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The main motivation of the talk is based

on idea to obtain a mathematical ex-

planation of some practical methods

(“when to buy, when to sell”, etc.) of

the Technical Analysis which have as

usual only a descriptive character.
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As is well known, the “fundamental-

ists” are trying to explain

WHY the stock price moves;

they make their decisions by looking at

the state of the “economy at large”;

they define a stock value and calculate

proper stock prices in view of its es-

timated future values; they build their

analysis upon the assumption that the

actions of market operators are “ratio-

nal”.
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As to the “technicians” they concen-

trate on the local peculiarities of the

markets, they emphasize “mass behav-

ior”, “market moods”; they start their

analysis from an idea that stock price

movement is “the product of supply

and demand”; their basic concept is

the following: the analysis of past stock

prices helps us to see future prices be-

cause past prices take future prices into

account; they try to explain

HOW the stock prices move.

3



CONTENTS

§ 1. “Mathematization” of the “Kagi charts”

and “Renko charts” from the Technical

Analysis

§ 2. Prediction of time of maximum value of

prices observable on time interval [0, T ]

§ 3. Quickest detection of time of appearing of

arbitrage

§ 4. Drawdowns as the characteristics of risk

4



§ 1. “Mathematization” of the

“Kagi charts” and “Renko charts”

from the Technical Analysis

Let X = (Xt)t≥0 be a stock price.

The Japanese “Kagi chart” and “Renko

chart” (also called the price ranges)

give methods to forecast price trends

from price changes which exceed either

a certain range H or a certain rate H.

The price range or rate H is determined

in advance. (In Japan, popular price

ranges are U5, 10, 20, 50, 100, 200.)

Greater price ranges are used for stocks

with higher prices because their upward

and downward movements are larger.
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R → |X|
K → maxX −X

Renko-construction:

Step I : We construct (ρ̃i):

ρ̃0 = 0,

ρ̃n+1 = inf
{
t > ρ̃n : |Xt −Xρ̃n

| = H
}
, n ≥ 1.
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Step II : Construction

(ρ̃n) −→ (ρm, ρ∗m).

We look at all ρ̃n such that
(
Xρ̃n

−Xρ̃n−1

)(
Xρ̃n−1

−Xρ̃n−2

)
< 0.

ρ∗m−1

ρm−1

ρm

ρ∗m t

X

ρm is a Markov time

ρ∗m is a non-Markov time
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Kagi construction:

κ0 = inf
{
u > 0 : max

[0,u]
X −min

[0,u]
X = H

}

κ∗0 =





inf
{
u ∈ [0,κ0] : Xu = min

[0,κ0]
X

}

if Xκ0 = max
[0,κ0]

X

inf
{
u ∈ [0,κ0] : Xu = max

[0,κ0]
X

}

if Xκ0 = min
[0,κ0]

X

H H

κ∗0 κ∗0κ0 κ0

tt

XX
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Next step: we define by induction

κn+1 =





inf
{
u > κn : max

[xn,u]
X −Xu = H

}

if Xκn −Xκ∗n = H

inf
{
u > κn : max

[xn,u]
X −Xu = H

}

if Xκn −Xκ∗n = −H

κ∗n+1 =





inf
{
u ∈ [κn,κn+1] : Xu = max

[κn,κn+1]
X

}

if Xκn −Xκ∗n = H

inf
{
u ∈ [κn,κn+1] : Xu = min

[κn,κn+1]
X

}

if Xκn −Xκ∗n = −H

Kagi and Renko variation (on [0, T ]):

KT (X;H) =
N∑

n=1

|Xκ∗n−Xκ∗n−1
|, N =NT (X;H),

RT (X;H) =
M∑

n=1

|Xρ∗n−Xρ∗n−1
|, M =MT (X;H).
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Kagi and Renko volatilities (on [0, T ]):

kT (X;H) =
KT (X;H)

MT (X;H)
,

rT (X;H) =
RT (X;H)

MT (X;H)
.

Theorem. If X = σB then

1) kT (σB;H) ∼ 2H, NT ∼
Tσ2

H2
(P-a.s.), and

KT = kTNT
P∼ 2Tσ2

H2
;

2) rT (σB;H)
P∼ 2H, MT ∼

Tσ2

2H2
(P-a.s.), and

RT = rTMT
P∼ Tσ2

H
.
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Results of the statistical analysis

of some stock prices

X = (Xt)t≥0 — Future on Index SP500

(Emini-SP500 Futures)

1 point = $ 50

2002-2003 (471 trading days)

∆ = 1 sec

Xt is the value of the last transaction at time t.

RENKO

H 1 1.25 1.5 2 2.25 2.5 3 4
rT(X;H)

H
1.83 1.84 1.86 1.88 1.86 1.88 1.80 1.69

KAGI

H 1 1.25 1.5 2 2.25 2.5 3 4
kT(X;H)

H
1.83 1.85 1.85 1.89 1.91 1.93 1.92 1.87

Almost the same results are valid for Futures

on Index Nasdaq 100 (Emini-Nasdag100 Fu-

tures), 1 point = $ 20
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Renko

For EESR (United Energy System of Russia)

rT (X;H)

H
∼ 1.99 ∼ kT (X;H)

H
.

Let us say that X-market has

r(H)-property if ErT (X;H) ∼ r(H) ·H
k(H)-property if EkT (X;H) ∼ k(H) ·H

(For a Brownian motion r(H) = k(H) = 2.)
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Define Renko strategy γR = (γR
t )t≥0 with

γR
t =

∑

n≥1

sgn
(
Xρn−1 −Xρ∗n−1

)
I[ρn−1,ρ∗n−1)

(t)

×
(
I(k(H)≥2)− I(k(H)<2)

)
, t ≥ 0,

and the corresponding capital

C
γR

t =
∫ t

0
γR
u dXu − λ

∫ t

0
|dγR

u |.

Then

lim
t→∞ E

C
γR

t

Mt
= |r(H)− 2| ·H − 2λ.

The similar result is valid for the Kagi strategy

γK = (γK
t )t≥0.
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ρ∗m−1

ρm−1

ρm

ρ∗m t

X

If R(H)>2 we buy in times ρm−2, ρm, . . .

we sell in times ρm−1, ρm+1, . . .

(↑↑) (↓↓)

If R(H)<2 we buy in times ρm−1, ρm+1, . . .

we sell in times ρm−2, ρm, . . .

(↑↓) (↓↑)

14



§ 2. Prediction of time of maximum value

of prices observable on time interval [0, T ]

I would like to present now several our probabil-

ity and statistical approaches to solving some

other problems of the technical analysis.

Problem. When to sell stock optimally?

We shall de-

scribe prices

by a Brow-

nian motion

B = (Bt)0≤t≤1;

θ is a point of

maximum of B:

Bθ = max
0≤t≤1

Bt.
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Suppose that we begin to observe this pro-

cess at time t = 0 (“morning time”), and, us-

ing only past observations, we stop at time

τ declaring “alarm” about selling. It is very

natural to try to solve the following problem:

to find “optimal” times τ∗ and τ∗∗ such that

either

inf
0≤τ≤1

E|Bθ −Bτ |2 = E|Bθ −Bτ∗|2

or
inf

0≤τ≤1
E|θ − τ | = E|θ − τ∗∗|.

For us it was a little bit surprising that here

the optimal stopping times coincide: τ∗∗ = τ∗.
The solution shows that

τ∗ = inf
{
t ≤ 1 : max

s≤t
Bs −Bt ≥ z∗

√
1− t

}
,

where z∗ is a certain (known) constant (z∗ =

1.12 . . .).
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This problem belongs to the theory of optimal

stopping and method of its solution is based on

reducing to the special free-boundary problem.

1

1

τ

t z
*

√1- t

t
*

It is interesting to note that

Eτ∗ = 0.55 . . . , Dτ∗ = 0.05 . . . .

17



The cases B
µ
t = µt+Bt instead of Bt are more

complicated. If µ > 0 and µ is away from 0,

then

τ∗ = inf{t ≤ 1 : b1(t) ≤ S
µ
t −B

µ
t ≤ b2(t)}

where

B
µ
t = µt + Bt, S

µ
t = max

u≤t
Bµ

u ,

and b1(t) and b2(t) have the following form:

b
1

D

γ
1

T0

b
2

γ
2

C

t
*

u
*

C

〈Here C is the

area of continu-

ation of observa-

tions, D is the

stopping area.〉
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If µ > 0 and µ is close to 0, then the corre-

sponding picture has the following form:

γ
1

b
2

γ
2

C

u
*

C

b
1

D

T0

C

s
*

C

For µ < 0 and if µ is far from 0, the picture is

as follows:

T

b
1

C

D

γ
1

0

C
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In the considered problem, the time θ is a

“change point” of the changing of the direc-

tions of trend

t1θ

Bt

Solution of the problem

“ inf
τ

E|Bτ −Bθ|2 ”

or the problem “infτ E|τ−θ|” depends, of course,

on the construction at any time t a “good”

prediction of the change point θ. The natural

estimate of θ should be based on the a poste-

riori probability

πt = P(θ ≤ t | FB
t ),

where FB
t = σ(Bs, s ≤ t).
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Stochastic analysis shows that

πt = 2ϕ

(
St −Bt√

1− t

)
− 1, St = max

u≤t
Bu,

that explains appearing of the expression

St −Bt√
1− t

which is involved above in the definition of op-

timal stopping time

τ∗ = inf

{
t ≤ 1 :

St −Bt√
1− t

≥ z∗
}

.

Statistics St−Bt is appearing in many problems

of the financial mathematics and financial en-

gineering (and, generally, in the mathematical

statistics under name CUSUM statistics).

Now we are going to tackle the following prob-

lem, which is interesting, e.g., from the point

of view of the quickest detection of arbitrage.
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§ 3. Quickest detection of time of

appearing of arbitrage

Problem. Suppose we observe the prices

Xt = r(t−θ)++σBt

or

dXt =





σ dBt, t ≤ θ,

r dt + σ dBt, t > θ.
θ

Here a “change point” θ is considered as a time

of appearing of arbitrage. (Brownian motion’s

prices correspond to the non-arbitrage situa-

tion. Brownian motion with drift corresponds

to a case of arbitrage.)

One very difficult question here is “what is θ?”.

There are two approaches. In the first one

we assume that θ is a random variable. Sup-

pose that τ is time of “alarm” θ. Consider two

events

{τ < θ} and {τ ≥ θ}.
The set {τ < θ} is the event of a false alarm

with a (false alarm) probability P(τ < θ).
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u u u

τ

θ

τ

{τ<θ}
︷ ︸︸ ︷

︸ ︷︷ ︸
{τ≥θ}

From a financial point of view an interesting

characteristic of the event {τ ≥ θ} is a delay

time E(τ − θ | τ ≥ θ) or E(τ − θ)+. These con-

siderations lead to the following problem: in

the class Mα = {τ : P(τ < θ) ≤ α}, i.e., in the

class of stopping times with the probability of

false alarm P(τ < θ) which less or equal the

fixed level α, one need to find optimal stop-

ping τ∗α ∈ Mα such that

inf
τ∈Mα

E(τ − θ)+ = E(τ∗α − θ)+.
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It turned out that it is not a simple problem

if we consider an arbitrary distribution for θ.

However, there exists one case when we may

solve this problem in implicit form. This case

is the following.

Assume that θ has the exponential distribution:

P(θ = 0) = π and P(θ > t | θ > 0) = e−λt,

where λ is a given positive constant and π ∈
[0,1). This assumption is very reasonable. In-

deed, for A < a < b < B

lim
λ→0

P
(
θ ∈ (a, b) | θ ∈ (A, B)

)
=

|b− a|
|B −A|.

It means that in limit (λ → 0) the conditional

distribution of θ is uniform, that is, in some

sense the worst possible case from point of

view of uncertainty of time of appearing of a

change point θ.

We describe now the results about structure

of the optimal stopping time τ∗α.
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Denote

πt = P(θ ≤ t | FX
t ),

where FX
t = σ(Xs, s ≤ t).

This process satisfies the following nonlinear

stochastic differential equation:

dπt =
(
λ− r2

σ2
π2

t

)
(1− πt) dt +

r

σ2
πt(1− πt) dXτ

with π0 = π.

Then it turns out that an optimal stopping

time τ∗α has the following form:

τ∗α = inf{t : πt ≥ B∗α},
where (for case π = 0, for simplicity)

B∗α = 1− α.

Second formulation of the quickest detection

of arbitrage assumes that θ is simply a param-

eter from [0,∞). In this case we denote by

Pθ the distribution of the process X under the

assumption that a change point is occurred at

time θ.
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By P∞ we denote the distribution of X under

assumption that there is no change point at

all.

Denote for given T > 0

MT = {τ : E∞τ ≤ T}
the class of stopping time for which the mean

time E∞τ before (false) alarm is less or equal

to T .

Put also

C(T ) = inf
τ∈MT

sup
θ

ess sup
ω

Eθ

[
(τ − θ)+ | Fθ

]
(ω).

We proved that for each T > 0 in the class

MT there exists an optimal strategy with the

following structure: declare alarm at time

τ∗T = inf
{
t : max

u≤t
Xu −Xt ≥ a∗(T )

}
,

where a∗(T ) is a certain constant. It is inter-

esting to note that (if r2/(2σ2) = 1)

C(T ) ∼ logT, T →∞.
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The given method, based on the

“CUSUM statistics maxX −X”,

also is asymptotically optimal for more tractable

criteria

D(T ) = inf
τ∈MT

sup
θ

Eθ(τ − θ | τ ≥ θ)

(We don’t know what is an optimal method

for D(T )-criterion.) Asymptotically, again

D(T ) ∼ logT, T →∞.
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§ 4. Drawdowns, downfalls

From given above exposition we observe im-

portance of the “maxX − X”-characteristics

for taking optimal decisions. Now I would like

to discuss that statistics and related ones in

the problems of measure of risk. There is a

special terminology for such an object which

related to words “drawdown”, or “downfall”.

In practice a “drawdown” on time interval [0, t]

is defined as the percent change in a manager’s

net asset value

– from any newly established peak to

a subsequent through,

– from a high “water mark” to the next

low “water mark”.
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From the theoretical point of view,

Drawdown is a statistical measure of risk

for investments; a competitor to

the standard measure of risk such

as return probability, VaR, Sharpe

ration, etc.

There are many different definitions of draw-

down’s characteristics, which measure the de-

cline in net asset value from the historic high

point.

In one financial paper I read that

. . .Measuring risk through extreme losses is

a very appealing idea. This is indeed how

financial companies perceive risks. This ex-

plains the popularity of loss statistics as the

maximum drawdown and maximum loss. . .

and

. . . it does not seem possible to derive ex-

act results for the expected maximum draw-

down.
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Looking forward:

• What kinds of drawdowns should we expect

over any given investment horizon?

• How many drawdowns should be experienced?

• How big?

Under the

Commodity Futures Trading Commission’s

(CFTC)

mandatory disclosure regime managed futures

advisors are obliged to disclose, as part of their

capsule performance records, their

“worst peak-to-valley drawdown”.

We shall demonstrate here some our theoreti-

cal calculations related to drawdowns.
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Let B
µ
t = µt+σWt be a Brownian motion with

drift, W0 = 0.

There are several interesting characteristics re-

lated to

Range,

Drawdowns,

Downfalls,. . .

Range:

R
µ
t = max

s≤t
Bµ

s −min
s≤t

Bµ
s

Statistics T
µ
H for Bµ:

T
µ
H = inf

{
t ≥ 0 : max

s≤t
Bµ

s −B
µ
t ≥ H

}
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6

-

6

?

max
s≤t

B
µ
s

T
µ
H

H

If µ = 0:

ET0
H =

(
H

σ

)2

, E max
t≤T0

H

B0
t = H,

DT0
H =

2

3

(
H

σ

)4

, Ee−λT0
H =

1

cosh

(
H

σ

√
2λ

)
.

If µ 6= 0:

ET
µ
H =

σ2

2µ2

[
exp

{
2µ

σ2
H

}
− 1− 2µ

σ2
H

]
,

E max
t≤T

µ
H

B
µ
t =

σ2

2µ

[
exp

{
2µ

σ2
H

}
− 1

]
.
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Towards a problem from Kolmogorov’s di-

ary (1944):

...For free (or not) random walk: How Xt drops

when Xt falls for the first time (on (t −∆, t))

from above to some level ξ? To all appearance,

certainly very steeply!..

B
(H)
t = H + Bt, B

(H)
0 = H, Bt = B0

t

τ(H) = inf{u : B
(H)
u = 0}

F (t) = P
(
τ(H) ≤ t | mins≤T Bs ≤ 0

)

f(t) =
dF (t)

dt

=
H
√

T

2G(H/
√

T )
t−3/2e−H2/2t, t ≤ T

G(x) =
∫ ∞
x

e−u2/2 du
6

-

τ(H)

H

0
Tx
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The following three characteristics of draw-

downs are the most important:

Maximum
drawdown

−→ Dt = max
0≤s≤s′≤t

(Bs −Bs′)

(cf. Rt = max0≤s,s′≤t(Bs −Bs′); so Dt ≤ Rt).

-

6

t

B

Dt
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Drawdown from
high “water
mark” to the
next low “water
mark”

−→
Dt = Bσt − min

σt≤s′≤t
Bs′

= max
0≤s≤t

Bs − min
σt≤s′≤t

Bs′

(where σt = inf{s ≤ t : Bs = maxu≤t Bu}.
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Drawdown from
previous high
“water mark”
to the lowest
“water mark”

−→ Dt = max
0≤s≤σ′t

Bs −Bσ′t

(where σ′t = inf{s ≤ t : Bs = minu≤t Bu}.

-

6

σ′t t

B

Dt
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General results on D, D, D for B:

(1) Dt = Dt

(2) Dt = max(Dt, Dt)

(3) Dt
law
= max

s≤t
|Bs|

(4) Dt
law
= max

gt≤s≤t
|Bs|

where gt = sup{s ≤ t : Bs = 0}.

Distributional results on D1, D1 for a stan-

dard Brownian motion B = B◦:

(5) P(D1 ≤ x) = P
(
max
s≤1

|Bs| ≤ x

)

=
4

π

∞∑

n=0

(−1)n

2n + 1
exp

{
− π2(2n + 1)2

8x2

}

ED1 = Emax
s≤1

|Bs| =
√

π
2 = 1.2533 . . .

EDt = σ
√

t
√

π
2 (for σB◦ on [0, t])
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(6) P(D1 ≤ x) = P
(

max
g1≤s≤1

|Bs| ≤ x

)
= FD1

(x)

fD1
(x) =

dFD1
(x)

dx

=
√

8
π

∞∑

k=1

(−1)k−1ke−
1
2k2x2

ED1 =
√

8
π log 2 = 1.1061

38



Note that

fR1
(x) =

8√
2π

∞∑

k=1

(−1)k−1k2e−k2x2/2, x > 0,

FK1
(x) = P

(
max
s≤1

|bs| ≤ x

)
,

fK1
(x) =

dFK1
(x)

dx
= 8x

∞∑

k=1

(−1)k−1k2e−k2x2
,

where b = (bs)s≤1 is a Brownian bridge (bs =

Bs − sB1).

We note that

fR1
(x) =

√
2
π

1
x fK1

(x).

So

ER1 =
√

8
π = 1.5957 . . .

and

ED1 ≤ ED1 ≤ ER1√
8

π
log 2 ≤

√
π

2
≤

√
8

π

1.1061 . . . ≤ 1.2533 . . . ≤ 1.5957 . . .
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Lemma.

(1) Dt
law
= Dt

(2) Dt =




Dt = Dt on {σt ≤ σ′t}
max(Dt,Dt) on {σt > σ′t}

(3) max(Dt,Dt) = Dt ≤ Rt

Known results about Rt and Td

R = R1: t = 1, µ = 0, σ = 1

W. Feller (1951) got for fR(x) =
dP(R ≤ x)

dx
,

x > 0, the following formula:

fR(x) =
8√
2π

∞∑

k=1

(−1)k−1k2e−
k2x2

2 .
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Remark. If b(t) = Bt− tB1, t ≤ 1, is a Brown-

ian bridge, then for Kolmogorov’s distribution

FK(x) = P
(
sup
t≤1

|b(t)| ≤ x
)

we have

FK(x) = 1− 2
∞∑

k=1

(−1)k−1e−2k2x2

=

√
2π

x

∞∑

k=1

e−(2k−1)2π2/x2

⇓ (θ-function)

fK(x) = 8x
∞∑

k=1

(−1)k−1k2e−2k2x2

Together with

fR(x) =
8√
2π

∞∑

k=1

(−1)k−1k2e−
k2x2

2

we get

fR(x) =

√
2

π

1

x
fK(x),

so

ER =

√
8

π
(= 1.5957691216 . . .)
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Theorem 1. (t = 1, µ = 0, σ = 1.)

(a) D1
law
= max

0≤t≤1
|Bt|

(b) If FD1
(x) = P(D1 ≤ x) then (it is well

known)

FD1
(x) = 1− 1√

2π

∞∑

k=−∞

∫ x

−x

[
e−

(y+4kx)2

2

− e−
(y+2x+4kx)2

2

]
dy

=
4

π

∞∑

n=0

(−1)n

2n + 1
e
−π2(2n+1)2

8x2

(c) ED1 = E max
0≤t≤1

|Bt| =
√

π
2

(EDT = σ
√

T
√

π
2)
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Proof. (a): Denote

Mt = max
s≤t

Bs, Lt = lim
ε↓0

1

2ε

t∫

0

I(|Bs| ≤ ε) ds.

By Lévy’s theorem

(Mt −Bt, Mt; t ≤ 1)
law
= (|Bt|, Lt; t ≤ 1).

Hence

D1 = max
0≤s≤s′≤1

(Bs−Bs′)

= max
0≤s′≤1

(
max

0≤s≤s′
Bs −Bs′

)

= max
0≤s′≤1

(Ms′ −Bs′)
law
= max

0≤t≤1
|Bt|.
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Proof. (c): We give two proofs. Let β =

(βt)t≥0 be a Brownian motion. From self-similarity

(βat; t ≥ 0)
law
= (a1/2βt; t ≥ 0).

So if s1 = inf{t ≥ 0 : |βt| = 1}, then

P
(

sup
0≤t≤1

|βt| ≤ x
)
= P

(
sup
t≤1

|βt/x2| ≤ 1
)

= P
(

sup
t≤1/x2

|βt| ≤ 1
)

= P
(
s1 ≥

1

x2

)
= P

(
1√
s1
≤ x

)
,

i.e.,

sup
t≤1

|βt| law=
1√
s1

.
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The normal distribution property
√

2

π

∞∫

0

e
− x2

2σ2 dx = σ

⇓

ED = E sup
0≤t≤1

|βt| = E
1√
s1

=

√
2

π

∞∫

0

Ee−
x2s1
2 dx

We have Ee−λs1 =
1

cosh
√

2λ
. Hence

ED =

√
2

π

∫ ∞
0

dx

coshx
= 2

√
2

π

∞∫

0

ex dx

e2x + 1

= 2

√
2

π

∞∫

1

dy

1 + y2
= 2

√
2

π
arctan(x)

∣∣∣∣∣
∞

1

= 2

√
2

π

π

4
=

√
π

2
⇒ ED =

√
π

2

45



Second proof of the equality ED =
√

π

2
is based

on the fact that

sup
t≤1

|βt| law=
1

2

∫ 1

0

du

R
(2)
u

,

where R
(2)
s is a Bessel-2:

R
(2)
s = β̂s +

1

2

∫ s

0

du

R
(2)
u

.

Thus,

ED = E sup |βt| = ER
(2)
1 = E

√
ξ21 + ξ22 =

√
π

2
,

ξ1⊥⊥ ξ2, ξi ∼ N (0,1).
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Theorem 2. (t = 1, µ = 0, σ = 1, D1 =

Bσ1 −minσ1≤s′≤1 Bs′.)

(a) D1
law
= sup

g1≤s≤1
|Bs|, where

g1 = sup{t ≤ 1 : Bt = 0}.

(b) fD1
(x) =

√
8

π

∞∑

k=1

(−1)k−1ke−
k2x2

2 , x > 0.

(c) ED1 =

√
8

π
log 2 (= 1.1061 . . .),

ED1 ≤ ED1 ≤ ER

√
8
π log 2 ≤

√
π
2 ≤

√
8
π

1.1061... ≤ 1.2533... ≤ 1.5957...
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Proof (a) By Lévy’s theorem

(
Mt −Bt, Mt, Bt;

t ≤ 1

)
law
=

( |Bt|, Lt, Lt − |Bt|;
t ≤ 1

)

⇓(
Mt −Bt, Mt, Bt;

σ1 ≤ t ≤ 1

)
law
=

( |Bt|, Lt, Lt − |Bt|;
g1 ≤ t ≤ 1

)

where σ1 = min
{
s ≤ 1 : Bs = max

u≤1
Bu

}
.
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Therefore
(
Bσ1, max

σ1≤t≤1
(Mt −Bt −Mt)

)

law
=

(
Lg1 − |Bg1|, max

g1≤t≤1
(|Bt| − Lt)

)

=
(
Lg1, max

g1≤t≤1
|Bt| − Lg1

)

(since Bg1 = 0 and Lt = Lg1 for g1 ≤ t ≤ 1).

Finally,

D1 = Bσ1 − min
σ1≤t≤1

Bt = Bσ1 + max
σ1≤t≤1

(−Bt)

= Bσ1 + max
σ1≤t≤1

(Mt −Bt −Mt)

law
= Lg1 + max

g1≤t≤1
|Bt| − Lg1 = max

g1≤t≤1
|Bt|
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