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Benchmark Tracking

Investment problems: to identify and manage a portfolio of
assets so as to satisfy certain criteria

Benchmark tracking: to be as close to a given financial
benchmark as possible

Two types of benchmark:

a continuously compounded growth account
a market index

Using a set of small number of (good) stocks
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Why Benchmark Tracking?

Behavioral finance: most investors tend not to mind losses
as long as their funds beat or match market indices, yet have
very low tolerance towards losses that are worse than market
benchmarks

Performances of fund managers measured against certain
financial benchmarks

For small-size funds it is impractical to do literal tracking (e.g.,
S&P 500 or Russell 2000)

Index-related funds arisen dramatically in the past decades

Sydney, August 2005



Our Approach

Continuous time
A la missiles tracking moving targets: control theory

Theoretical foundation: stochastic linear quadratic (SLQ)
control

Numerical tool: semidefinite programming (SDP)
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Tracking a Growth Rate

m stocks in the whole market: S;(t), t =1,...,m,
dSi(t) = biSi(t)dt + Y 04 Si(t)dW;(t), Si(0) = Sio,
71=1

and a riskless asset (bond),

dS()(t) — ’I“S()(t)dt, So(O) — Soo.

Given a set of n (n << m) stocks (out of the m) and a given
wealth zg, want to do dynamic asset allocation among the n
stocks and the bond, to follow as closely as possible zge*?,

where 1 > 0 is given, representing the desired growth rate, over
a “long” time horizon.
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The wealth process, z(-), under an admissible portfolio 7 (),
satisfies: x(0) = xo, and

da(t) = {ra(t) + iy [bi — r)mi(t) bt + X7y S0y ugmi(t)dW; (),
z(0) = xo.

Rewrite:
da(t) = [rz(t) + 0" n(t)|dt + 7(t) ondW (t),  x(0) = zo.

Our objective is:
min E / 620t (1) — moelt]2dt,
0

where 2p > 0 is a discount factor.
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Applying a transformation of variables:

y(t) == e Pz (t) — zoeM], 7(t) == e Pl (t),

we have
min E |y (t)|%dt
0
s.t. dy(t) = (r — p)y(t) + b1 7(t) + (r — u)xoe(“_p)t}dt
+7(t) opdW (1),
y(0) =0

Lemma. If p > max{u,r — 3673 b}, then the above problem
is stabilizable (i.e., there exists a feedback control under which
the state process lim;_,o E[y(t)Ty(¢)] — 0 ).
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To absorb the nonhomogeneous term in the drift part, let
Yo(t) := zoe# =Pt Then,

min E [* |y(t)]*dt
s.t.  dyo(t) = (1 — p)yo(t)dt

dy(t) = {(r — Wwo(t) + (r — P)y() + V77 (1) bt + 7(1)ondW (1

Sydney, August 2005



A Canonical Form of SLQ

(SLQ)  minE / T ®TQu(®) + u(t) Ru(t))de
s.t. dy(t) = [Ay(t) + Bu(t) + f(t)|dt

Sydney, August 2005



Tracking Formulated as SLQ

To relate to the above SLQ problem, we have,

0 0 0 ]
o-[s1) [0
0 0 0
- 4 nXn
A | P 0 | B_ 0 0 0
r—W@ r—p by —r by —r bn =7 |5
O 0 --- 0
C: =0, D, = : t) =0, g;(t) =0;
J J [013' O2j 0 Onj an f(t) 93()

for 4 = 1,...,n. Note, here () and R are both singular. Hence, we
are in the realm of the SLQ with indefinite cost matrices.
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Tracking a Market Index

Let the market index be represented as follows:
I(t) =) «a;8(t),  1(0)=I.
j=1
Our objective is,
min E / =20t (t) — I(1)]2dt,
0

subject to the wealth equation. Assume w.l.g. z(0) = I(0).

If p > max {fr—%bTEf{b; bz-—l—%zgnzl ol i=1,2,---,m },
then the problem is stabilizable.
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Going through similar transforms as before, we have
min E/w[aﬁ(t) — I(t)]%dt
st di(t) = {(r — 0)E(t) + Z [b _ r] m(t)}dt n Z Z o7 (£)dW,(t)

=1 =1

dI(t) = dt—l—ZabS(tdt—l—ZZaa” W;(t)

1=1 j5=1

dS;(t) = (b; — p)S;(t)dt + Z oi;Si(t)dW;(t), i = 1,...,m,

=1

(5(0), I(O), 51(0)) = (xo, Io, Szo)

To relate to the canonical form, here the state (vector) is
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and the control (vector) is

1 -1 0 0
—1 1 0 0
Q = 0 0 O 0
L 0 00 0 4 (m+2)x(m+2)
0 0 0 |
0 O 0
R = 0 O 0
0 O 0
L dnXn
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r—p 0 0
0 —pP Oélbl
0 0 bl — pP
0 0 0
0 0 0

0 0
0 0
0 0

b, — P (m+2)x(m+2)

(m=+2)XxXn
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0 0 0 q-- 0
0 0 waio1; -+ QmOm;
' . 0 O 01y s 0
_ 00 0 Omj (m+42)x(m+2)
i 015 025 Onj |
0 0 0
D, = | 0 0 0
_ 0 0 - 0 d (m+2)xn

where 7 = 1,...,n. Once again, in this case () and R are both
singular.
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Classical LQ Theory

Obtain P from the Riccati equation:

T

ATpyPa+Q+cTrPe— (PB+cTPD)R+DTPD)Y 1 (BTP+ DT PC) =0

Then,

u*(t) = —(R+ DT P*D)"Y(BTP* + DTP*C)z*(t)
is the optimal control.
Requires: R+ DT P*D = 0; guaranteed only when

Q >0, R>0
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Motivation and SDP Preliminaries

Recall, we need to solve the Riccati equation:

ATpyrrParqQ+cTpe— (PB+cTPDYR+DTPDY Y (BTP+ DT PC) =0

To illustrate the basic idea, consider the quadratic equation:
ax® + 2bx + ¢ = 0.

One way to solve the quadratic equation is to rewrite it as an
optimization problem:

maximize
subject to —az? —2bz —c >0
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(i.e., subject to (x — z1)(z — x2) < 0); and
minimize <«
subject to —az? —2bz —c >0
The above problems are equivalent to:

optimize «x

. —2bx —
subject to = Cfl ~ 0
€T a

The same idea applies to the matrix equation:

XTAX +(X'B"+BX)+C =0

where A is positive definite and C' symmetric. We can solve an
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SDP problem:

optimize  tr X

— T _ —
XB BX -C X]>O

subject to [ e A1

As an example, consider

(33 o-[4 ) e- [ 2]

Use an SDP solver, let “optimize” be “maximize” and
“minimize” respectively. Two solutions appear:

y_ [ 06052 —0.2249
| —0.2249  0.8166
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for the maximization problem and

—5.2808 3.1844

X =1 31844 —2.9788

for the minimization, and they indeed solve the quadratic matrix
equation!
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The SDP Approach

Allowing indefinite () and R, we introduce

F(P)=aATPp+pPa+Q+cTpPc—(PB+cTPD)yR+DTPDYT(BTP+ DT PO)

where M ™ denotes the pseudo-inverse; we want to solve the
generalized Riccati equation: F'(P) = 0.

Consider the following SDP:

(P) max (I,P)

st. L(P)=0
Pc 8n><n)
where
T T T
L(P) = R+ D"PD, B P+ D" PC

PB+CY*PD, Q+CTPC+ ATP+ PA |-
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The dual of (P) is
(D) min (R, ZB> -+ <Q, ZN>

st. I+ ZB" + BZy + ZNAT + AZy
+DZyCT + CZ, D" + CZnCT + DZD" = 0

[ ZB7 ZU

> 0.
257 ZN]_O

Let P* and Z* be the primal and dual solutions. The optimal
control to the SLQ problem is:

uw*(t, P*) = —(R + D' P*D)* (BT P* + D' P*C)z*(t)

and u*(t, Z*) = Z#(Z%)  tz*(¢)
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Numerical Studies

Choice of discount factor: insensitive (as long as stability is
maintained)

Estimation of parameters: 60 days prior to the period in question
Shorting allowed and transaction cost ignored
Frequency of portfolio adjustment: daily, weekly, monthly, ...

Quality /robustness of the solution:

different portfolios: large/medium/small cap’s
different market conditions: up, down, volatile ...
amount of borrowing
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Stock(s) Used: 0008, 0101, 0293, 0494, 0992,

Stock(s) Used: 0008, 0101, 0293, 0494, 0992,

Growth Rate Tracking (Market Data)
(Target Return = 50.00%, Risk—Free Rate = 4.00%b, Portfolio Update for Every 1 Day(s))
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Figure 1: Volatile stocks; trade every day.

Growth Rate Tracking (Market Data)
(Target Return = 50.00%, Risk—Free Rate = 4.00%b, Portfolio Update for Every 5 Day(s))
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Figure 2: Volatile stocks; trade every 5 days.



Stock(s) Used: 0008, 0101, 0293, 0494, 0992,
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Figure 3: Volatile stocks; trade every 20 days.

Ratio of Borrowing / Growth Rate Tracking
(Target Return = 50.00%b0, Risk—free Rate = 4.00%b0, Portfolio Update for Every 1 Day(s))
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Stocks Used: 0008, 0101, 0293, 0494, 0992

Figure 4: Amount of borrowing: volatile stocks; trade every day.
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Ratio of Borrowing / Growth Rate Tracking

(Target Return = 50.00%b0, Risk—free Rate = 4.00%0, Portfolio Update for Every 5 Day(s))
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Figure 5: Amount of borrowing: volatile stocks; trade every 5 days.

Ratio of Borrowing / Growth Rate Tracking

(Target Return = 50.00%0, Risk—free Rate = 4.00%b, Portfolio Update for Every 20 Day(s))
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Figure 6: Amount of borrowing: volatile stocks; trade every 20 days.



Stock(s) Used: 0010, 0083, 0097, 0291,

Stock(s) Used: 0010, 0020, 0083, 0097,

Growth Rate Tracking (Market Data)

(Target Return = 50.00%, Risk—Free Rate = 4.00%b, Portfolio Update for Every 5 Day(s))
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Figure 7: Small-cap stocks; historical data.

Growth Rate Tracking (Simulated Data: Total no. of sample data set(s) = 50)

(Target Return = 50.00%, Risk—Free Rate = 4.00%b, Portfolio Update for Every 5 Day(s))
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Figure 8: Small-cap stocks; simulation.
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Wealth
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(Risk—free Rate = 4.00%b, Portfolio Update for Every 5 Day(s))
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Figure 10: Period B; volatile stocks; trade every 5 days.
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Stock(s) Used: 0010, 0083, 0097, 0291
Figure 9: Small-cap stocks; trade every 5 days.
Hang Seng Index Tracking
x 10% (Risk—free Rate = 4.00%b, Portfolio Update for Every 5 Day(s))
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Hang Seng Index Tracking
(Risk—free Rate = 4.00%, Portfolio Update for Every 5 Day(s))
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Stock(s) Used: 0001, 0005, 0011, 0016, 0019
Figure 11: Real-time tracking; large stocks; trade every 5 days.
Growth Rate Tracking using S&P 500 stocks
(Target Rate = 50%; Risk—free Rate = 4%b; Portfolio update e very 5 days)
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Figure 12: Randomly selected S&P 500 stocks; Period 2; trade every 5 days.
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Growth Rate Tracking using S&P 500 stocks
(Target Rate = 50%; Risk—free Rate = 4%b; Portfolio update e very day)
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Figure 13: Randomly selected S&P 500 stocks; Period 2; trade every day.
Growth Rate Tracking using S&P 500 stocks
(Target Rate = 50%; Risk—free Rate = 4%b; SDP once; Portfoli o update every day)
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Figure 14: The same parameters as Figure 13, except that the feedback matrix computed only
at the beginning, but trade every day.
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Conclusions

A new approach to track a benchmark using a small number of
stocks: SLQ and SDP

Theoretically sound, computationally efficient and easy-to-use
method

Numerical experiments demonstrated that the tracking
performance appears to be independent of whether the market is
up or down, and independent of which stocks are used to track
the benchmark

The required leverage, in terms of the short/long ratio, is quite
modest
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