

1-3 Interest Premium

Let the interest premium be denoted as h,(t, T) , then the relationship between nominal
and real interest rates can be written as

Rt T =R (T +%R (L T)-h({T), k=mec. (1-22)
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8 H.-J. Buttler

The above equation is Fisher’s hypothesis in an uncertain world (Stanley Fischer, 1975). In the
CIR framework, the interest premium consists of two terms, the variance of the future
consumer price level and a term which we call the wealth premium. The latter depends on both
the investor’'s attitude towards risk, as measured by the relative risk aversion, and on the
covariance between future real wealth and future inflation, which may have ether sign. Hence
the interest premium may have ether sign, too. If investors expect to gain real wealth from fu-
ture inflation, then this covariance will be positive. In this case, investors do not ask for a full
compensation of the expected spot inflation rate. On the other hand, if investors expect to lose
real wealth from future inflation, then this covariance will be negative. In this case, they may
ask for a compensation in excess of the expected spot inflation rate.

2 The CIR Model

In view of Fisher’s hypothesis, the nominal yield curve contains information on real in-
terest rates, expected inflation rates and the interest premium at least. As long as there are no
indexed bonds issued in the country under consideration, we must rely on an economic model
which is able to explain simultaneously nominal and real interest rates. To my knowledge, there
are two candidate models to be used, the one proposed by Cox, Ingersoll and Ross [1985a &
b] on the one hand, and the one by Bakshi and Chen [1996] on the other hand. We choose the
CIR mode for the reason of tractability. The CIR mode is a three-factor model of the nominal
yidd curve, the factors or state variables, respectively, being the real instantaneous spot
interest rate, the expected instantaneous spot inflation rate and the consumer price level.

To be specific, CIR propose two competitive models to explain nominal and real interest
rates. Again, we choose the simpler one, which is their model 2. In equilibrium, the real in-
stantaneous spot interest rate is given by the following square-root process.

dr, () =k [u—r, (®] dt+s /1, (O dz(t), O, kus, ° (2-1)

The above process corresponds to a continuous time first-order autoregressive process where
the randomly moving interest rate is dastically pulled toward a long-term equilibrium value, u.
The parameter k determines the speed of adjustment, and s denotes the constant volatility
parameter, and z, a Gauss-Wiener process. With the square-root process, the real instanta-
neous spot interest rate remains non-negative. By means of their fundamental partial differen-
tial equation, CIR derive the price of areal pure discount bond in real terms as follows.
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The Information Content of the Yield Curve 9

P, T () =Alt, T) exp(-B(t, T)r, (t) , where

Ik +1 +g] [T -t
_ 29epi )
A(t’T)_[k+l +9g] [exp(g [T2—t])—1]+29

2[exp@ [T -1)-1] (2-2)
+g] [exp@@ [T-f)-1] +29

B, T):[k +1

g=V/lk+IT+2s%, c=2ku
The parameter | denotes the factor risk premium, a negative number in the CIR framework.
The payoff of the real pure discount bond in real terms is equal to one unit of consumption
goods, i.e. P(T, T) =1.

Let ro(t) denote the drift of the instantaneous spot inflation rate or the “expected” in-
stantaneous spot inflation rate, respectively, at date t. CIR propose the following two random
paths for the “expected” instantaneous spot inflation rate and the consumer price leve to be
tested empirically.

dry,c(t) = k2[u2_ry,c(t)] dt+82 V r_y, c(t) dzz(t) ’ O’ k2’ u2’ SZ’ ) ’

r, (O dt; ‘%):ryc(t) dt+s,/F, ®dzt, 0, s,, 1, (2-3)

#t{dryc(t), dp(t)} =rs,s,F, (1) p(t) dt.

where # denotes the covariance operator, r denotes the correlation coefficient between the
Wiener processes z, and z,, and all other variables have the same meaning as above. Note that
(1 / dt) %, {dp(t) / p(t)} = %, rt) = %, Fe(t) for t A t, and %, re(t) = Fut) . Given
%, Fe(t) for T/t~ t, we can apply equations (1-20) and (1-21) to calculate the expected spot
inflation rate %, Re(t, T) . Cox, Ingersoll and Ross derive the following price of a nominal
pure discount bond in nominal terms from their fundamental partial differential equation.

Pt T*r (), Fy () = P(t, T) C(t, T)* exp(- D(t, T) 7, (1)) , where

2] exp([k2+ r 8282p+j] [T—t])

Ct.T)= [k,+rs,s +j][exp( [T-1) -1 +2j

2[exp( [T-1) -1 [1_Sﬂ (2-4)

D(t, ) = [k, +r s,s +j][exp( [T-1) -1 + 2]

2k

j =[k,+rs,s]?+2s2[1-s7, c,= - -

2
2
2

2
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10 H.-J. Buttler

where P.(t, T) denotes the price of areal discount bond given above. The payoff of the nomi-
nal pure discount bond in nominal termsis equal to one unit of money, i.e. P (T, T) =1.
The nominal and real spot interest rates according to the CIR model 2 can be written by
equation (1-2) asfollows.
Bit, Hr, (t)—c In(At, T
Rt m)= 2D -c (AL T)

R (4 T)= B(t, T) r, () —c In(At, T))T—_ctzln(C(t, T)) + D(t, T) f, (1)

(2-5)

Taking thelimitas T ? t, wefind for the nominal and real instantaneous spot interest rates by
means of L’Hopital’srule:

R.(L1)=r, () _
Rt D=1 ()=r O)+[1-57F, 9

The last equation is Fisher’s hypothesis (1-22) for instantaneous interest rates, where the in-
stantaneous interest premium is given by h(t, t) = sﬁ re(t) =(1/dt)9, {dp(t)/ p(t)} =dt9,
ry(t) . If there are no indexed bonds issued in the country under consideration, this equation
allows you to calculate the real instantaneous spot interest rate, otherwise it determines the
volatility parameter s, .

Before moving to the estimation of the CIR modd, it may be appropriate to add a few
remarks. The price of a nominal discount bond in real terms, P (t, T) / p(t), at date t depends
on the observed values of three factors or state variables, respectively, namely the real instan-
taneous spot interest rate, r' (t) , the drift of the instantaneous spot inflation rate, F«(t) , and the
consumer price leve, p(t). However, the price of a nominal discount bond in nominal terms,
P.(t, T) , asgiven in eqution (2-4) does not depend on the consumer price leve. In view of the
empirical estimation, it is a great advantage of the CIR modd that it provides a closed-form
solution, which goes at the expense of some unrealistic features of the CIR modd. First, there
is no correlation between the real interest rate and the inflation rate, that is, monetary impulses
are artificially superimposed on real shocks. Second, the inflation process of equation (2-3)
does not allow for negative inflation rates (i. e., deflation rates). It is an empirical fact that
moderate deflation rates could be observed for several industrial countries for instance in the
fifties and nineties of the twentieth century. Third, the adjustment processes for the real instan-
taneous spot interest rate and the “expected” instantaneous spot inflation rate as given in
equations (2-1) and (2-3) do not allow for the phenomenon of overshooting the long-run
equilibrium value, nor for the phenomenon of oscillating around the long-run equilibrium
value. Again, it is an empirical fact that both phenomena could be observed in the past. Despite
these disadvantages, the nominal yield curve according to the CIR model as given in equation
(2-5) may exhibit a wide variety of possible shapes, including the well-known normal, inverse
and humped shapes.
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3 Estimation: Pooled Time-series and Cross-section Data

In view of the empirical estimation of the modd parameters described in the previous
section, we wish to use all the information contained in the CIR modd. This may best be ac-
complished by considering pooled time-series and cross-section data. The pooled time-series
and cross-section data will consist of a sample of the three stochastic processes for thereal in-
stantaneous spot interest rate, the expected instantaneous spot inflation rate and the consumer
price level on the one hand as well as of a sample of the stochastic processes for a selected
number of prices of nominal pure discount bonds in real terms on the other hand. The cross-
section data refer to the term structure of the yield curve. (Thefirst three processes mentioned
above have, of course, aterm of zero years.) The estimation procedure maximizes the full in-
formation maximum-likelihood function of the pooled time-series and cross-section sample
subject to the constraint that the sample of theoretical discount bond prices fits the sample of
observed discount bond prices as well as possible on the trading day under consideration.

Let us consider the stochastic processes for the discount bond prices first. Let P() denote
the price of a nominal pure discount bond inreal terms, i. e, P(t, T) = P (t, T) / p(t). Applying
Ito’s lemma to equation (2-4), we derive the following stochastic differential equation for the
price of a nominal pure disount bond in real terms.

dP ()=[1-1 BOIr () P()dt—B()P()s yr. .(t) da(t) (3-1)
—D()P() s, N1, (Ddz() —P ()s ¥ T(1) dz(t)

By this equation, the bond price change is driven by the three Wiener processes accociated
with the real instantaneous spot interest rate, the expected instantaneous spot inflation rate and
the consumer price leve as given in equations (2-1) and (2-3). The expressions for P(-), B(*)
and D(-) aregiven in equations (2-2) and (2-4).

Next, we consider discrete time steps ?t (which may be variable) and sdect H discount
bonds with remaining life periods (terms) t =T, —t,j =1, 2, ..., H. In the estimation to fol-
low, the terms of the bonds will vary between 3 and 26 years. Let P, denote the bond pricefor
term t; at date t, and smilarly for B and D. Since we cannot expect that the CIR model per-
fectly fits the data, we introduce for each bond a new volatility as follows.

2 P it :[1_| B] rr,c,t—l P jt=1 2t_ BjP jt=1 S N rr,c,t—l 2 zl,t_ DJP ,jt—lSZ v r_y,c,t—lz Z2,t (3_2)
_P jt=1 S pV r_y,c,t—lz ZB;,t+ SO P jt=1 2 23+jt ! j: 1! Ty H

where s, is a new volatility parameter which is common to each bond selected. Note that we
introduced H new Wiener processes, one for each bond selected, and that the expressions B
and D depend on thevarioustermst, =T, —t,j =1, 2, ..., H, but not on a particular datet.

Let ?z(t) denote the column vector of the (3 + H) discrete Wiener processes. This vector
has mean zero and the following ((3 + H) 3 (3 + H)) variance-covariance matrix S(t) =
#(?2(t), ?22(t)) = %{?22(t) ?z(1)3 —%?2(t) {%?z(1)}?
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12 H.-J. Blttler
2Z(t) = [ 22 %Ly *Zyi | %y 2 Z3+H,t] ¢
(3+H)3 1)
(2t 0 0] O 0 |
0O 2t rz2t O 0
O r2t 2t| 0O .- 0 (3-3)
S® =1 0 O 0|2t O 0
3+ H)3 B+ H) N :
: : : : 0
O 0 0] O 2t |

By the properties of the Wiener process, the vector ?z(t) is normally distributed with means
zero and variance-covariance matrix S(t), that is

220 z1f 0O , S ) (3-4)

((3+H3 1) \@+H31 (3+H 3@+

where 1(-) denotes the Gaussian (normal) distribution.
Next, let ?y(t) denote the column vector of the (3 + H) discrete, trend-adjusted incre-
ments of the variables considered, that is

2 rr,ct_k [u_rr,c,t—l] 21

2 r_y, ct k2 [UZ_ r_y, c,t—J] 2t
2 pt_r_y, ct—1 pt—12 t

2Y(t) =l 2 Pl,t_[l_l BJ] rr,c,t—lpl,t—l 2t (3'5)
(@risd 2 Pz,t_[l_l @ rr,c,t—lpz,t—l 2t
_2 P H,t _[1_| 54] Mo t1 P H,t-1 2 t_
Furthermore, let G(t) denote the ((3 + H) 3 (3 + H)) volatility matrix as follows.
Gu)| 0 ]
G(t) (333) | (33 H) (3-6)
@rr3@er | Gall) | Gult)
(H33) (H3 H)
where thefirst (3 3 3) submatrix is defined as
S V rr,c,t—l O O
Gut) = 0 SoV Myt 0 (3-69)
(33 3) [
O O Sp n—l r_y,c,t—l

the second (H 3 3) submatrix as
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- Bl Pl, t_1s V rr, ct-1 Dl Pl,t_lsz V rTy, ct—1 _Pl,t_ls p y, ct—1
- Bz P2,t—ls v rr,c,t—l - Dz Pz,t—lsZV ITy,c,t—l _Pz,t—ls p

| T BH P H,t—ls rr, ct-1 DH P H, t—lSZ V r_y, ct-1 -P H,t—ls p r_y, ct-1 |

h

G,(t) = et (3-6b)

H3 3

and the last (H 3 H) submatrix as

s,P,, O 0
G=| O SoPau ™ ; (3-60)
(H3 H) : . . 0

0 0 S,P s

Taking for the pre-period variables ther realized (observed) values, the trend-adjusted incre-
ments are then normally distributed as follows (Goldberger, 1964).

2y(t) = G(t) 2z0) z1( O , S{t) Y, S{t)=G@{)S@H)GMHE (37

(B+H3 1) ((B3+H)3 (B+H) (B+H)3Y \(@+H)3 1) (B+H)3 (3+H)

If we had not introduced new volatility terms for the selected bonds, then the rank of the vari-
ance-covariance matrices S(t) and S(t) would be three at most, hence we could only estimate
the processes for the real instantaneous spot interest rate, the drift of the instantaneous spot
inflation rate and the consumer price levd.

Our goal is to maximize the likelihood of a given sample of the vector of trend-adjusted
increments ?y(t) for each date t. For computational ease, we wish to reduce the normal distri-
bution as given in equation (3-7) to a standard multivariate normal distribution. This can be
accomplished by the following transformation (Goldberger, 1964).

2xt) = Q)% 2y z1 (( 0, | )) S(t) = Q(t)9Q(t) (3-8)

(B+H31) (B+H3E+H) (B+H3D G+rH3 D (B+H3(B+H
where the ((3 + H) 3 (3 + H)) upper-triangle matrix Q(t) is the Cholesky decomposition of the
variance-covariance matrix S(t) as shown in the equation above, and | denotes the identity
matrix. The upper-triangle matrix, Q(t), and its inverse, Q(t)-*, can easily be computed recur-
sively. The probability density function of the vector ?y(t) is then equal to the standard multi-
variate normal distribution for the vector ?x(t) divided by the absolute value of the determinant
of the Jacobian of the above transformation (3-8), which is equal the upper-triangle matrix
Q(1). If the volatility matrix G(t) has full rank, then the variance-covariance matrix S(t) has full
rank, too, and it is positive definite. Since the determinant of a positive definite matrix is
positive, it follows that the determinant of the upper-triangle matrix Q(t) is also positive, that is

*S(0) *= *Q(HIQ() *=*QMI*QM) *=*Q() *. 0 ? *QM*=/*SO*. 0 (39
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14 H.-J. Bittler

where * Q(t) * denotes the determinant of Q(t). Note that, by the transformation (3-8), all the
elements of the vector ?x(t) are independent of each other, that is, each eement has a univari-
ate standard normal distribution.

Denote the (10 3 1) column vector of the CIR mode parametersasb = [k, u, S, I, k, , u,
'S, S, I ]2 Let +(?y(t) * b) denote the logarithm of the likelihood of a given sample ?y(t)
in terms of parameters b. From equations (3-7) - (3-9), the logarithm of the likelihood function
can be written as follows.

r

3+H

3t Hin@p) +3 2 2XC y(t) *b)

+ @ y() )= -1 Q0 -

(3-10)

Due to the transformation (3-8), the likeihood function is just the logarithm of the algebraic
product of the univariate probality masses of the (3 + H) independent increments ?x divided
by the determinant of the matrix Q(t).

Consider next the correlation between the trend-adjusted increments ?y at various dates.
By the properties of the Wiener processes, these covariances become zero for any time period
Sgreater than zero, that is,

#EY[), 2yt +9)=#(G(t) 2 z(t), G(t+ 9 2 z(t + 9)) = 0. (3-11)

w+m9@+mf
By the equation above, all the likelihood functions +(?y(t) * b) at different dates are indepen-
dent of each other. Hence, the overall likeihood function is equal to the sum of the single log-
arithmic likelihood functions.

Finaly, let Pﬁbs(s, T,) denote the observed prices of the nominal pure discount bonds in
nominal terms on the trading day under consideration, s, for varioustermdates T, , k=1, ...,
K. These terms need not be the same as the terms considered in the selection of the various
bond price processes of equation (3-2). The goal of the estimation is to maximize the overall
likelihood function subject to the condition that the theoretical bond prices do not deviate from
the bond prices observed on the trading day under consideration by more than a given

tolerance g, that is,

mex ? +(Cy(t)*b), s[ 6, st.
& s (3-12)

e %[2ETD) ) ion0pe k=1, K.

CARMsT) )

where s denotes the actual trading day and 6 the set of trading days considered in the paper.
Note that a different percentage tolerance may be given for each bond selected on the trading
day for which we investigate the actual yied curve.

In this paper, we run the optimization as given in equation (3-12) above for a sample of
forty trading days between 14 August 2000 and 14 May 2001. These forty trading days are
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approximately weekly spaced. Hence, we get a set of forty parameter vectors b. The observed
nominal discount bond prices are obtained from a set of observed coupon-bearing government
bonds by means of the constrained optimization described in the introduction above (Blittler,
2000). For each of the forty trading days, we consider a sample of pooled time-series and
cross-section data which starts at the beginning of February 1998, the earliest date for which
bond data with the required information are available from our data base. The number of
nominal pure discount bonds selected for the cross-section data has been chosen to be 5, that
is, H = 5. Their terms vary between 3 and 26 years. The number of bonds selected for the con-
straints in equation (3-12) has been chosen to be 20, that is, K = 20. Their terms are equally
spaced between zero years and the maximum term of the set of observed discount bond prices
which define the actual yield curve on the trading day under consideration. Since indexed
bonds are not traded in Switzerland, the time series data of the real instantaneous spot interest
rate have been calculated from equation (2-6); they depend on the parameter set, b, however.

4 Results

The estimates of the parameters for the forty trading days are depicted in Figure 1. Ex-
cept for the speed of adjustement of the real instantaneous spot interest rate process, k, the pa-
rameter estimates are quite stable over time. Note that the long-run equilibrium values, u and
u,, are related to their corresponding speed of adjustments, k and k, , respectively. For a
speed of adjustment of zero say, any long-run equilibrium value is compatible.

Given the estimated parameters, b, for each trading day considered, the real yield curve,
R(t, T) , has been calculated from equation (2-5). The forty real yield curves and the forty ob-
served nominal yield curves are depicted in Figure 2. Although the nominal yield curves are
upward sloping (i. e, normal) or U-shaped, the real yield curves turn out to be upward sloping
during the first half of the sample period, but downward sloping (i. e., inverse) during the sec-
ond half of the sample period. Since downward sloping real yield curves are puzzling in view
of the falling trend of recent inflation rates, we checked whether we encountered a local rather
than a global maximum of the logarithmic likelihood function. Indeed, we found many local
maxima of the logarithmic likelihood function, which result mostly in an upward sloping real
yield curve, and consequently in a downward sloping term structure of expected spot inflation
rates, but we could not find other maxima with greater function values than the ones reported
here. We conclude, therefore, that the downward sloping real yield curves result, most likely,
from the assumptions of the CIR model, namely from the impossibility that the future expected
inflation rate may overshoot its long-run equilibrium value. Furthermore, the real instantaneous
spot interest rate is not correlated with the drift of the instantaneous spot inflation rate in the
CIR mode.

In order to calculate the term structure of the expected spot inflation rates, %, R(t, T),
for a given trading date t, we need to know the expected instantaneous spot inflation rate, %,
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16 H.-J. Buttler

rot) = %, Po(t) for T~ t A t, by equations (1-20) and (1-21). The future expected instan-
taneous spot inflation rate can be derived in three differrent ways at least. First, since the
transition probability density function of the drift of the instantaneous spot inflation rate is
given by the non-central chi square probability density function, the expected values of the drift
of the instantaneous spot inflation rate can be calculated straightforward from this distribution
(Cox, Ingersoll and Ross, 1985b). Second, the drift of the instantaneous spot inflation rate at
date t can be written as an integral over time of the respective process as given in equation (2-
3). Taking the expectation on the one hand and differentiating the integral equation on the
other hand yields a first-order ordinary differential equation for the expected instantaneous
spot inflation rate (Duffie, 1992). Third, the discrete-time version of the stochastic differential
equation of the drift of the instantaneous spot inflation rate as given in equation (2-3) leads to
a stochastic finite difference equation. Taking the expectation on the one hand and the limit as
the time step goes to zero on the other hand, the same ordinary differential equation as men-
tioned in the second way can be derived. Similarly, we derive the first-oder ordinary differential
equations for the variance and the covarince of the drift of the instantaneous spot inflation rate.
The solutions of these three differential equations are given below.

O/gr‘y c(t) =u,+ [0/(%[‘_y C(s) _UZ.I g kalt-3 . th s
> %r, (9
9.7, ()= L

2

#(FyD), Fyt+t)) =9 (), t~0 t"s

[e—kzlt—i @ 2kalt- SI]+ S u2 [1 g keli- 3] t" s, (4'1)

where 9 denotes the variance operator. Note that t and s denote two arbitrary dates, whereas t
denotes a non-negative time period. As seen from date s, the initial value is equal to the real-
ized value, that is, %, Fi(S) = F«(s) . By the third equation above, the auto-covariances decline
exponentially with the speed of adjustment and time. Using equations (4-1), (1-20) and (1-21),
the expected value of the spot inflation rate becomes as follows.

" R (0T =u, + =] 1T
’ K Tt

. . 2 _ ~ (4-2)
lim %R (4 T)=u,, lim %R, (t. T) = %, () =T, ().

The term structures of the expected spot inflation rates, %, Rx(t, T), for theforty trading days
considered are depicted in Figure 3. Note that the expected spot inflation rates with terms zero
are equal to the realized drifts of the instantaneous spot inflation rates on the trading day con-
sidered. The overall picture suggests that the term structure of expected spot inflation rates is
quite stable over time.

Next, we calculate the future expected three-month nominal spot interest rate over a fu-
ture time horizon of four years from the estimated parameters. (We choose the three-month
interest rate because the three-month Libor is the operational target rate of the Swiss National
Bank.) From equation (2-5), the expected three-month nominal spot interest rate is given by
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o4, 7= 2Dl 0 AL D) e, A T DO T A9

— 1
ths, T=t+3.

(4-3)

where the expected instantaneous spot inflation rate is given in equation (4-1). The expected
real instantaneous spot interest rateis given below.

%r. () =u+[%r (—u]l e td trs %r (9=r (9,
% rc % r,c % rc r.c

Szo/rrcs SZU
gsrryc(t) = %T() [e—k[t—3 _e—2k[t—3] + 2_ [1_e—k[t_3]2’ tA s, (4_4)

k
#r ). r {t+t)=e ' 9r (), t~0, t*s

srnc

We compare the future expected three-month nominal spot interest rate with the three-month
nominal forward interest rate which we calculate from the observed nominal yied curve by
equation (1-6). Apart from a risk premium, these two interest rates should exhibit the same
forecasting profile over the future time horizon. This may be taken as a plausibility test of the
CIR mode. The sample of the forty trading days condidered is depicted in Figures 4a - 4h. As
you can see in these figures, the forecasting profiles are quite similar in most cases.

As another indirect test of the performance of the CIR mode, we address the question of
whether the future expected three-month Libor, calculated from the estimated modd parame-
tegb:;: according to equation (4-3), is an unbiased estimator of the future three-month Libor. Let
Rt (t, T) denote the nominal spot interest rate which is observed at date t and which has a
term of three months (T —t = 1/ 4 years), then the ordinary least-squares regressions are writ-
ten as follows.

Rt T)=a,+a,%R (. T)+u®), s[ 6, t. s, T=t+31,

t—s=1,7, 14, ..., 91days. (4-5)

where again 6 denotes the set of the forty trading dates considered. It is assumed that the
disturbances, u(s), are identically and independently distributed normal variates with a zero
mean value and a constant variance. We consider 14 different time horizons of up to 91 days
into the future. If the expected three-month Libor is an unbiased estimator of the future three-
month Libor, then a, = 0and a, = 1. Theregressions results are shown in Table 1 and depict-
ed in Figures 5a - 5d. For future time horizons of both one day and seven days, we accept the
hypothesis that the expected three-month Libor is an unbiased estimator of the future three-
month Libor. As one can seein Figure 5a - 5d, the observations are clustered in a rather small
range which is due to the small sample period. If we could consider a sample period of ten
years, say, then the observations would vary between zero and ten percent. Hence, it might be
reasonable to argue that the fourteen regressions would look differently for a larger sample
period. To account for this phenomenon, we re-run the fourteen regressions subject to the
condition that the coefficient of the constant term is equal to zero, that is, a, = 0. The results
of these restricted least-squares regressions are shown in Table 2 and depicted in Figures 5a -
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5d. For all the fourteen future time horizons considered, we now accept the hypothesis that the
expected three-month Libor is an unbiased estimator of the future three-month Libor.

Finally, we compare the behaviour of the interest premium or inflation risk premium, re-
spectively, between two monetary regimes. At the beginning of the year 2000, the Swiss Na-
tional Bank switched from a concept of medium-term monetary targeting to a concept with in-
flation forecasts as a main indicator for guiding monetary policy decisions. The old monetary
policy mentioned above was operated mainly by foreign exchange swaps, whereas the new
concept relies on repurchase agreements (repos) with commercial banks for short terms of one
day up to several weeks. By these operations, the Swiss National Bank keeps the three-month
Libor — its operational target rate — within a particular band. Due to the limited data base, we
cannot estimate the CIR modd by the full-information maximum-likelihood (FIML) method
described in this paper before 2000. For the period 1999 - 2001, however, we applied the CIR
model to observed yied curves by means of a multi-objective goal attainment (MOGA)
method described elsewhere (Buttler, 2000). The MOGA method does not use time series data
at all, because it only requires that the theoretical yidd curve fits the actual yield curve ob-
served on a particular trading day as well as possible, given two other objective functions. The
parameters estimated by the MOGA method are less stable than those estimated by the FIML
method. Furthermore, some estimates are associated with alocal rather than a global maximum
in terms of the likeihood function. Although the term structures of expected inflation rates
estimated from the MOGA method may deviate considerably from those obtained from the
FIML method, the interest premia are close to each other during the period from January to
May 2001, given weekly spaced data. The difference in the interest premium between these
two methods is depicted in Figure 6. The maximum difference in absolute value is 31 basis
points. The interest premia obtained from the MOGA method for the period between 1999 and
2001 are depicted in Figure 7. As you can see, the interest premia for all the terms considered
between zero and 25 years are declining over this period. Since the middle of 2001, they are
amost zero. This reduced risk may indicate that the new concept further increased the
credibility of the Swiss monetary policy.

5 Conclusions

Applying the CIR modd, we determine empirically the term structure of expected spot
inflation rates and the term structure of real spot interest rates from the nominal yield curves of
forty consecutive weeks. The smooth evolution of these curves in the course of time suggests
that the empirical estimation is quite stable. We find the puzzling result that half of the real
yield curves are upward sloping, while the other half is downward sloping, but all the expected
inflation rate curves are upward sloping. We attribute this phenomenon to the fact that the
future expected inflation rate cannot overshoot its long-run equilibrium value in the CIR
modd. We test the performance of the CIR modd indirectly in two ways. First, we compare
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the time profile of the future expected nominal three-month spot interest rate with that of the
three-month nominal forward interest rate implied by the observed nominal yield curve on the
trading day under consideration. This test is quite satisfactory. Second, we test whether the
expected three-month Libor, calculated from the estimated modd parameters, is an unbiased
estimator of the future three-month Libor for fourteen different time horizons of up to 91 days
into the future. We accept this hypothesis for future time horizons of both one day and seven
days. With a restriction on the coefficient of the constant term, however, we accept this hy-
pothesis for all the fourteen future time horizons considered. Finally, we compare the be-
haviour of the interest premium or inflation risk premium, respectively, between two different
monetary policy regimes. We find that the interest premium has vanished since the beginning of
the year 2000 when the Swiss National Bank switched from a regime with medium-term
monetary targeting to a concept with inflation forecasts as a main indicator for monetary policy
decisions. This reduced risk may indicate that the new concept further increased the credibility
of the Swiss monetary policy.
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Appendix: List of Variables, Functions and Symbols

Subscripts:
Xi(*)

The first subscript of the variable x, n = {n, r, y}, denotes nominal values
for n = n, real valuesfor n = r, and values associated with the inflation rate
for n = y. If necessary, we use a second subscript, k = {m, c}, which
denotes the compounding frequency with the understanding that m de-
notes a compounding m times a year and ¢ denotes the continuous com-
pounding (m? 7).

Variables in Roman letters:

At, T)
B(t, T)
c(t, T)
D(t, T)
F(t,T,1)

F (L T, 1)

folt. T)

£,

G(0)

p(H)

Pn(t! T)

See equation (2-2).

See equation (2-2).

See equation (2-4).

See equation (2-4).

n={n, r}. The (t — T)-year forward interest rate corresponding with a
forward contract on a pure discount bond with the agreement that the for-
ward price is fixed at date t and paid at a later date T when the discount
bond will be delivered. The discount bond matures at a later datet (t* T "
t). It holdstruethat F (t,t, T) =R (t, T) .

The (t — T)-year forward inflation rate corresponding with future con-
sumer price levels at future datest and T as seen fromdatet (t ~ T " t). It
holdstruethat F (t,t, T) =R(t, T) .

; F(t, T, T); n = {n, r}. The instantaneous forward interest rate corre-
sponding with a forward contract on a pure discount bond with the agree-
ment that the forward price is fixed at date t and paid at a later date T
when the discount bond will be delivered. The discount bond matures at
the same instant when it is delivered. It holds truethat f (t,t) =r(t) .

; F(t, T, T) . The instantaneous forward inflation rate corresponding with
a consumer price leve at the future date T as seen from date t (T ~ t). It
holds truethat f (t, t) =r.(t) .

Volatility matrix. See equation (3-6).

Number of bonds selected for the cross-section data. See equation (3-2).
Identity matrix. See equation (3-8).

Number of bonds selected for the constraints. See equation (3-12).

The price level of consumer goods or the cost of living index, respectively,
at datet.

n={n, r}. The spot price of a pure discount bond which is fixed and paid
at the settlement date t. The debtor of the pure discount bond redeems one
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monetary unit when the bond matures at date T, but does not pay out any
coupons during the bond’s life.

; p(t) / p(T), (T ~t). The purchasing power of money at the future date T
in nominal terms at current prices as seen from datet.

Observed prices of the nominal pure discount bonds in nominal terms on
the trading day under consideration, s, for various term dates T, , k = 1,
.o K

n={n, r}. The (t — T)-year forward price of a forward contract on a pure
discount bond with the agreement that the forward price is fixed at date t
and paid at a later date T when the pure discount bond will be delivered.
The pure discount bond matures at a later date t (t * T ~ t). In this case,
the forward priceis equal to the futures price of a discount bond (see Hulll,
1997, p. 95). It holds truethat 3 (t, t, T) =P.(t, T) .

: p(T) / p(t). The (t — T)-year forward purchasing power of money at datet
at prices of the earlier date T as seen fromdatet (t * T ~ t). It holds true
that 3,(t,t, T) =P,(t, T) .

Upper-triangle matrix. See equation (3-8).

n = {n, r}. The spot interest rate of a pure disount bond with its price
fixed at date t and which matures at date T (T ~ t). The spot interest rateis
also denoted as the yield of the discount bond.

The nominal spot interest rate which is observed at date t and whose con-
tract matures at date T.

The spot inflation rate corresponding with a consumer price level at the
future date T as seen from datet (T ~ t).

; R(t, t); n={n, r}. Theinstantaneous spot interest rate of a pure disount
bond with its price fixed at date t and which matures at the same instant.

; R(t, 1) . Theinstantaneous spot inflation rate at datet.

The drift of the instantaneous spot inflation rate or the “expected” instan-
taneous spot inflation rate, respectively, at date t. %, r (t) = %, 1 (t) =
() .

Variance-covariance matrix. See equation (3-7).

Transformed, trend-adjusted variables considered in the sample of pooled
time-series and cross-section data, j = 1, ..., 3+ H. See equation (3-8).
Trend-adjusted variables considered in the sample of pooled time-series
and cross-section data, j = 1, ..., 3 + H. See equation (3-5).

Wiener processes, j = 1, ..., 3 + H. A Wiener process has normally dis-
tributed increments with mean zero and variance dt. Any two increments
at two different dates are independent. See equations (2-1), (2-3), (3-2)
and (3-3).



24

u(s)

H.-J. Bittler

Disturbance on the trading day sin linear regression. See equation (4-5).

Variables in Greek letters:

8,
b

>0 Q @O 6O O
=~ N

[S—

Functions:;
1(m, S)

+(x * b)

Regression coefficients. See equation (4-5).

c[ku s |k, U, s, s, T, §]?2 Parameter vector to be estimated. See
equation (3-10).

See equation (2-2).

See equation (2-4).

Error tolerance. See equation (3-12).

See equation (2-2).

k={m, c}. Theinterest premium.

See equation (2-4).

Speed of adjustment of the increments of the real instantaneous spot in-
terest rate. See equation (2-1).

Speed of adjustment of the increments of the instantaneous spot inflation
rate. See equation (2-3).

Factor risk premium. See equation (2-2).

; P.(t, T) / p(t). The spot price of a pure nominal discount bond in real
terms which is fixed and paid at the settlement datet.

Correlation coefficient. See equation (2-3).

Volatility parameter of the increments of the real instantaneous spot inter-
est rate. See equation (2-1).

Volatility parameter of the increments of the instantaneous spot inflation
rate. See equation (2-3).

Volatility parameter of the increments of the consumer price level. See
equation (2-3).

Volatility parameter of the increments of the nominal discount bond prices
inreal terms. See equation (3-2).

Variance-covariance matrix. See equation (3-3).

Long-run equilibrium value of the real instantaneous spot interest rate. See
equation (2-1).

Long-run equilibrium value of the instantaneous spot inflation rate. See
equation (2-3).

Gaussian or normal distribution with mean vector m and variance-covari-
ance matrix S. For the (n 3 1) column vector X, the notation x z 1(m, S)
means that x has normal distribution. The normal probalitiy density
function is given by f(x) = [2p] "2 *S * 2 exp —2[x-n]9S™ [x—n).
Logarithm of the likelihood function for a given sample x in terms of pa-
rameters b.
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; € The exponential function.
The natural logarithm.

The expectation operator. For a variable x with probability density func-
tion f (), the expectation of x is defined as %ox ; 7F (xX) dx.

The covariance operator. For variables x and y, the covariance between x
andy is defined as #(x, y) ; %{ (X —%X) (y — %y)}.

The variance operator. For a variable x, the variance is defined as 9x ;
%{ (X — %X)*}.

Determinant of a matrix.

Transposition mark of a vector or matrix, respectively.

Backward difference operator in discretetime, i. e. ?x(t) = x(t) — x(t — 1).
The set of trading days or settlement days, respectively, considered in the
paper. The forty trading days are approxiamtely weekly spaced between
14 August 2000 and 14 May 2001.
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Figure la: Parameter estimates

6 1 1 1
229227
2?22?77
. 22227
4 =
3 =
8
>
B 2}
>
o)
£t
&£
O __Lv\ -
1k -
2k -
3 1 1 1
14.8.2000 22.10.2000 30.12.2000 9.3.2001 17.5.2001
Date (day.month.year)
Figure 1b: Parameter estimates continued
0.14 . T -
229227
2229272
0.12 | i
2272%n0
222 2%0
0.10 | i
0.08 |- Vax .
0.06 | i
/§\\//\
o -\l \/\_/W\) N a

0.02 | v -1

0.00 L L L
14.8.2000 22.10.2000 30.12.2000 9.3.2001 17.5.2001
Date (day.month.year)

BISPapers 5



27

The Information Content of the Yield Curve
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Figure 4a: Expected three-month spot interest rates in percent per annum
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Figure 4c: Expected three-month spot interest rates in percent per annum
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Figure 4e: Expected three-month spot interest rates in percent per annum
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Figure 4g: Expected three-month spot interest rates in percent per annum
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Table 1: Ordinary Least-squares Regressions

I ndependent Future Time Horizon in Days

Variables 1 7 14 21 28 35 42

Constant Term 0.0496 0.4750 1.0890 1.8123 2.0643 2.5239 2.5909
(0.1151) (0.3438) (0.4315) (0.4846) (0.4853) (0.4723) (0.4406)

Expected 3M 0.9862 0.8636 0.6843 0.4697 0.3943 0.2570 0.2364

Libor

(0.0337)  (0.1011)  (0.1273)  (0.1435)  (0.1442)  (0.1407  (0.1317)
Codff. of Determ.  0.9575 0.6577 0.4319 0.2199 0.1644 0.0807 0.0782

F-Ratio 0.2847 1.4230 4.0122 7.6567 9.8006 15.2113 18.4928

Accept yes yes no no no no no

Hypothesis

Independent Future Time Horizon in Days

Variables 49 56 63 70 77 84 91

Constant Term 2.6048 2.7086 2.7893 2.6624 2.6536 2.5929 2.6242
(0.4097) (0.3728) (0.3464) (0.3171) (0.2982) (0.2782) (0.2684)

Expected 3M 0.2309 0.1975 0.1715 0.2080 0.2084 0.2255 0.2138

Libor

(0.1227)  (0.1120)  (0.1042)  (0.0956)  (0.0901)  (0.0842)  (0.0814)
Codif. of Determ.  0.0852  0.0757 00665 01108 01234 01588  0.1536

F-Ratio 21.5131 27.6284 33.6554 36.5186 40.6396 44,5484 48.6205
Accept no no no no no no no
Hypothesis

Comments: The dependent variable is the observed three-month Libor. Values in parantheses are standard
deviations. The size of the sample of settlement days is forty. We test the joint hypothesis that the coefficient of
the constant term is equal to zero and that the coefficient of the expected three-month Libor is equal to one. The
hypothesis is “accepted” if the F-ratio is less than the corresponding critical F-value. The critical one-tailed F-
valueis equal to 3.2448 for a probability of 95%.

Table 2: Restricted Least-squares Regressions

Independent Future Time Horizon in Days

Variables 1 7 14 21 28 35 42

Constant Term 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000
(0.0000) (0.0000) (0.0000) (0.0000) (0.0000) (0.0000) (0.0000)

Expected 3M 1.0007 1.0031 1.0055 1.0060 1.0070 1.0084 1.0097

Libor

(0.0011)  (0.0032)  (0.0042)  (0.0052)  (0.0057)  (0.0061)  (0.0063)
Partial Coeff. of 0.9575 0.6577 0.4319 0.2199 0.1644 0.0807 0.0782
Det.

t-Ratio 0.6197 0.9685 1.2863 1.1529 1.2285 1.3680 1.5519

Accept yes yes yes yes yes yes yes

Hypothesis

Independent Future Time Horizon in Days

Variables 49 56 63 70 77 84 91

Constant Term 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000
(0.0000) (0.0000) (0.0000) (0.0000) (0.0000) (0.0000) (0.0000)

Expected 3M 1.0102 1.0097 1.0096 1.0095 1.0086 1.0086 1.0075

Libor

(0.0063)  (0.0062)  (0.0061)  (0.0060)  (0.0059)  (0.0058)  (0.0058)
Partial Coeff. of 0.0852 0.0757 0.0665 0.1108 0.1234 0.1588 0.1536
Det.
t-Ratio 1.6137 1.5694 1.5668 1.5892 1.4522 1.4916 1.2812
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Accept yes yes yes yes yes yes yes
Hypothesis

Comments: The dependent variable is the observed three-month Libor. Values in parantheses are standard
deviations. The size of the sample of settlement days is forty. We test the hypothesis that the coefficient of the
expected three-month Libor is equal to one, given the restriction that the coefficient of the constant term is
equal to zero. The hypothesis is “accepted” if the t-ratio is less than the corresponding critical t-value. The
critical two-tailed t-value is equal to 2.0244 for a probability of 95%.
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Figure 5a: 1-day ahead forecast
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